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Data driven tools for Eulerian and Lagrangian Turbulence
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1. Short introduction to Eulerian and Lagrangian Turbulence in 2D, 3D and in between
2. Data-driven and Equation-Informed tools for Eulerian Turbulence
3. Data-driven and Equation-Informed tools for Lagrangian Turbulence
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temperature
magnetic field
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passive fluid tracers

temperature
magnetic field
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CONTROL PARAMETER:



NAVIER-STOKES 3D-2D:
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(NASA/Goddard Space Flight Center Scientific Visualization Studio)
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NAVIER-STOKES 3D

SMALL SCALES VELOCITY
ROUGH

LARGE SCALES VELOCITY
SMOOTH

MULTISCALE !
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NAVIER-STOKES 3D

SMALL SCALES VELOCITY
ROUGH

LARGE SCALES VELOCITY
SMOOTH

NON-DIFFERENTIABLE !

v(x+ r)� v(x) ⇠ r1/3

Holder continuos 1/3
non-differentiable!

x

v(x)



r #
SMALL-SCALES 

+ EXTREME -> ACCURACY!!!PD
F

Bentkamp, L, Cr C. Lalescu, and M. 
Wilczek. "Nature communications 10.1 
(2019): 1-8.

[v(x+ r)� v(x)]/�r

NON GAUSSIAN STATISTICS

(3)

NAVIER-STOKES 3D
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Starry night  

Road with Cypress and Star  



NAVIER-STOKES 3D

DISSIPATIVE ANOMALY

NO ROOM FOR QUASI-EQUILIBRIUM APPROACHES

F(C)

C

STRONGLY OUT-OF-EQUILIBRIUM!
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numbers

state-of-the-art Direct Numerical Simulation:

Isotropic, homogeneous Fully Periodic Flows
Pseudo-Spectral Methods.

Resolution 16000^3 (P.K. Yeung, APS 2021)

Reynolds : 10^9,
Storage of 1 velocity configuration (double precision): 100 Tbyte

RAM requirements for time marching ~ 300 Tbyte

astrophys. flowatmosph. flowlaboratory flow

Moral: brute force Direct Numerical Simulations
able to saturate any computing power

(present and/or future): Computo ergo sum?



J. Laurie  et al.  PRL 113, 254503 (2014); H. Xia et al. PRL 101, 194504 (2008)

2D –TURBULENCE: 2 POSITIVE DEFINITE INVARIANTS

INVERSE CASCADE  + IR CUT-OFF à
à LARGE SCALE CONDENSATE
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A. Alexakis and L.B “Transitions and cascades in turbulent flows” Phys. Rep 2018 

2D/3D NOT THE END OF THE HISTORY: SPLIT ENERGY CASCADE

CONTROL PARAMETERS
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TURBULENCE UNDER ROTATION



3D ßà 2D: THIN LAYERS
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L.M. Smith et al PRL 77, 2467 (1996); A. Celani et al PRL 104, 184605 (2010); H. Xia et al Nature Physics (2011); S. Musacchio and G. Boffetta PoF 29, 111106 (2017)

ENERGY BALANCE



Drag: Stokes Timeb<1 heavy particles
b>1 light particles

COMPLEX PARTICLES IN COMPLEX FLOWS

Preferential concentration
Naive light(heavy) particles accumulate 
inside(outside) highly vortical regions

M.R. Maxey, J. Fluid Mech. 174, 441 (1987); G. Falkovich et al, Phys. Rev. Lett. 86, 2790 (2001)
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COMPLEX PARTICLES IN COMPLEX FLOWS

Preferential Alignment/Concentration

M. Borgnino et al, arXive 2203.04833 (2002)
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COMPLEX PARTICLES IN COMPLEX FLOWS

Preferential Concentration Gyrotactit Plankton

M. Durham et al. Nature Comm.   (2013)
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TURBULENCE IS ….
1) STRONGLY OUT-OF-EQUILIBRIUM SYSTEMS (YOU NEED TO STIRR TO KEEP IT IN MOTION)
2) MULTI-SCALE (MANY DEGREES-OF-FREEDOM)
3) STRONGLY NON-GAUSSIAN
4) STRONGLY NON-LINEAR 

…. OUT OF CONTROL FROM
1) MATHEMATICAL ASPECTS (NOT SURE THERE EXISTS A SOLUTION TO NSE FOR ALL TIMES!)
2) NUMERICAL ASPECTS (TOO MANY DEGREES-OF-FREEDOM (COMPUTO ERGO SUM?)
3) MOST OF THE TIME UNACCESSIBLE FROM EXPERIMENTAL MEASUREMENTS (TOO INVASIVE

OR TOO FAR, I.E. ATMOSPHERE,  PLASMAS, SOLAR WINDS… )



3D HIT: DIRECT ENERGY CASCADE + DIRECT HELICITY CASCADE  - CO-DIRECTIONAL CASCADES
2D HIT: INVERSE ENERGY CASCADE AND DIRECT ENSTROPHY CASCADE- COUNTER-DIRECTIONAL CASCADES
3D HAT + ROTATION: SPLIT ENERGY CASCADE 

3D HIT: + BIDIRECTIONAL CASCADE (HOMO-CHIRAL AND HETERO-CHIRAL CHANNELS)
3D HAT + ROTATION: FLUX-LOOP CASCADE (ZERO FLUX BUT OUT OF EQUILIBRIUM)

2D STRATIFIED TURBULENCE: FLUX LOOP
2D-3D THICK LAYER: FLUX LOOP
2D-3D THICK LAYER + ROTATION ….
PASSIVE SCALARS IN COMPRESSIBLE/INCOMPRESSIBLE FLOWS: DIRECT OR INVERSE CASCADE
MHD IN 2D OR 3D (+ MEAN MAGNETIC FIELD)
STRATIFIED AND ROTATING FLOWS
…….


