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What we Calculate in an Experiment: Cross Sections and Amplitudes

What We Calculate in a Collider Experiment

@ In any detector we count events

@ Nevents = ol
e o = Cross section, defined by the type of interaction
o | = Intensity, parameter of experiment

@ Experimentalist’s job:

o Design experiment
o Measure Neyenss for particular final state, / for machine

@ Theorist’s job:
o Calculate/predict cross-section o for different processes
o Relate the results to a given underlying theory

Andrew Lifson (THEP) The Chirality-Flow Method



What we Calculate in an Experiment: Cross Sections and Amplitudes

Overview: How to Calculate o in Proton-Proton Collisions

Hard Process, resonant
decays

Parton Shower

Hadronisation

PDFs: Pick a parton
from a hadron

Multi-Parton
Interactions (MPls)

<
' 55090000
T

@ Hadron Decays
@ Hadronic rescattering
°

@ Beam Remnants/UE

Figure stolen from Stefan Hoeche
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What we Calculate in an Experiment: Cross Sections and Amplitudes

From Cross Sections to Scattering Amplitudes

@ Cross section contains cross-section & of hard process

d*pr 2
4F 2730~ 4/H 5% (pin = pout) [M|

kinematics: Easy

e 0=

o [M|” = Squared Scattering Amplitude (spins summed/averaged)
e Difficult and time consuming to calculate

e Theory dependent
o Traditionally use Feynman diagrams to calculate
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What we Calculate in an Experiment: Cross Sections and Amplitudes

Calculating an Amplitude: Feynman Diagrams

@ Feynman diagrams are pictures which encode mathematical objects

e Amplitude M = > allowed Feynman diagrams

M(q1G1 — q282) = >mm<
a ®

— 2 _ 42 ig2 V(al)ﬁyuu(ql)ﬁ(qﬂ’yﬂv(qﬂ
q1q1 "q2q2 '©s (pq1 +Pc‘11)2

°eg.

@ Amplitude M is now a complex 4 x 4 matrix

_ 2
q 3]

-
@ Squared amplitude |[M| ~ Tr >mm<
q1 Q2
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Calculating an Amplitude: Feynman Diagrams and the Spinor-Helicity Method

Simplifying the Calculation: the Spinor-Helicity Idea

@ Can simplify if each external particle has an explicit helicity
o Helicity is spin projected onto motion

@ Feyman diagrams now called Spinor-helicity diagrams
e Spinor-helicity diagram is a complex number — easy to square
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Calculating an Amplitude: Feynman Diagrams and the Spinor-Helicity Method

Simplifying the Calculation: the Spinor-Helicity Idea

@ Can simplify if each external particle has an explicit helicity
o Helicity is spin projected onto motion
@ Feyman diagrams now called Spinor-helicity diagrams
e Spinor-helicity diagram is a complex number — easy to square
@ Lorentz algebra so(3,1) = su(2) & su(2)
—— ——
left-chiral  right-chiral
@ Dirac spinors reducible into two irreps of diff chirality

o Weyl rep of Dirac algebra naturally separates the two irreps
e For hard processes, often p > m = m — 0, chirality ~ helicity
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Calculating an Amplitude: Feynman Diagrams and the Spinor-Helicity Method

Simplifying the Calculation: the Spinor-Helicity Pieces

o Lorentz algebra so(3,1) = su(2) & su(2)
—— ——

left-chiral  right-chiral
0 V27t . .
JT— e — S0
°7_<ﬁf“. 0 > Vorttl = o
af
A& _ -
o v(p) = </\P> o 4(p) = (Mo Ap)
p,o
S, arhdiy, Ag7h K¢
o eilp,r) == T(rP) 2, elpr)= p[pr?
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Calculating an Amplitude: Feynman Diagrams and the Spinor-Helicity Method

Simplifying the Calculation: the Spinor-Helicity Pieces

o Lorentz algebra so(3,1) = su(2) & su(2)
SN—~— SN—~—
left-chiral  right-chiral
0 V2rmas ap aB
o VM= (\57__58 0 > , ﬁTm B — gt
A& _ N N
o v(p)={ ,d(p) = (Apa  AD)
p.o

I L8
_ a5

° 6i(p, r) - (rp)

@ Final result in terms of inner products:
° )\7)\]0( = <U>7 5‘,7[35\53 = [U] P <U>a [U] ~ (pl + pj)2

L

a=p 3B
)‘p Ta/ékf

o) = 25

)

3]

it
— ta ta ’-gSZ a a
o eg. = 130 b (o sy 2 (91020 (0201
aq @
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Motivating a (Massless) Chirality-Flow Method for Amplitude Calculations + Examples

