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Lund University Local Unitarity

First, allow me to point out a striking observation, might be inspiration for new physics…

LU

This cannot be a coincidence!!
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Fully automating 
perturbative computations

Deep theoretical understanding

Outstanding algorithms
and efficient implementation

Automating perturbative computations: provide a deterministic procedure (and 
code) that, given any process specific input, and given enough time and enough 

computational resources, outputs a reliable output with arbitrary precision 

Our objective

INSEPARABLE
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The hardest theoretical problem in full automation is that of IR singularities.
It manifests itself in fixed order computations, PDFs, event generators.

LU forces to unify the treatment for all of its manifestations!

In contrast, the traditional way of computing  cross-section usually divides the 
problem into

• Computing amplitudes analytically

• Computing the phase space integrals numerically with counter-terms

This asymmetric way of dealing with IR singularities hides an inherent 
simplicity
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Some interesting theoretical consequences…

• No counter-terms 

• No dimensional regularisation 

• Not process specific 

• Fully numerical and automatable 

• Differential

• Forward scattering diagrams are central, not amplitudes 

• Initial states with higher multiplicities 

• Beyond LSZ 

• Infrared scales from theory 

• Classification of singularities and the systematics of their 

cancellations 

• No explicit reference to collinear mass factorisation

Some relevant pragmatic consequences…
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In computing perturbative cross section for physical processes in QFTs, one 
encounters diagrams, either in the form of amplitudes or forward scattering diagrams 

The properties of perturbative cross-sections are deeply entrenched with the 
diagrammatic technique 

As a recurring example, one can consider a four-loop amplitude for qq̄ ! qq̄
<latexit sha1_base64="CbML1UF92dOpsgEzK/Or7pgkH8Q=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhbBVUl8oMuiG5cV7AOaUCbTaTt0MklnbpQSunTjr7hxoYhbP8Gdf+O0DaKtBy4czrmXe+8JYsE1OM6XlVtYXFpeya8W1tY3Nrfs7Z2ajhJFWZVGIlKNgGgmuGRV4CBYI1aMhIFg9aB/Nfbrd0xpHslbGMbMD0lX8g6nBIzUsvcH2AuISgcj7Cne7QFRKrrHP2rLLjolZwI8T9yMFFGGSsv+9NoRTUImgQqiddN1YvBTooBTwUYFL9EsJrRPuqxpqCQh0346eWSED43Sxp1ImZKAJ+rviZSEWg/DwHSGBHp61huL/3nNBDoXfsplnACTdLqokwgMER6ngttcMQpiaAihiptbMe0RRSiY7AomBHf25XlSOy65J6Wzm9Ni+TKLI4/20AE6Qi46R2V0jSqoiih6QE/oBb1aj9az9Wa9T1tzVjazi/7A+vgG3FOZ4w==</latexit>

Or a forward-scattering diagram for N4LO qq̄ ! X
<latexit sha1_base64="Jpwpzcx/u76wBaTl8E+KKuFp6jo=">AAACAHicbVC7TsNAEDyHVwgvAwUFzYkIiSqyeQjKCBrKIJGHFFvR+nJJTjmfnbszKLLc8Cs0FCBEy2fQ8TdcEheQMNJKo5ld7e4EMWdKO863VVhaXlldK66XNja3tnfs3b2GihJJaJ1EPJKtABTlTNC6ZprTViwphAGnzWB4M/GbD1QqFol7PY6pH0JfsB4joI3UsQ9G2AtApqMMe5L1BxqkjB5xq2OXnYozBV4kbk7KKEetY3953YgkIRWacFCq7Tqx9lOQmhFOs5KXKBoDGUKftg0VEFLlp9MHMnxslC7uRdKU0Hiq/p5IIVRqHAamMwQ9UPPeRPzPaye6d+WnTMSJpoLMFvUSjnWEJ2ngLpOUaD42BIhk5lZMBiCBaJNZyYTgzr+8SBqnFfescnF3Xq5e53EU0SE6QifIRZeoim5RDdURQRl6Rq/ozXqyXqx362PWWrDymX30B9bnD4jClmA=</latexit>
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Momentum conservation completely determines 
the singular structure!!!

Momentum conservation constraints

Spanning trees contain info on the  
connectivity structure of the graph

Indeed a graph admits a spanning 
tree only if it is connected!

The edges not in the spanning tree 
are the loop variables!

k1
<latexit sha1_base64="pOAxby6xtWtrdOkg69AXayifiPg=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKez6QI9BLx4jmgckS5id9CZDZmeXmVkhLPkELx4U8eoXefNvnCR70MSChqKqm+6uIBFcG9f9dgorq2vrG8XN0tb2zu5eef+gqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7dRvPaHSPJaPZpygH9GB5CFn1FjpYdTzeuWKW3VnIMvEy0kFctR75a9uP2ZphNIwQbXueG5i/Iwqw5nASambakwoG9EBdiyVNELtZ7NTJ+TEKn0SxsqWNGSm/p7IaKT1OApsZ0TNUC96U/E/r5Oa8NrPuExSg5LNF4WpICYm079JnytkRowtoUxxeythQ6ooMzadkg3BW3x5mTTPqt559fL+olK7yeMowhEcwyl4cAU1uIM6NIDBAJ7hFd4c4bw4787HvLXg5DOH8AfO5w/6F42a</latexit>

k2
<latexit sha1_base64="zPJaceMatTTuWv72JFcRwGivktU=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KklV9Fj04rGi/YA2lM120y7dbMLuRCihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR7dRvPXFtRKwecZxwP6IDJULBKFrpYdSr9kplt+LOQJaJl5My5Kj3Sl/dfszSiCtkkhrT8dwE/YxqFEzySbGbGp5QNqID3rFU0YgbP5udOiGnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8NrPhEpS5IrNF4WpJBiT6d+kLzRnKMeWUKaFvZWwIdWUoU2naEPwFl9eJs1qxTuvXN5flGs3eRwFOIYTOAMPrqAGd1CHBjAYwDO8wpsjnRfn3fmYt644+cwR/IHz+QP7m42b</latexit>

k3
<latexit sha1_base64="J0heYahc0tlt34XQkwULvZSuZks=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKez6QI9BLx4jmgckS5idzCZDZmeXmV4hLPkELx4U8eoXefNvnCR70MSChqKqm+6uIJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqd+64lrI2L1iOOE+xEdKBEKRtFKD6Peea9ccavuDGSZeDmpQI56r/zV7ccsjbhCJqkxHc9N0M+oRsEkn5S6qeEJZSM64B1LFY248bPZqRNyYpU+CWNtSyGZqb8nMhoZM44C2xlRHJpFbyr+53VSDK/9TKgkRa7YfFGYSoIxmf5N+kJzhnJsCWVa2FsJG1JNGdp0SjYEb/HlZdI8q3rn1cv7i0rtJo+jCEdwDKfgwRXU4A7q0AAGA3iGV3hzpPPivDsf89aCk88cwh84nz/9H42c</latexit>

