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Antonio Rodŕıguez Sánchez

Science coffee
8/10/2020

In collaboration with:
Hans Bijnens
Nils Hermansson-Truedsson
Laetitia Laub
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Muon g-2

Muon response to weak magnetic field?

Linear term in photon momentum of 〈µ−p′,σ′ |J
µ
EMe iSint|µ−p,σ〉

Sint ≈ 0→ gµ ≈ 2 gµ,exp ≈ 2.002

aexp
µ ≡ (g exp

µ − 2)/2 = 0.00116592089(63) PhysRevD.73.072003
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HLbL: a multiscale problem

Πq ∼ 〈0|T (∏4
j
∫

dxje−iqj xj Jq(xj))e iSint|0〉
Jµq = Qq q̄γµq

aHLbL
µ ∼

∫∞
0 dQ1,2

∫ 1
−1 dτ

∑
i T ′i Πi

Nonperturbative problem: hadronic intermediate states
Weights Ti enhance contributions near Qi ∼ mµ

From dispersion relations to resonance models, which need
guidance → short-distance constraints?
Basic question: asymptotic behaviour of (g-2) HLbL
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The Operator Product Expansion

The basic idea Phys. Rev., 179:1499–1512, Annals Phys., 77:570–601

A(x)B(y) = ∑
i c ′i (x , y)O′i (x , y) ≈ ∑i ci Oi (y)(x − y)(dOi−dA−dB)

µ e

W

νµ

ν̄e

〈eν̄eνµ|e iS |µ〉 ∼ 〈
∫

dx J(x)W (x)
∫

dy J(y)W (y)〉
∼ 〈

∫
dx
∫

dyJ(x)DW (x − y)J(y)〉 ∼ 〈
∫

dxLeff (x)〉

Basic EFT lagrangian (contains any possible mediator operator)

Leff ∼
∑

i ,D
ci,D Oi,D

(Λ=MW )D , D = 6→ LFermi
GF
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The Operator Product Expansion

u

d

γ

W

µ

ν

〈〉fund ∼ 1 + α
π

(a + b ln MW
p )

〈〉eff ∼ c(µ)︸ ︷︷ ︸
ln Mw

µ

〈O(µ)〉︸ ︷︷ ︸
ln µ

p

c(Mw ) + RGE→ c(µ = p)
1 α ln α2 ln2 α3 ln3 ... αn lnn

α α2 ln α3 ln2 ... αn lnn−1

α2 α3 ln ... αn lnn−2

α3 ... ...

... ... αn

Log resummation may not be enough
〈π−|JP |0〉 ∼ fπ

QCD αs(Mz) = 0.1181 ± 0.0011

pp –> jets
e.w. precision fits (N3LO)  
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OPE in the vacuum

Asymptotic behaviour of two-point correlation functions
Π(q) =

∫
dx e−iqx〈0|T (J1(x)J2(0)|0〉; Ji ∼ q̄Γiq

+ +... = c(pert)

+... = cqq〈mqq̄q〉+

+ +... = cGG〈GG〉

Π(Q) = ∑
i ,D

ci,D(Q2,µ)〈Oi,D(µ)〉
QD Nucl.Phys.B 147 385-447
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Back to the HLbL (Vacuum OPE?)

Πµ1µ2µ3µ4 = −i
∫ d4q3

(2π)4

(∏4
i
∫

d4xi e−iqi xi
)
〈0|T

(∏4
j Jµj (xj)

)
|0〉

+ +... = c(pert)

+... = cqq〈mqq̄q〉+

+ +... = cGG〈GG〉

Π ∼ ∑i ,D
ci,D(Q2

i ,µ)〈Oi,D(µ)〉
Qd1

1 ...Qd4
4

∑
i di = D
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Back to the HLbL (Vacuum OPE?)

Π ∼ ∑i ,D
ci,D(Q2

i ,µ)〈Oi,D(µ)〉
Qd1

1 ...Qd4
4

∑
i di = D

Static limit: limq4→0
∂Πµ1µ2µ3ν4
∂q4, µ4

= − limq4→0
∂Πµ1µ2µ3µ4
∂q4, ν4

limq4→0 Π→∞

q4 = 0

1/q24
Phys.Lett.B 798 134994

OPE in the vacuum only valid for large Euclidean Momenta!
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Rethinking the problem: soft static photon

〈0|e iS |γ1γ2γ3γ4〉 → Πµ1µ2µ3µ4

One step backwards
Πµ1µ2µ3 = −1

e
∫ d4q3

(2π)4

(∏3
i
∫

d4xi e−iqi xi
)
〈0|T

(∏3
j Jµj (xj)