Define Problem

@ Can we still improve on this?
o Deriving spinor inner products (ij), [kl] requires at least 2 steps
@ Re-write every object as spinors
@ Use Fierz identity ?sﬁ-ﬁ?ﬂ = 6a‘35d[_-}

e Not intuitive which inner products we obtain
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Motivating a (Massless) Chirality-Flow Method for Amplitude Calculations + Examples

Define Problem

@ Can we still improve on this?
o Deriving spinor inner products (ij), [kl] requires at least 2 steps
@ Re-write every object as spinors
@ Use Fierz identity ?sﬁ-ﬁ?ﬂ = 6a‘36d[_-}

e Not intuitive which inner products we obtain

@ In SU(N) use graphical reps for calculations, e.g. Fierz id.

i l i I i I
v 1
/—’—\\ N
J k J k J k
~ TV
it 870Kz 8i30kT
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Motivating a (Massless) Chirality-Flow Method for Amplitude Calculations + Examples

Define Problem

@ Can we still improve on this?
o Deriving spinor inner products (ij), [kl] requires at least 2 steps
@ Re-write every object as spinors
@ Use Fierz identity ?sﬁ-ﬁ?ﬂ = 6a‘36d[_-}

e Not intuitive which inner products we obtain

@ In SU(N) use graphical reps for calculations, e.g. Fierz id.

) [ 1 l i

—

\<—/ 1
/—’—\\ N
7 k 7 k 7 K
~ TV
thter 8i70k; 8i30kT

@ Spinor-helicity = su(2) & su(2)
o Can we do the same?
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Motivating a (Massless) Chirality-Flow Method for Amplitude Calculations + Examples

Creating a Chirality Flow: Defining Fundamental Objects

o Two key differences:
o Colour = single SU(N): generators t* — d's
o Spinor-hel = su(2) @ su(2) : 7, 74 N\ A\ el — (i), [Kl]
—— ——

left-chiral  right-chiral
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Motivating a (Massless) Chirality-Flow Method for Amplitude Calculations + Examples

Creating a Chirality Flow: Defining Fundamental Objects

o Two key differences:
o Colour = single SU(N): generators t* — d's
o Spinor-hel = su(2) @ su(2) : 7, 74 N\ A\ el — (i), [Kl]
—— ——

left-chiral  right-chiral

@ Key step: Spinors and their inner products
o M\ = (i) =—{i)=i—s
o NN =lil=—lil= i .

. /A 13

o Nu=@——7 , N=@——1 , ="
, v ; 5 B &

o=@ < LA = Q- Ty 6=t

>
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Motivating a (Massless) Chirality-Flow Method for Amplitude Calculations + Examples

Fierz ldentity in Chirality Flow

o Fierz required in every helicity-flow calculation
o Fierz identity with indices: T”Bro“j =4, 55“
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Motivating a (Massless) Chirality-Flow Method for Amplitude Calculations + Examples

Fierz ldentity in Chirality Flow

o Fierz required in every helicity-flow calculation
. . . . . . . —,U4 065 _ ﬂ a
o Fierz identity with indices: T = 0,76 5

o Fierz identity with flow:
Q 7;87 o v N j
R
B ”f‘; - 3 Q
N
3 Sy I
m,Gf — —fh
e=mT= T T T
o = v = R o] G S—

o Fierz identity already utilised in flow rule

February 5™ 2020 11/ 16

The Chirality-Flow Method

Andrew Lifson (THEP)



Motivating a (Massless) Chirality-Flow Method for Amplitude Calculations + Examples

Other Useful Chirality-Flow Rules

Feynman

Chirality Flow

1, ay

2, a2

11, a1

2, a2

14, a4

K3, a3

drew Lifson (THEP)

gs fabc

S faabrbaas
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Motivating a (Massless) Chirality-Flow Method for Amplitude Calculations + Examples

The Simplest QCD Example

. 2 N
a a 185 “\ /1

TR R . R— NS

q1G1 "q2q2 _ )2
(Pgy + P3r)?
q a Il Q@

prefactors: easy

chirality flow
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Motivating a (Massless) Chirality-Flow Method for Amplitude Calculations + Examples

The Simplest QCD Example

@ @

. o

: 2
a a 185 N

=t -t — =
q141 "q2q2 _\2
(Pgy + P3r)?
q a Il Q@

prefactors: easy ~
chirality flow

@ Immediately read off inner products
@ Obvious which inner products we obtained

@ Regular spinor-hel requires a few steps
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Motivating a (Massless) Chirality-Flow Method for Amplitude Calculations + Examples

The Simplest QCD Example

@ @

- a e

e =2
q141 "q2q2 _\2
(Pgy + P3r)?
qi ) q1 q2

prefactors: easy

chirality flow
@ Immediately read off inner products

@ Obvious which inner products we obtained

@ Regular spinor-hel requires a few steps

@ This is actually a QED-type diagram
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Motivating a (Massless) Chirality-Flow Method for Amplitude Calculations + Examples