k4
<latexit sha1_base64="2+YnBJxoJ6d4MkZhPQP4KdWqpB4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oseiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1Bqw8GHu/NMDMvSKQw6LpfTmFldW19o7hZ2tre2d0r7x+0TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfjm5nffuTaiFg94CThfkSHSoSCUbTS/bhf65crbtWdg/wlXk4qkKPRL3/2BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+6pScWGVAwljbUkjm6s+JjEbGTKLAdkYUR2bZm4n/ed0Uwys/EypJkSu2WBSmkmBMZn+TgdCcoZxYQpkW9lbCRlRThjadkg3BW375L2mdVb3z6sVdrVK/zuMowhEcwyl4cAl1uIUGNIHBEJ7gBV4d6Tw7b877orXg5DOH8AvOxzf+o42d</latexit>

p1
<latexit sha1_base64="yrc5jfeYx3Q2BBOmKcQR2QYCB+s=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKez6QI9BLx4jmgckS5idzCZDZmeXmV4hLPkELx4U8eoXefNvnCR70MSChqKqm+6uIJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqd+64lrI2L1iOOE+xEdKBEKRtFKD0nP65UrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4bWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+8enl/Uand5HEU4QiO4RQ8uIIa3EEdGsBgAM/wCm+OdF6cd+dj3lpw8plD+APn8wcBxI2f</latexit>

p2
<latexit sha1_base64="DT/+hOYcAtQFdMWa92EvcL9XJ00=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KklV9Fj04rGi/YA2lM120i7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LRjBP0IzqQPOSMGis9JL1qr1R2K+4MZJl4OSlDjnqv9NXtxyyNUBomqNYdz02Mn1FlOBM4KXZTjQllIzrAjqWSRqj9bHbqhJxapU/CWNmShszU3xMZjbQeR4HtjKgZ6kVvKv7ndVITXvsZl0lqULL5ojAVxMRk+jfpc4XMiLEllClubyVsSBVlxqZTtCF4iy8vk2a14p1XLu8vyrWbPI4CHMMJnIEHV1CDO6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AEDSI2g</latexit>

p3
<latexit sha1_base64="V74SC4xNFYb4anwTLVYVRuto+hM=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKez6QI9BLx4jmgckS5id9CZDZmeXmVkhLPkELx4U8eoXefNvnCR70MSChqKqm+6uIBFcG9f9dgorq2vrG8XN0tb2zu5eef+gqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7dRvPaHSPJaPZpygH9GB5CFn1FjpIemd98oVt+rOQJaJl5MK5Kj3yl/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiJVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14bWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyMmmeVb3z6uX9RaV2k8dRhCM4hlPw4ApqcAd1aACDATzDK7w5wnlx3p2PeWvByWcO4Q+czx8EzI2h</latexit>

p4
<latexit sha1_base64="IyJM1WVbNXH9CH79LsohTA3bE5g=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oseiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1Bqw8GHu/NMDMvSKQw6LpfTmFldW19o7hZ2tre2d0r7x+0TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfjm5nffuTaiFg94CThfkSHSoSCUbTSfdKv9csVt+rOQf4SLycVyNHolz97g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUpOrDIgYaxtKSRz9edERiNjJlFgOyOKI7PszcT/vG6K4ZWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb/8l7TOqt559eKuVqlf53EU4QiO4RQ8uIQ63EIDmsBgCE/wAq+OdJ6dN+d90Vpw8plD+AXn4xsGUI2i</latexit>

k1 � p1
<latexit sha1_base64="RI9dIgnJ/zt3RCTZwxBBocY6fxc=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgxpL4QJdFNy4r2Ae0IUymk3bIZDLMTIQS+hFuXCji1u9x5984bbPQ1gMXDufcy733hJIzbVz32ymtrK6tb5Q3K1vbO7t71f2Dtk4zRWiLpDxV3RBrypmgLcMMp12pKE5CTjthfDf1O09UaZaKRzOW1E/wULCIEWys1IkD70wGXlCtuXV3BrRMvILUoEAzqH71BynJEioM4VjrnudK4+dYGUY4nVT6maYSkxgPac9SgROq/Xx27gSdWGWAolTZEgbN1N8TOU60Hieh7UywGelFbyr+5/UyE934ORMyM1SQ+aIo48ikaPo7GjBFieFjSzBRzN6KyAgrTIxNqGJD8BZfXibt87p3Ub96uKw1bos4ynAEx3AKHlxDA+6hCS0gEMMzvMKbI50X5935mLeWnGLmEP7A+fwBW9aO7w==</latexit>

k2 � k1
<latexit sha1_base64="5fy5JRsrKbFiQc07gqhLY0IMhL4=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4sSRV0WPRi8cK9gPaEDbbTbtksxt2N0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZemHKmjet+Oyura+sbm6Wt8vbO7t5+5eCwrWWmCG0RyaXqhlhTzgRtGWY47aaK4iTktBPGd1O/80SVZlI8mnFK/QQPBYsYwcZKnTion8eBF1Sqbs2dAS0TryBVKNAMKl/9gSRZQoUhHGvd89zU+DlWhhFOJ+V+pmmKSYyHtGepwAnVfj47d4JOrTJAkVS2hEEz9fdEjhOtx0loOxNsRnrRm4r/eb3MRDd+zkSaGSrIfFGUcWQkmv6OBkxRYvjYEkwUs7ciMsIKE2MTKtsQvMWXl0m7XvMualcPl9XGbRFHCY7hBM7Ag2towD00oQUEYniGV3hzUufFeXc+5q0rTjFzBH/gfP4AVcCO6w==</latexit>

k2 � p3
<latexit sha1_base64="mZelwDzznDS/oW4eutENzi5pGhU=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBi2W3VfRY9OKxgv2AdlmyabYNzWZDkhXK0h/hxYMiXv093vw3pu0etPXBwOO9GWbmhZIzbVz32ymsrW9sbhW3Szu7e/sH5cOjtk5SRWiLJDxR3RBrypmgLcMMp12pKI5DTjvh+G7md56o0iwRj2YiqR/joWARI9hYqTMOahcyqAflilt150CrxMtJBXI0g/JXf5CQNKbCEI617nmuNH6GlWGE02mpn2oqMRnjIe1ZKnBMtZ/Nz52iM6sMUJQoW8Kgufp7IsOx1pM4tJ0xNiO97M3E/7xeaqIbP2NCpoYKslgUpRyZBM1+RwOmKDF8YgkmitlbERlhhYmxCZVsCN7yy6ukXat69erVw2WlcZvHUYQTOIVz8OAaGnAPTWgBgTE8wyu8OdJ5cd6dj0VrwclnjuEPnM8fYGaO8g==</latexit>