)
e iSint|γ(q4)〉

Q1,··· ,3 � ΛQCD → OPE valid for the tensor

We are looking for a static (soft photon contribution): F µν

From the OPE keep those operator contributions with the same
quantum numbers as the static photon, F µν

Nucl.Phys.B 232 109-142, Phys.Lett.B 129 328-334, Phys.Rev.D 67 073006
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Operators

S1, µν ≡ e eqFµν
S2, µν ≡ q̄σµνq
S3, µν ≡ i q̄Gµνq
S4, µν ≡ i q̄Ḡµνγ5q
S5, µν ≡ q̄q e eqFµν
S6, µν ≡

αs

π
Gαβ

a Ga
αβ e eqFµν

S7, µν ≡ q̄(GµλDν + DνGµλ)γλq − (µ↔ ν)
S{8}, µν ≡ αs (q̄ Γ q q̄Γq)µν

Πµ1µ2µ3(q1, q2) = 1
e
~CT ,µ1µ2µ3µ4ν4(q1, q2)〈~Sµ4ν4〉; 〈Si ,µν〉 = eeqX i

S〈Fµν〉
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Completing the long-short distance separation

Πµ1µ2µ3(q1, q2) = 1
e
~CT ,µ1µ2µ3µ4ν4(q1, q2)〈~Sµ4ν4〉; 〈Si ,µν〉 = eeqX i

S〈Fµν〉

cm2
q ∼ αn

s (Q2) logn
(

Q2

m2
q

)

Separation of long and short distance not complete

Tree-level operators should be dressed and renormalized
Rev.Mod.Phys. 68 1125-1144, Z.Phys.C 60 569-578
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Mixing

Πµ1µ2µ3(q1, q2) = 1
e
~CT ,µ1µ2µ3µ4ν4(q1, q2)〈~Sµ4ν4〉; 〈Si ,µν〉 = eeqX i

S〈Fµν〉

Dressing...
~Qµν

0 = M̂(ε)~Sµν ; M̂(ε) = I + m−2aε̂
q
ε̂

M̂ε̂ + M̂rem

...and renormalizing
~Qµν

0 = ẐMS(µ, ε) ~Qµν

MS(µ) , ẐMS(µ, ε) = I + M̂ε̂ µ
2aε

ε̂

~Qµν

MS(µ) = ÛMS(µ) ~Sµν ; ~CMS(q1, q2, µ) = Û−T
MS (µ)~C(q1, q2)

Πµ1µ2µ3(q1, q2) = 1
e
~CT

MS(q1, q2, µ)〈~Qµν

MS(µ)〉
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Mixing

Need ~Qµν
0 = M̂(ε)Sµν

M̂(ε) perturbation in mq, e, gs

Q0
1,µν ∼

1

S1,µν

Q0
2,µν ∼ 2

S2,µν

+

2

M̂21(ǫ)S1,µν

+

2

M̂26(ǫ)S6,µν

Q0
3,µν ∼

3

S3,µν

+ 3

M̂36(ǫ)S6,µν

Q0
4,µν ∼

4

S4,µν

+ 4

M̂46(ǫ)S6,µν

Q0
5,µν ∼

5

S5,µν

+ 5

M̂56(ǫ)S6,µν

Q0
6,µν ∼

6

S6,µν

Q0
7,µν ∼

7

S7,µν

+ 7

M̂76(ǫ)S6,µν

Q0
8,µν ∼ 8

S8,µν
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Matrix element estimates

〈0|Qµν
i |γ(q4)〉 = Xi〈0|e eqF µν |γ(q4)〉 e.g. focus on Qµν

i = q̄σµνq

First try: χpT with tensor sources JHEP 09 (2007) 078

L = L0 + t j
i ,µν(µ)q̄iσµνqj(µ) LχpT = Λ1(µ) 〈 tµν+ (µ) f+µν〉+ · · ·

e iZ =
∫
D[q, q̄,G ]e iS =

∫
DU e iSeff → X (µ) ∼ Λ1(µ) +O( M2

K
Λ2
χ

) ...Λ1?