The Simplest Non-Abelian QCD Example

af ©
3 4 ¥
= tg1ql ttl;zqz 2t Igs \”>Hj/
25(71(71 Sqq <r1> (‘%%X
q 1+ P {]]+ 1“ . 2 rﬁr
7 a )

—2p 2py

/"A A

@ Few-line calculation written in one step
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Summary & Outlook

Summary

Chirality flow allows for single-line calculation of Feynman diagram

Also gives transparent/intuitive picture of inner products

@ In contrast, spinor-hel method:

e Requires multiple steps
o Final result intransparent/unintuitive

@ Massless QED and QCD tree-level done

@ Useful for any generator using diagrams to avoid dealing with Lorentz
algebra
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Summary & Outlook

Outlook

Initial paper coming soon

@ Joakim Alnefjord (Master's student) working to complete the SM at
tree level

Loop calculations

Applications within generator(s)

Amplitude-level calculations
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Backup Slides

Creating a Chirality Flow: Part 1

o Key difference:

o Colour = single SU(N): generators t* — d's
o Spinor-hel = su(2) ® su(2): 7+, 7, N\, N\ e, — (i), [KI]
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Backup Slides

Creating a Chirality Flow: Part 1

o Key difference:

o Colour = single SU(N): generators t* — d's
o Spinor-hel = su(2) ® su(2): 7+, 7, N\, N\ e, — (i), [KI]

@ First step: Spinors and their inner products

o XAjo = (i) =l =i

o A\ ﬁ)\l ] = —[il= i-mii

° )\j,a = H] ; )‘,a = .—‘;] 3 5():9 = .
ia = .7774 ————— i , S\Ja: .,,,, ————— J , 5504: “?7——>—7—{l

[
>
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Backup Slides

Creating a Chirality Flow: Part 1

o Key difference:

o Colour = single SU(N): generators t* — d's
o Spinor-hel = su(2) ® su(2): 7+, 7, N\, N\ e, — (i), [KI]

@ First step: Spinors and their inner products
o AN = (if) = — (i) = i
o A% =l = il = i

i . A &)

- )\j,a = HJ R )\la = .—4;7/ s 50“3 = a‘%‘
~ . ~ ; ] 8 Q

C e @ i, W= @ i, =l

@ Second step: Fermion propagators

o p= VI PN = S ghh
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Backup Slides

Creating a Chirality Flow: Part 2

@ Third step: Fermion vector vertices and vector propagators
o vertices X f — 7H, TH contracted with vector propagator g,

o Fierz identity with indices: T“Brﬁ“j =, ﬁé“
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Backup Slides

Creating a Chirality Flow: Part 2

@ Third step: Fermion vector vertices and vector propagators
o vertices X f — 7H, TH contracted with vector propagator g,

o Fierz identity with indices: T“Brﬁ“j =, ﬁé“

o Fierz identity with flow:
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Backup Slides

Creating a Chirality Flow: Part 2

@ Third step: Fermion vector vertices and vector propagators
o vertices X f — 7H, TH contracted with vector propagator g,

o Fierz identity with indices: T“Brﬁ“j =, ﬁé“

o Fierz identity with flow:

)
\]
T
Q
(S8
Q
@
»
@)
|
A
i
|

o =gy = . x—-,0r >

o Fierz identity already utilised in flow rule
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Backup Slides

Creating a Chirality Flow: Part 3

o Fourth step: External gauge bosons

o Fifth step: Non-abelian vertices

Feynman

1, ay

_gsfabc T2

2, @2 3 )
/’ 1-2
,

1, a1 12, a2

I
l
I
,-gSZ S faR bgbagaz !
2(2,3,4) !

I

K, aq M3, a3
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(Massless) QCD Helicity Flow + Example

The Non-abelian Massless QCD Flow Vertices

Feynman

H1, @

12, a2
13
Hz,az
1, a1 12, @
Ha, Q4 13, a3

Andrew Lifson (THEP)

1
_ gsfbe & 2
2 ( /’ 1-2 +
1
I-gSZ Z falazbfba4a3 3
2(23,9) !
4\
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(Massless) QCD Helicity Flow + Example

QCD Example: g1G1 — q2og

@ Triple-gluon vertex provides new structures

a @
3
N 185
25416150, (r1)
Qo 1+ ‘3
ar. K2 a K
< { y <
=2 7 \ 2
+ x M/,,; + - -
a’ 1y af a Mg
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(Massless) QCD Helicity Flow + Example

The QED Flow Rules: External Particles

Feynman

Everything already Fierzed, in terms of spinors J
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(Massless) QCD Helicity Flow + Example