k1 + k3 � p1
<latexit sha1_base64="69BYVya8OuIFYW22LEvy38w6ckM=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBZBEEtiFT0WvXisYD8gDWGz3bRLNtmwOxFK6M/w4kERr/4ab/4bt20O2vpg4PHeDDPzglRwDbb9bZVWVtfWN8qbla3tnd296v5BR8tMUdamUkjVC4hmgiesDRwE66WKkTgQrBtEd1O/+8SU5jJ5hHHKvJgMEx5ySsBIbuQ7Z5HfOE99x6/W7Lo9A14mTkFqqEDLr371B5JmMUuACqK169gpeDlRwKlgk0o/0ywlNCJD5hqakJhpL5+dPMEnRhngUCpTCeCZ+nsiJ7HW4zgwnTGBkV70puJ/nptBeOPlPEkzYAmdLwozgUHi6f94wBWjIMaGEKq4uRXTEVGEgkmpYkJwFl9eJp2LutOoXz1c1pq3RRxldISO0Sly0DVqonvUQm1EkUTP6BW9WWC9WO/Wx7y1ZBUzh+gPrM8fuqKQPw==</latexit>

k2 + k4 � p3
<latexit sha1_base64="Jae8mv+P8/ntKaD1Kl+FFAdm8aE=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBZBEEvSVvRY9OKxgv2ANITNdtMu2WTD7kYopT/DiwdFvPprvPlv3LY5aOuDgcd7M8zMC1LOlLbtb6uwtr6xuVXcLu3s7u0flA+POkpkktA2EVzIXoAV5Syhbc00p71UUhwHnHaD6G7md5+oVEwkj3qcUi/Gw4SFjGBtJDfyaxeR37hM/bpfrthVew60SpycVCBHyy9/9QeCZDFNNOFYKdexU+1NsNSMcDot9TNFU0wiPKSuoQmOqfIm85On6MwoAxQKaSrRaK7+npjgWKlxHJjOGOuRWvZm4n+em+nwxpuwJM00TchiUZhxpAWa/Y8GTFKi+dgQTCQztyIywhITbVIqmRCc5ZdXSadWderVq4dGpXmbx1GEEziFc3DgGppwDy1oAwEBz/AKb5a2Xqx362PRWrDymWP4A+vzB8C+kEM=</latexit>

k1 + k3 � p1 � p2
<latexit sha1_base64="SaJH1WF821j6Bro9Li7+R8vdi9s=">AAAB+HicbVBNS8NAEJ34WetHox69LBZBEEvSKnosevFYwX5AG8Jmu2mXbjZhdyPU0F/ixYMiXv0p3vw3btsctPXBwOO9GWbmBQlnSjvOt7Wyura+sVnYKm7v7O6V7P2DlopTSWiTxDyWnQArypmgTc00p51EUhwFnLaD0e3Ubz9SqVgsHvQ4oV6EB4KFjGBtJN8ujXz3bOTXzhPfNVX17bJTcWZAy8TNSRlyNHz7q9ePSRpRoQnHSnVdJ9FehqVmhNNJsZcqmmAywgPaNVTgiCovmx0+QSdG6aMwlqaERjP190SGI6XGUWA6I6yHatGbiv953VSH117GRJJqKsh8UZhypGM0TQH1maRE87EhmEhmbkVkiCUm2mRVNCG4iy8vk1a14tYql/cX5fpNHkcBjuAYTsGFK6jDHTSgCQRSeIZXeLOerBfr3fqYt65Y+cwh/IH1+QOfLpHG</latexit>

k1 + k3 � p1 � p2
<latexit sha1_base64="SaJH1WF821j6Bro9Li7+R8vdi9s=">AAAB+HicbVBNS8NAEJ34WetHox69LBZBEEvSKnosevFYwX5AG8Jmu2mXbjZhdyPU0F/ixYMiXv0p3vw3btsctPXBwOO9GWbmBQlnSjvOt7Wyura+sVnYKm7v7O6V7P2DlopTSWiTxDyWnQArypmgTc00p51EUhwFnLaD0e3Ubz9SqVgsHvQ4oV6EB4KFjGBtJN8ujXz3bOTXzhPfNVX17bJTcWZAy8TNSRlyNHz7q9ePSRpRoQnHSnVdJ9FehqVmhNNJsZcqmmAywgPaNVTgiCovmx0+QSdG6aMwlqaERjP190SGI6XGUWA6I6yHatGbiv953VSH117GRJJqKsh8UZhypGM0TQH1maRE87EhmEhmbkVkiCUm2mRVNCG4iy8vk1a14tYql/cX5fpNHkcBjuAYTsGFK6jDHTSgCQRSeIZXeLOerBfr3fqYt65Y+cwh/IH1+QOfLpHG</latexit>

k2 + k4 � k1 � k3
<latexit sha1_base64="Bgq9ojamRpAZ+igfibJlWt8TTdo=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEQSxJW9Fl0Y3LCvYBbQiT6aQdMnkwMxFq6Je4caGIWz/FnX/jtM1CWw9cOJxzL/fe4yWcSWVZ30ZhbX1jc6u4XdrZ3dsvmweHHRmngtA2iXkseh6WlLOIthVTnPYSQXHocdr1gtuZ332kQrI4elCThDohHkXMZwQrLblmOXBr54HbuAhcW1fdNStW1ZoDrRI7JxXI0XLNr8EwJmlII0U4lrJvW4lyMiwUI5xOS4NU0gSTAI9oX9MIh1Q62fzwKTrVyhD5sdAVKTRXf09kOJRyEnq6M8RqLJe9mfif10+Vf+1kLEpSRSOyWOSnHKkYzVJAQyYoUXyiCSaC6VsRGWOBidJZlXQI9vLLq6RTq9r16uV9o9K8yeMowjGcwBnYcAVNuIMWtIFACs/wCm/Gk/FivBsfi9aCkc8cwR8Ynz+UfpG/</latexit>

Choosing a loop momentum 
routing is equivalent to fixing a 
spanning tree
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Loop-Tree Duality