Second try: expand EM vertex
〈0|Qµν

i,0 |γ(q4)〉 ∼ 〈0|Qµν
i,0(QCD)

∫
d4x Lint

EM(x)|γ(q4)〉 = −〈0|eeqFµν |γ(q4)〉ΠQCD
JQi

(0)

So Xi = −Π(0), where ΠQCD
JQi

(q) ∼
∫

d4x e−iqx T (J(x)Qi ,0(QCD)(0))
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Matrix element estimates

Xi = −Π(0), where ΠQCD
JQi

(q) ∼
∫

d4x e−iqx T (J(x)Qi ,0(QCD)(0))

χpT? Again, Π(0) ∼ Λ1 + · · · , but Λ1?
Large-Nc limit saturated by the exchange of (vector) resonances
Nucl.Phys.B 72 461, Nucl.Phys.B 160 57-115

Low-energy spectrum∼ Nc . High-energy spectrum flat

Q2

ρ0
Q2

Π = c 1
q2−M2

ρ
FV Π ∼ 〈q̄q〉

Q2 Eur.Phys.J.C 52 325-338

X2 = 2
M2
ρ
〈q̄q〉,X3 = − m2

0
6M2

ρ
〈q̄q〉 ,X4 = − m2

0
6M2

ρ
〈q̄q〉

X2 in very good agreement with the lattice JHEP 07 (2020) 183
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Matrix element estimates

〈0|Qµν
i |γ(q4)〉 = Xi〈0|e eqF µν |γ(q4)〉

Q5, µν ≡ q̄q e eqFµν
Q6, µν ≡

αs

π
Gαβ

a Ga
αβ e eqFµν

Q7, µν ≡ q̄(GµλDν + DνGµλ)γλq − (µ↔ ν)
Q{8}, µν ≡ αs (q̄ Γ q q̄Γq)µν

X5 and X6 are the usual vacuum condensates.
Q8. SU(3)V Nucl.Phys.B 234 (1984) 173-188, P, C → 12
Large-Nc → X8 ∼ X2〈q̄q〉
Q7? Dimensional guess
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Start the game: Quark loop

Πµ1µ2µ3 = −1
e
∫ d4q3

(2π)4

(∏3
i=1

∫
d4xi e−iqi xi

)
〈0|T

(∏3
j=1 Jµj (xj)

)
|γ(q4)〉

Direct Sµν1 = eeqFµν contribution

Take one extra LEM from e iSint

Aµ4(x4) ∼ −1
2x4ν4F µ4ν4 ∼ F µ4ν4 limq4→0 ∂

q4
ν4 e−iq4x4

The quark loop is actually the leading term of the correct OPE
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Quark loop: some technicalities (sorry)

limq4→0
∂

∂qν4
4

[∑
σ(1,2,4) Tr

(
γµ3 S(p + q1 + q2 + q4)γµ4 S(p + q1 + q2)γµ1 S(p + q2)γµ2 S(p)

)]
∂

∂qν4
4

S(p + q4) = −S(p + q4)γν4S(p + q4)

Πµ1µ2µ3(q1, q2) = ~CT ,µ1µ2µ3µ4ν4(q1, q2) ~X 〈eqFµ4ν4〉
aHLbL
µ ∼

∫∞
0 dQ1,2

∫ 1
−1 dτ ∑i T ′i Πi JHEP 09 (2015) 074, JHEP 04 (2017) 161

1 Build general projectors P: Pµ1µ2µ3µ4ν4Cµ1µ2µ3µ4ν4 = Π
2 Reduce scalar integrals KIRA, REDUZE
3 Perform the g-2 integral

Π̂0
m,S ∼

∑
i,j,k,n

λ
−n Q2i

1 Q2j
2 Q2k

3 ×
[

c(m,n)
i,j,k + f (m,n)

i,j,k F + g(m,n)
i,j,k log

(
Q2

2
Q2

3

)
+ h(m,n)

i,j,k log
(

Q2
1

Q2
2

)]
Π̂

m2
q

m,S ∼
∑
i,j,k,n

λ
−n Q2i

1 Q2j
2 Q2k

3 ×
[

d(m,n)
i,j,k + p(m,n)

i,j,k F + q(m,n)
i,j,k log

(
Q2

2
Q2

3

)
+ r (m,n)

i,j,k log
(

Q2
1

Q2
2

)
+ s(m,n)

i,j,k log
(

Q2
3

m2
q

)]
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Gluon condensate

Πµ1µ2µ3
GG (q1, q2) ∼ e4

q Fν4µ4
4π2〈αs Gµνa Ga

µν〉

32d(d − 1)

(
gν5ν6 gµ5µ6 − gµ5ν6 gν5µ6

)( 6∏
i=4

lim
qi→0

∂

∂qνi
i

)
×
∑

σ(1,2,4,5,6)

Tr
(
γ
µ3 S(p + q1 + q2 + q4 + q5 + q6)γµ1 S(p + q2 + q4 + q5 + q6)

× γµ2 S(p + q4 + q5 + q6)γµ4 S(p + q5 + q6)γµ5 S(p + q6)γµ6 S(p)
)

Same procedure as in the quark loop Also for the two loops! (in progress)

All infrared divergences exactly cancel after including mixing
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One cut topologies
(a) (b)

More complicated than it looks.