The QED Flow Rules: Vertices and Propagators

Feynman Flow
+ -
o,
:::y\ﬁv“ m¢§//‘//g**‘
- «
p . Jp e
>«m w2
n )
Feynman Flow
p i o p /B i ¢ P B
—_— ﬁ —> @->-- or;’z > - @
p
EANANAN Y —h T ek
Everything already Fierzed, in terms of spinors ]
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(Massless) QCD Helicity Flow + Example

Simplest QED Example

@ Regular spinor-helicity = easy

& ¥ ,
2ie 3 ap @ 38
+ o - Sete ()\67 aTH >\6+7B)(>\M fYﬁAlﬁ—)
2ie? 2ie?
= Ae ,a)‘,ﬁ—)‘u—)\eﬂ[)’: [e H ]</~L e+>
Sete ete—
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(Massless) QCD Helicity Flow + Example

Simplest QED Example

@ Regular spinor-helicity = easy

_ ut

+ +
2ie < g o = 5B
+ "o N Sete— ()\67 T >\e+ B)(AM7 CYBA”+)
2ie? .. . 2ie?
— X XN = e (et
Sotem e, et ut Ny et 5e+e—[ M ]</~L >

@ Helicity flow = super easy and intuitive
— +
5 4 e e
2ie?

— N

Sete—
— ere
¢ W C/—‘—\ﬂ,

+
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(Massless) QCD Helicity Flow + Example

Next Simplest QED Example

@ Regular spinor-helicity = easy

e wt
+ +
—i2v2ed /o : ; >
=— p FH B3 4+ A
L seem s ()‘ei”—‘Tg Ae+’5) </\Z’ Top (P P77, r)/\fﬁ)
et H
—i2v2e® /e .5 < <5
T ss +1(rl) (Ae_’dTg‘ /\6+’5>)\175)\#+
ete™ Zn

x (}\2_7_'585\?)\?)\,75 + Az_%sﬁi\ﬁ+,\i+,\,,6)

B 5 G 5 G 538
~ NNt (Ae,,dxl A+ Ae,@,\wxig,ﬁ),\l,&xfﬁ

Correct Answer

—i2v/263

Sete=Sura(rl) (lem 1@ + [~ w1t ) ) [Lut (u™e™)
ete— Sut1(r
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(Massless) QCD Helicity Flow + Example

Next Simplest QED Example

@ Helicity flow = super easy and intuitive

— +
e I _ L
- + 3 “e oA .
. N N <
. —12\/56 ‘\\7” ”1,(\(\1
+

o u Sete— H+1<r1> Cﬂrﬂi

Correct Answer

—i2V/2e3

oo (e 0N + [t ) ) 1)
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(Massless) QCD Helicity Flow + Example

Next Simplest QED Example

@ Helicity flow = super easy and intuitive

— +
e I _ L
- + 3 “e oA .
. N N <
. —12\/56 ‘\\7” ”1,(\(\1
+

o u Sete— H+1<r1> Cﬂrﬂi

@ Immediately read off inner products

Correct Answer

—i2V/2e3

eyt (GRS Tt [ (7l
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(Massless) QCD Helicity Flow + Example

Calculating A;: the Spinor-Helicity Method

Lorentz algebra so(3,1) = su(2) @ su(2)
Weyl representation of Dirac algebra naturally separates the two reps

0 \/ET[L,C.L‘B . _ .
° ’VM = <\/§7—.(I;LB 0 > ) \/57—” = (170) 9 \/ETM = (17 _J)

0= (05) - (C5) - () o= )

@ Final result in terms of inner products:
o X No = (i), NN =[], )i~ e

- . a =M ~B
0 _ a0 I _ TP lapr
eilpr) === enpr) =
No complicated traces of v matrices, rather simple identities like:

° (5\/'7@735)‘],5)()‘2%%5‘(;) = )‘fAk;SS\/@S\f‘ = (ik)[lj]

Andrew Lifson (THEP) The Chirality-Flow Method February 57" 2020 11 /13



(Massless) QCD Helicity Flow + Example

Fun with Arrows and the Fierz Identity

@ Sometimes have to contract 7#7, or THT,

@ This would lead to arrows pointing towards each other, e.g.

o /3 o )
---€--- —— r-<--
AY
7? ;
B v+
- ------- — -«
15} o ;)) o
@ To fix, use charge conservation of a current:

o NN = Xarh N
@ Or in pictures:
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(Massless) QCD Helicity Flow + Example

How to Calculate a (Massless) Scattering Amplitude

@ QCD often factorise colour, use helicity basis for kinematics

My, <1h1,...,nh”> :ZC;A; (pfl,...,p,',’") J

@ C; = colour factor
] QED C,' =1

o A; = kinematic amplitude
e Cross incoming particles to outgoing
o Each particle j is given a specific helicity h;
e Since massless, helicity ~ chirality
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