The LTD representation using residue theorem to integrate the energy components 

Consider a loop integral in the Minkowski representation

I =

Z  LY

i=1

d4k

(2⇡)4

!
NQ

j2e(q
2
j �m2

j )
<latexit sha1_base64="zsnyNyir1k2+5QYxLouzIMXER7Q="></latexit>

I = (�i)L
Z  LY

i=1

d3~k

(2⇡)3

!
fltd

<latexit sha1_base64="xMUxwTr/fjeLxSxYEi/w5Swk/1Y="></latexit>

Our objective is to determine         for any Feynman diagramfltd
<latexit sha1_base64="YQhpe0Chr18YJSdpLeGu6iDh6L4=">AAAB9XicbVC5TsNAEF2HK4QrQEljESFRRTaHoIygoQwSOaTEROv1OFllvbZ2x0Bk+T9oKECIln+h42/YHAUkPGmkp/dmNDPPTwTX6DjfVmFpeWV1rbhe2tjc2t4p7+41dZwqBg0Wi1i1fapBcAkN5CignSigkS+g5Q+vx37rAZTmsbzDUQJeRPuSh5xRNNJ92Mu6CE+YCQzyvFeuOFVnAnuRuDNSITPUe+WvbhCzNAKJTFCtO66ToJdRhZwJyEvdVENC2ZD2oWOopBFoL5tcndtHRgnsMFamJNoT9fdERiOtR5FvOiOKAz3vjcX/vE6K4aWXcZmkCJJNF4WpsDG2xxHYAVfAUIwMoUxxc6vNBlRRhiaokgnBnX95kTRPqu5p9fz2rFK7msVRJAfkkBwTl1yQGrkhddIgjCjyTF7Jm/VovVjv1se0tWDNZvbJH1ifP3lRkyc=</latexit>

fltd
<latexit sha1_base64="YQhpe0Chr18YJSdpLeGu6iDh6L4=">AAAB9XicbVC5TsNAEF2HK4QrQEljESFRRTaHoIygoQwSOaTEROv1OFllvbZ2x0Bk+T9oKECIln+h42/YHAUkPGmkp/dmNDPPTwTX6DjfVmFpeWV1rbhe2tjc2t4p7+41dZwqBg0Wi1i1fapBcAkN5CignSigkS+g5Q+vx37rAZTmsbzDUQJeRPuSh5xRNNJ92Mu6CE+YCQzyvFeuOFVnAnuRuDNSITPUe+WvbhCzNAKJTFCtO66ToJdRhZwJyEvdVENC2ZD2oWOopBFoL5tcndtHRgnsMFamJNoT9fdERiOtR5FvOiOKAz3vjcX/vE6K4aWXcZmkCJJNF4WpsDG2xxHYAVfAUIwMoUxxc6vNBlRRhiaokgnBnX95kTRPqu5p9fz2rFK7msVRJAfkkBwTl1yQGrkhddIgjCjyTF7Jm/VovVjv1se0tWDNZvbJH1ifP3lRkyc=</latexit>

i✏
<latexit sha1_base64="kDy3WnzlEULNc/ODAlzKcVuiAZU=">AAAB+3icbVDLSgMxFM34rPVV69JNsAiuyowPdFl047KCfUBnKJn0tg1NMkOSEcswv+LGhSJu/RF3/o2ZdhbaeiBwOOde7skJY860cd1vZ2V1bX1js7RV3t7Z3duvHFTbOkoUhRaNeKS6IdHAmYSWYYZDN1ZARMihE05uc7/zCEqzSD6YaQyBICPJhowSY6V+peoLYsZKpCzzIdaM52LNrbsz4GXiFaSGCjT7lS9/ENFEgDSUE617nhubICXKMMohK/uJhpjQCRlBz1JJBOggnWXP8IlVBngYKfukwTP190ZKhNZTEdrJPKle9HLxP6+XmOF1kDIZJwYknR8aJhybCOdF4AFTQA2fWkKoYjYrpmOiCDW2rrItwVv88jJpn9W98/rl/UWtcVPUUUJH6BidIg9doQa6Q03UQhQ9oWf0it6czHlx3p2P+eiKU+wcoj9wPn8A6C6VAg==</latexit>

The interplay between momentum conservation 
conditions and the     prescription is key in deriving                                  
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fltd = �
Z

dk01dk
0
2

N

(k01 + E1)(k01 � E1)(k02 + E2)(k02 � E2)(k01 + k02 + E3)(k01 + k02 � E3)
<latexit sha1_base64="SgyxTG6Bw7bYeXVKXuQ538sUOHE="></latexit>

E1 =
q

|~k1|2 +m2
1 � i✏, E2 =

q
|~k2|2 +m2

2 � i✏, E3 =
q
|~k1 + ~k2|2 +m2

3 � i✏
<latexit sha1_base64="CE9OHQ72n6YHOGiCjsU+fwM8TTc="></latexit>

where

Im[Ei] < 0
<latexit sha1_base64="t/KApcArOJzLkntKmjlrG+C7wYo=">AAAB+3icbVDLSgMxFM3UV62vsS7dBIvgqsz4QBcuiiLoroJ9wHQYMmmmDU0yQ5IRyzC/4saFIm79EXf+jWk7C209EDiccy/35IQJo0o7zrdVWlpeWV0rr1c2Nre2d+zdalvFqcSkhWMWy26IFGFUkJammpFuIgniISOdcHQ98TuPRCoaiwc9TojP0UDQiGKkjRTY1R5Heih5dsdz7yag/qUT2DWn7kwBF4lbkBoo0Azsr14/xiknQmOGlPJcJ9F+hqSmmJG80ksVSRAeoQHxDBWIE+Vn0+w5PDRKH0axNE9oOFV/b2SIKzXmoZmcJFXz3kT8z/NSHV34GRVJqonAs0NRyqCO4aQI2KeSYM3GhiAsqckK8RBJhLWpq2JKcOe/vEjax3X3pH52f1prXBV1lME+OABHwAXnoAFuQRO0AAZP4Bm8gjcrt16sd+tjNlqyip098AfW5w+eUpQq</latexit>

Due to the Feynman prescription

Analytically continue the integrand in      first, and then      . We choose to close 
the contour in the lower half of complex plane  

k01
<latexit sha1_base64="EougFMnYMqSKuO4/Wbg5ZJD9lX4=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0n8QI9FLx4rmLbQxrLZTtulm03Y3Qgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSK4Nq777RRWVtfWN4qbpa3tnd298v5BQ8epYuizWMSqFVKNgkv0DTcCW4lCGoUCm+Hoduo3n1BpHssHM04wiOhA8j5n1FjJH3W9R7dbrrhVdwayTLycVCBHvVv+6vRilkYoDRNU67bnJibIqDKcCZyUOqnGhLIRHWDbUkkj1EE2O3ZCTqzSI/1Y2ZKGzNTfExmNtB5Hoe2MqBnqRW8q/ue1U9O/DjIuk9SgZPNF/VQQE5Pp56THFTIjxpZQpri9lbAhVZQZm0/JhuAtvrxMGmdV77x6eX9Rqd3kcRThCI7hFDy4ghrcQR18YMDhGV7hzZHOi/PufMxbC04+cwh/4Hz+AB2Tjjw=</latexit>