For example b) (sorry)
q̄(x1)
(

Bε(u) + ieqAε(u)
)

q(x3) =
∑

m,n
(−x1)ν1 ···(−x1)νn

n!
x
ν′1
3 ···x

ν′m
3

m! ×
∑

p=1

∑p
q=0

(−1)p−q+1puω1 ···uωp
(p+1)q!(p−q)!

×q̄Dν1 · · ·Dνn Dω1 · · ·Dωq DεDωq+1 · · ·Dωp Dν
′
1 · · ·Dν

′
m q

And after some algebra...

Πµ1µ2µ3
B = −e3

q limp1A,2A,3A

∑
A

∑
m,n

(i∂p1A )ν1 ···(i∂p1A )νn
n!

(i∂p3A )ν
′
1 ···(i∂p3A )ν

′
m

m! ×∑
p=1

∑p
q=0

(i∂p2A )ω1 ···(i∂p2A )ωp p(−1)p−q+1

(p+1)q!(p−q)! ×
(

Tr[γµ3 ΓAγµ1 iS(pA
1 − q1)γε iS(pA

1 − pA
2 −

q1)γµ2 iS(q3 + pA
3 )] + Tr[γµ3 ΓAγµ1 iS(pA

1 − q1)γµ2 iS(pA
2 + pA

3 + q3)γε iS(q3 + pA
3 )]
)
×

〈0|q̄Dν1 · · ·Dνn Dω1 · · ·Dωq DεDωq+1 · · ·Dωp Dν
′
1 · · ·Dν

′
m cAΓAq|γ(q4)〉

Number of terms grows up very fast
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One cut topologies
(a) (b)

More complicated than it looks. For example b) (sorry)
q̄(x1)
(

Bε(u) + ieqAε(u)
)

q(x3) =
∑

m,n
(−x1)ν1 ···(−x1)νn

n!
x
ν′1
3 ···x

ν′m
3

m! ×
∑

p=1

∑p
q=0

(−1)p−q+1puω1 ···uωp
(p+1)q!(p−q)!

×q̄Dν1 · · ·Dνn Dω1 · · ·Dωq DεDωq+1 · · ·Dωp Dν
′
1 · · ·Dν

′
m q

And after some algebra...

Πµ1µ2µ3
B = −e3

q limp1A,2A,3A

∑
A

∑
m,n

(i∂p1A )ν1 ···(i∂p1A )νn
n!

(i∂p3A )ν
′
1 ···(i∂p3A )ν

′
m

m! ×∑
p=1

∑p
q=0

(i∂p2A )ω1 ···(i∂p2A )ωp p(−1)p−q+1

(p+1)q!(p−q)! ×
(

Tr[γµ3 ΓAγµ1 iS(pA
1 − q1)γε iS(pA

1 − pA
2 −

q1)γµ2 iS(q3 + pA
3 )] + Tr[γµ3 ΓAγµ1 iS(pA

1 − q1)γµ2 iS(pA
2 + pA

3 + q3)γε iS(q3 + pA
3 )]
)
×

〈0|q̄Dν1 · · ·Dνn Dω1 · · ·Dωq DεDωq+1 · · ·Dωp Dν
′
1 · · ·Dν

′
m cAΓAq|γ(q4)〉

Number of terms grows up very fast
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One cut topologies: the emerging pattern

Three simple rules:

p = 0

gµν
Donot cross γµ

· · ·
ν1 ν2 νn

p = 0

(−1)nΓAq̄Dν1 · · ·DνnΓAq

Our case:

Πµ1µ2µ3 ∼
∑

(−1)n〈0|q̄Dν1 . . .Dνn ΓAq|γ(q4)〉

×Tr
{
γµ3 ΓAγµ1 iS(−q1)γν1 iS(−q1) . . . γνp iS(−q1)γµ2 iS(q3)γνp+1 iS(q3) . . . γνn iS(q3)

}
〈0|q̄Dν1 . . .Dνn ΓAq|γ(q4)〉 can be decomposed into our basis
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Four-quark operators

Only contributions not associated to one flavor
Simple to calculate
Even simpler result

Π̂1 = Π̂4 = 8X 8,2
Q2

1 +Q2
2

Q4
1 Q4

2 Q2
3

Π̂54 = 8X 8,2
Q4

2−Q4
1

Q6
1 Q6

2 Q2
3

Π̂7 = Π̂17 = Π̂39 = 0
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Numerical results
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Quark loop dominates
Small power corrections, even
at 1 GeV
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Conclusions

Static photon must be formulated as a soft degree of freedom

When the other three momenta are large, an OPE can be built

The quark loop is the leading term

Power corrections have been computed and found to be small

Perturbative corrections are underway

THANKS!
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