k02
<latexit sha1_base64="BQVeeLUTSiDbGwCn/AIwmB+BcsU=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KklV9Fj04rGCaQttLJvttl262YTdiVBCf4MXD4p49Qd589+4bXPQ1gcDj/dmmJkXJlIYdN1vZ2V1bX1js7BV3N7Z3dsvHRw2TJxqxn0Wy1i3Qmq4FIr7KFDyVqI5jULJm+Hoduo3n7g2IlYPOE54ENGBEn3BKFrJH3Wrj263VHYr7gxkmXg5KUOOerf01enFLI24QiapMW3PTTDIqEbBJJ8UO6nhCWUjOuBtSxWNuAmy2bETcmqVHunH2pZCMlN/T2Q0MmYchbYzojg0i95U/M9rp9i/DjKhkhS5YvNF/VQSjMn0c9ITmjOUY0so08LeStiQasrQ5lO0IXiLLy+TRrXinVcu7y/KtZs8jgIcwwmcgQdXUIM7qIMPDAQ8wyu8Ocp5cd6dj3nripPPHMEfOJ8/HxmOPQ==</latexit>

Re[k0i ]
<latexit sha1_base64="j44pZbVwk+OERkvs0Sjr0yqOlQ8=">AAAB+XicbVC5TsNAEF2HK4TLQEljESFRRTaHoIygoQyIHJJjrPVmnKyyPrQ7jois/AkNBQjR8id0/A2bxAUEnjTS03szmpkXpIIrtO0vo7S0vLK6Vl6vbGxube+Yu3stlWSSQZMlIpGdgCoQPIYmchTQSSXQKBDQDobXU789Aql4Et/jOAUvov2Yh5xR1JJvml2ER8zvYOIOff5ge75ZtWv2DNZf4hSkSgo0fPOz20tYFkGMTFClXMdO0cupRM4ETCrdTEFK2ZD2wdU0phEoL59dPrGOtNKzwkTqitGaqT8nchopNY4C3RlRHKhFbyr+57kZhpdezuM0Q4jZfFGYCQsTaxqD1eMSGIqxJpRJrm+12IBKylCHVdEhOIsv/yWtk5pzWju/PavWr4o4yuSAHJJj4pALUic3pEGahJEReSIv5NXIjWfjzXift5aMYmaf/ILx8Q2Nj5Ob</latexit>

Im[k0i ]
<latexit sha1_base64="xhohsjJIcQU0o+K54VpYk52javc=">AAAB+XicbVDLSsNAFJ3UV62vqEs3wSK4KokPdFl0o7sK9gFpDJPppB06MwkzN8US+iduXCji1j9x5984bbPQ6oELh3Pu5d57opQzDa77ZZWWlldW18rrlY3Nre0de3evpZNMEdokCU9UJ8KaciZpExhw2kkVxSLitB0Nr6d+e0SVZom8h3FKA4H7ksWMYDBSaNtdoI+Q34qJPwzZgxuEdtWtuTM4f4lXkCoq0Ajtz24vIZmgEgjHWvuem0KQYwWMcDqpdDNNU0yGuE99QyUWVAf57PKJc2SUnhMnypQEZ6b+nMix0HosItMpMAz0ojcV//P8DOLLIGcyzYBKMl8UZ9yBxJnG4PSYogT42BBMFDO3OmSAFSZgwqqYELzFl/+S1knNO62d351V61dFHGV0gA7RMfLQBaqjG9RATUTQCD2hF/Rq5daz9Wa9z1tLVjGzj37B+vgGi/qTmg==</latexit>

Choose the simplest non trivial example: the two-loop sunrise E1
<latexit sha1_base64="rnclrQgwnK1NINQncjOqZKmdmSs=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKez6QI9BETxGNA9IljA76U2GzM4uM7NCWPIJXjwo4tUv8ubfOEn2oNGChqKqm+6uIBFcG9f9cgpLyyura8X10sbm1vZOeXevqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR9dRvPaLSPJYPZpygH9GB5CFn1Fjp/qbn9coVt+rOQP4SLycVyFHvlT+7/ZilEUrDBNW647mJ8TOqDGcCJ6VuqjGhbEQH2LFU0gi1n81OnZAjq/RJGCtb0pCZ+nMio5HW4yiwnRE1Q73oTcX/vE5qwks/4zJJDUo2XxSmgpiYTP8mfa6QGTG2hDLF7a2EDamizNh0SjYEb/Hlv6R5UvVOq+d3Z5XaVR5HEQ7gEI7BgwuowS3UoQEMBvAEL/DqCOfZeXPe560FJ5/Zh19wPr4BwDONdA==</latexit>

E2
<latexit sha1_base64="bP6lPAqobaE2Uu+cxU0oCewTNqI=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexGRY9BETxGNA9IljA76SRDZmeXmVkhLPkELx4U8eoXefNvnCR70MSChqKqm+6uIBZcG9f9dnIrq2vrG/nNwtb2zu5ecf+goaNEMayzSESqFVCNgkusG24EtmKFNAwENoPRzdRvPqHSPJKPZhyjH9KB5H3OqLHSw2230i2W3LI7A1kmXkZKkKHWLX51ehFLQpSGCap123Nj46dUGc4ETgqdRGNM2YgOsG2ppCFqP52dOiEnVumRfqRsSUNm6u+JlIZaj8PAdobUDPWiNxX/89qJ6V/5KZdxYlCy+aJ+IoiJyPRv0uMKmRFjSyhT3N5K2JAqyoxNp2BD8BZfXiaNStk7K1/cn5eq11kceTiCYzgFDy6hCndQgzowGMAzvMKbI5wX5935mLfmnGzmEP7A+fwBwbeNdQ==</latexit>

E3
<latexit sha1_base64="vymMUi5fC9cxjFBXvZ3+PTfiGww=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKewaRY9BETxGNA9IljA76SRDZmeXmVkhLPkELx4U8eoXefNvnCR70MSChqKqm+6uIBZcG9f9dnIrq2vrG/nNwtb2zu5ecf+goaNEMayzSESqFVCNgkusG24EtmKFNAwENoPRzdRvPqHSPJKPZhyjH9KB5H3OqLHSw2230i2W3LI7A1kmXkZKkKHWLX51ehFLQpSGCap123Nj46dUGc4ETgqdRGNM2YgOsG2ppCFqP52dOiEnVumRfqRsSUNm6u+JlIZaj8PAdobUDPWiNxX/89qJ6V/5KZdxYlCy+aJ+IoiJyPRv0uMKmRFjSyhT3N5K2JAqyoxNp2BD8BZfXiaNs7JXKV/cn5eq11kceTiCYzgFDy6hCndQgzowGMAzvMKbI5wX5935mLfmnGzmEP7A+fwBwzuNdg==</latexit>

k21 �m2
1 + i✏ = (k01 � E1)(k

0
1 + E1)

<latexit sha1_base64="UgjYKWGLb5FHZJ2ytMWwtsKYEAQ=">AAACFXicbZDLSgMxFIYz9VbrbdSlm8EiVGrLTFV0IxRFcFnBXqAdh0yatqFJZkgyQhn6Em58FTcuFHEruPNtzLSz0NYDCR//fw7J+f2QEqls+9vILCwuLa9kV3Nr6xubW+b2TkMGkUC4jgIaiJYPJaaE47oiiuJWKDBkPsVNf3iV+M0HLCQJ+J0ahdhlsM9JjyCotOSZR0PPua+UWHIXSQeHktCAXxQS2S5de87hFIsJembeLtuTsubBSSEP0qp55lenG6CIYa4QhVK2HTtUbgyFIojica4TSRxCNIR93NbIIcPSjSdbja0DrXStXiD04cqaqL8nYsikHDFfdzKoBnLWS8T/vHakeuduTHgYKczR9KFeRC0VWElEVpcIjBQdaYBIEP1XCw2ggEjpIHM6BGd25XloVMrOcfn09iRfvUzjyII9sA8KwAFnoApuQA3UAQKP4Bm8gjfjyXgx3o2PaWvGSGd2wZ8yPn8A+rmbjA==</latexit>



Zeno Capatti, ETH Zürich Seminar at Lund University

Local Unitarity: a representation of differential cross-sections that is locally free of IR singularities at any order

Using residue theorem we obtain two residue

fltd = 2⇡i

Z
dk02

N(k01 = E1)

2E1(k02 + E2)(k02 � E2)(k02 + E1 + E3)(k02 + E1 � E3)

+
N(k01 = �k02 + E3)

2E3(k02 + E2)(k02 � E2)(�k02 + E1 + E3)(�k02 � E1 � E3)
<latexit sha1_base64="J6a/DXqbpFMiTQ8S0avTcL/smz4="></latexit>

+2⇡i

Z
dk02

N(k01 = �k02 + E3)

2E3(k02 + E2)(k02 � E2)(�k02 � E1 + E3)(�k02 + E1 + E3)
<latexit sha1_base64="rQuyqT+vxHVcCEBxjaHd2j33QVI="></latexit>
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Start by performing the integration in       . The poles contained in the contour arek01
<latexit sha1_base64="EougFMnYMqSKuO4/Wbg5ZJD9lX4=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0n8QI9FLx4rmLbQxrLZTtulm03Y3Qgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSK4Nq777RRWVtfWN4qbpa3tnd298v5BQ8epYuizWMSqFVKNgkv0DTcCW4lCGoUCm+Hoduo3n1BpHssHM04wiOhA8j5n1FjJH3W9R7dbrrhVdwayTLycVCBHvVv+6vRilkYoDRNU67bnJibIqDKcCZyUOqnGhLIRHWDbUkkj1EE2O3ZCTqzSI/1Y2ZKGzNTfExmNtB5Hoe2MqBnqRW8q/ue1U9O/DjIuk9SgZPNF/VQQE5Pp56THFTIjxpZQpri9lbAhVZQZm0/JhuAtvrxMGmdV77x6eX9Rqd3kcRThCI7hFDy4ghrcQR18YMDhGV7hzZHOi/PufMxbC04+cwh/4Hz+AB2Tjjw=</latexit>

k̃01 = E1

k̃01 = �k02 + E3
<latexit sha1_base64="m457IMsF9Gb4k1hcbePGkXUSbo8=">AAACFnicbVDLSsNAFJ3UV62vqEs3g0UQpCVpFd0IRSm4rGAf0LRhMpm0QyeTMDMRSuhXuPFX3LhQxK2482+cPha29cCFwzn3cu89XsyoVJb1Y2RWVtfWN7Kbua3tnd09c/+gIaNEYFLHEYtEy0OSMMpJXVHFSCsWBIUeI01vcDv2m49ESBrxBzWMSSdEPU4DipHSkmsWHEWZT9LByLW71nXVtaHj5ObFwsAtda2zqlt2zbxVtCaAy8SekTyYoeaa344f4SQkXGGGpGzbVqw6KRKKYkZGOSeRJEZ4gHqkrSlHIZGddPLWCJ5oxYdBJHRxBSfq34kUhVIOQ093hkj15aI3Fv/z2okKrjop5XGiCMfTRUHCoIrgOCPoU0GwYkNNEBZU3wpxHwmElU4yp0OwF19eJo1S0S4XL+7P85WbWRxZcASOwSmwwSWogDtQA3WAwRN4AW/g3Xg2Xo0P43PamjFmM4dgDsbXL86dnTw=</latexit>

Im[k01]
<latexit sha1_base64="FJPkTBKYv6sLrhrsEYMDrsB7OMs=">AAAB+XicbVDLSsNAFJ3UV62vqEs3wSK4KokPdFl0o7sK9gFpDJPppB06MwkzN8US+iduXCji1j9x5984bbPQ6oELh3Pu5d57opQzDa77ZZWWlldW18rrlY3Nre0de3evpZNMEdokCU9UJ8KaciZpExhw2kkVxSLitB0Nr6d+e0SVZom8h3FKA4H7ksWMYDBSaNtdoI+Q34qJPwy9BzcI7apbc2dw/hKvIFVUoBHan91eQjJBJRCOtfY9N4UgxwoY4XRS6WaappgMcZ/6hkosqA7y2eUT58goPSdOlCkJzkz9OZFjofVYRKZTYBjoRW8q/uf5GcSXQc5kmgGVZL4ozrgDiTONwekxRQnwsSGYKGZudcgAK0zAhFUxIXiLL/8lrZOad1o7vzur1q+KOMroAB2iY+ShC1RHN6iBmoigEXpCL+jVyq1n6816n7eWrGJmH/2C9fENNnKTYg==</latexit>

Re[k01]
<latexit sha1_base64="TXTpauS3uu+FtuEEgK5KqKcyD7s=">AAAB+XicbVC5TsNAEF2HK4TLQEljESFRRTaHoIygoQyIHJJjrPVmnKyyPrQ7jois/AkNBQjR8id0/A2bxAUEnjTS03szmpkXpIIrtO0vo7S0vLK6Vl6vbGxube+Yu3stlWSSQZMlIpGdgCoQPIYmchTQSSXQKBDQDobXU789Aql4Et/jOAUvov2Yh5xR1JJvml2ER8zvYOIOfefB9nyzatfsGay/xClIlRRo+OZnt5ewLIIYmaBKuY6dopdTiZwJmFS6mYKUsiHtg6tpTCNQXj67fGIdaaVnhYnUFaM1U39O5DRSahwFujOiOFCL3lT8z3MzDC+9nMdphhCz+aIwExYm1jQGq8clMBRjTSiTXN9qsQGVlKEOq6JDcBZf/ktaJzXntHZ+e1atXxVxlMkBOSTHxCEXpE5uSIM0CSMj8kReyKuRG8/Gm/E+by0Zxcw++QXj4xs4B5Nj</latexit>

Im[E1] < 0

Im[�k02 + E3] = Im[E3] < 0
<latexit sha1_base64="8dth1Z9PQpDdu7EuwWSlIVXkesc=">AAACI3icbVDLSgMxFM3UV62vqks3wSIIYplpFUUUilLQXQVrC51xyKRpG5p5kNwRy9B/ceOvuHGhFDcu/BfTB6jVA4HDOedyc48XCa7AND+M1Mzs3PxCejGztLyyupZd37hVYSwpq9JQhLLuEcUED1gVOAhWjyQjvidYzeteDP3aPZOKh8EN9CLm+KQd8BanBLTkZk9sYA+QXPn9Rtm1nFMT23bmW9vvuoU7c6/sFp2zn8miTrrZnJk3R8B/iTUhOTRBxc0O7GZIY58FQAVRqmGZETgJkcCpYP2MHSsWEdolbdbQNCA+U04yurGPd7TSxK1Q6hcAHqk/JxLiK9XzPZ30CXTUtDcU//MaMbSOnYQHUQwsoONFrVhgCPGwMNzkklEQPU0IlVz/FdMOkYSCrjWjS7CmT/5Lbgt5q5g/vD7Ilc4ndaTRFtpGu8hCR6iELlEFVRFFj+gZvaI348l4MQbG+ziaMiYzm+gXjM8vc7Si5w==</latexit>

Indeed
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We now perform the integration ink02
<latexit sha1_base64="BQVeeLUTSiDbGwCn/AIwmB+BcsU=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KklV9Fj04rGCaQttLJvttl262YTdiVBCf4MXD4p49Qd589+4bXPQ1gcDj/dmmJkXJlIYdN1vZ2V1bX1js7BV3N7Z3dsvHRw2TJxqxn0Wy1i3Qmq4FIr7KFDyVqI5jULJm+Hoduo3n7g2IlYPOE54ENGBEn3BKFrJH3Wrj263VHYr7gxkmXg5KUOOerf01enFLI24QiapMW3PTTDIqEbBJJ8UO6nhCWUjOuBtSxWNuAmy2bETcmqVHunH2pZCMlN/T2Q0MmYchbYzojg0i95U/M9rp9i/DjKhkhS5YvNF/VQSjMn0c9ITmjOUY0so08LeStiQasrQ5lO0IXiLLy+TRrXinVcu7y/KtZs8jgIcwwmcgQdXUIM7qIMPDAQ8wyu8Ocp5cd6dj3nripPPHMEfOJ8/HxmOPQ==</latexit>

k̃02 = E2

k̃02 = �E1 + E3
<latexit sha1_base64="dGXrZILjRA7JWWk87GtR3y+Ce6k=">AAACFHicbVDLSsNAFJ34rPEVdelmsAhCsSStohuhKAWXFewDmhgmk0k7dPJgZiKU0I9w46+4caGIWxfu/BunbRa29cCFwzn3cu89XsKokKb5oy0tr6yurRc29M2t7Z1dY2+/JeKUY9LEMYt5x0OCMBqRpqSSkU7CCQo9Rtre4Gbstx8JFzSO7uUwIU6IehENKEZSSa5RsiVlPskGI7fyYF7V3Qq0bX1WPK27VqnuVl2jaJbNCeAisXJSBDkarvFt+zFOQxJJzJAQXctMpJMhLilmZKTbqSAJwgPUI11FIxQS4WSTp0bwWCk+DGKuKpJwov6dyFAoxDD0VGeIZF/Me2PxP6+byuDSyWiUpJJEeLooSBmUMRwnBH3KCZZsqAjCnKpbIe4jjrBUOeoqBGv+5UXSqpStavn87qxYu87jKIBDcAROgAUuQA3cggZoAgyewAt4A+/as/aqfWif09YlLZ85ADPQvn4BWG2cdg==</latexit>

The poles of this piece are located at

The first pole is always in the lower half of complex plane, the second is not!!!

Im[�E1 + E3]
<latexit sha1_base64="FhF2Oy4DHMa4tIrcuhS/MDMFprg=">AAAB/HicbVDLSsNAFJ3UV62vaJdugkUQxJJYRZdFKeiugn1AGsJkOmmHTh7M3Igh1F9x40IRt36IO//GaZuFth64cDjnXu69x4s5k2Ca31phaXllda24XtrY3Nre0Xf32jJKBKEtEvFIdD0sKWchbQEDTruxoDjwOO14o+uJ33mgQrIovIc0pk6AByHzGcGgJFcv94A+QnYbjO2ThmsdN9ya4+oVs2pOYSwSKycVlKPp6l+9fkSSgIZAOJbStswYnAwLYITTcamXSBpjMsIDaisa4oBKJ5sePzYOldI3/EioCsGYqr8nMhxImQae6gwwDOW8NxH/8+wE/EsnY2GcAA3JbJGfcAMiY5KE0WeCEuCpIpgIpm41yBALTEDlVVIhWPMvL5L2adWqVc/vzir1qzyOItpHB+gIWegC1dENaqIWIihFz+gVvWlP2ov2rn3MWgtaPlNGf6B9/gBwqJP7</latexit>

Does not have a well-defined negative sign!

2⇡i

Z
dk02

N(k01 = E1)

2E1(k02 + E2)(k02 � E2)(k02 + E1 + E3)(k02 + E1 � E3)
<latexit sha1_base64="/4SgPxTuT5ugAkwTGdkwARRiqGs="></latexit>

I1 =
<latexit sha1_base64="GUtT7zxrHKQouGhASajmAk7AjwA=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKez6QC9C0IveIpgHJEuYncwmY2ZnlplZISz7D148KOLV//Hm3zhJ9qCJBQ1FVTfdXUHMmTau++0UlpZXVteK66WNza3tnfLuXlPLRBHaIJJL1Q6wppwJ2jDMcNqOFcVRwGkrGN1M/NYTVZpJ8WDGMfUjPBAsZAQbKzXveqmXXfXKFbfqToEWiZeTCuSo98pf3b4kSUSFIRxr3fHc2PgpVoYRTrNSN9E0xmSEB7RjqcAR1X46vTZDR1bpo1AqW8Kgqfp7IsWR1uMosJ0RNkM9703E/7xOYsJLP2UiTgwVZLYoTDgyEk1eR32mKDF8bAkmitlbERlihYmxAZVsCN78y4ukeVL1Tqvn92eV2nUeRxEO4BCOwYMLqMEt1KEBBB7hGV7hzZHOi/PufMxaC04+sw9/4Hz+AA3Sjss=</latexit>

Thus, after applying residue theorem, we write

Ensuring the pole 
is in the contour!I1 =

N(k01 = E1, k02 = E2)

2E12E2(E2 + E1 + E3)(E2 + E1 � E3)

+
N(k01 = E1, k02 = E3 � E1)

2E12E2(E2 � E1 + E3)(�E2 � E1 + E3)
⇥(Im[�E3 + E1])

<latexit sha1_base64="mXaBnDmlllGCpPXnHffmj8L20eI="></latexit>
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I2 = 2⇡i

Z
dk02

N(k01 = �k02 + E3)

2E3(k02 + E2)(k02 � E2)(�k02 � E1 + E3)(�k02 + E1 + E3)
<latexit sha1_base64="FkPHXDX9Z5ZIOGECS+8Z8Jll3Nc="></latexit>

The poles of this piece are located at

k̃02 = E2

k̃02 = E3 � E1

k̃02 = E1 + E3
<latexit sha1_base64="HcWSwRiMJHTP7oAQV+bAf6SoLRg=">AAACLHicbVDLSsNAFJ34rPEVdelmsAiCWJJW0Y1QLAWXFewDmhgmk0k7dPJgZiKU0A9y468I4sIibv0Op20W2vbAhcM593LvPV7CqJCmOdZWVtfWNzYLW/r2zu7evnFw2BJxyjFp4pjFvOMhQRiNSFNSyUgn4QSFHiNtb1Cb+O1nwgWNo0c5TIgTol5EA4qRVJJr1GxJmU+ywcgtP5m3dbcMbVufFysXdddaZljnynSNolkyp4CLxMpJEeRouMa77cc4DUkkMUNCdC0zkU6GuKSYkZFup4IkCA9Qj3QVjVBIhJNNnx3BU6X4MIi5qkjCqfp3IkOhEMPQU50hkn0x703EZV43lcGNk9EoSSWJ8GxRkDIoYzhJDvqUEyzZUBGEOVW3QtxHHGGp8tVVCNb8y4ukVS5ZldLVw2WxepfHUQDH4AScAQtcgyq4Bw3QBBi8gDfwCcbaq/ahfWnfs9YVLZ85Av+g/fwCRI2lIQ==</latexit>

The second pole can be inside or outside the contour depending on              .   
After applying residue theorem

E1, E3
<latexit sha1_base64="mm/alaWY4qdDdJV6ssKxzlzwgns=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBg5TEKnosSsFjBfuBbQib7aZdutmE3Y1QQv+FFw+KePXfePPfuGlz0NYHA4/3ZpiZ58ecKW3b31ZhZXVtfaO4Wdra3tndK+8ftFWUSEJbJOKR7PpYUc4EbWmmOe3GkuLQ57Tjj28zv/NEpWKReNCTmLohHgoWMIK1kR4bnnOG+qjh1bxyxa7aM6Bl4uSkAjmaXvmrP4hIElKhCcdK9Rw71m6KpWaE02mpnygaYzLGQ9ozVOCQKjedXTxFJ0YZoCCSpoRGM/X3RIpDpSahbzpDrEdq0cvE/7xeooNrN2UiTjQVZL4oSDjSEcreRwMmKdF8YggmkplbERlhiYk2IZVMCM7iy8ukfV51atXL+4tK/SaPowhHcAyn4MAV1OEOmtACAgKe4RXeLGW9WO/Wx7y1YOUzh/AH1ucPQiGPWQ==</latexit>

I2 =
N(k01 = �E2 + E3, k02 = E2)

2E32E2(�E2 � E1 + E3)(�E2 + E1 + E3)

� N(k01 = E1, k02 = E3 � E1)

2E32E1(E3 � E1 + E2)(E3 � E1 � E2)
⇥(Im[�E3 + E1])

+
N(k01 = �E1, k02 = E1 + E3)

2E32E1(E1 + E2 + E3)(E1 + E3 � E2)
<latexit sha1_base64="92JzPwjf2kuSYSKqkyy6cnqoL1Y="></latexit>
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Finally, we can combine the two contributions!

I1 =
N(k01 = E1, k02 = E2)

2E12E2(E2 + E1 + E3)(E2 + E1 � E3)

+
N(k01 = E1, k02 = E3 � E1)

2E12E2(E2 � E1 + E3)(�E2 � E1 + E3)
⇥(Im[�E3 + E1])

<latexit sha1_base64="mXaBnDmlllGCpPXnHffmj8L20eI="></latexit>

fltd = I1 + I2
<latexit sha1_base64="uvPyxw6UcnOtkkRrFc6+qscOWcQ=">AAAB/3icbVDLSsNAFJ3UV62vqODGTbAIglCSquhGKLqxuwr2AW0Ik8mkHTp5MHMjlpiFv+LGhSJu/Q13/o3TNgttPXDhcM693HuPG3MmwTS/tcLC4tLySnG1tLa+sbmlb++0ZJQIQpsk4pHouFhSzkLaBAacdmJBceBy2naH12O/fU+FZFF4B6OY2gHuh8xnBIOSHH3Pd9Ie0AdIOXhZdll3rOO6U3X0slkxJzDmiZWTMsrRcPSvnheRJKAhEI6l7FpmDHaKBTDCaVbqJZLGmAxxn3YVDXFApZ1O7s+MQ6V4hh8JVSEYE/X3RIoDKUeBqzoDDAM5643F/7xuAv6FnbIwToCGZLrIT7gBkTEOw/CYoAT4SBFMBFO3GmSABSagIiupEKzZl+dJq1qxTipnt6fl2lUeRxHtowN0hCx0jmroBjVQExH0iJ7RK3rTnrQX7V37mLYWtHxmF/2B9vkDg4CVww==</latexit>

I2 =
N(k01 = �E2 + E3, k02 = E2)

2E32E2(�E2 � E1 + E3)(�E2 + E1 + E3)

� N(k01 = E1, k02 = E3 � E1)

2E32E1(E3 � E1 + E2)(E3 � E1 � E2)
⇥(Im[�E3 + E1])

+
N(k01 = �E1, k02 = E1 + E3)

2E32E1(E1 + E2 + E3)(E1 + E3 � E2)
<latexit sha1_base64="92JzPwjf2kuSYSKqkyy6cnqoL1Y="></latexit>

+
<latexit sha1_base64="KS5ysgoQB8Ddx7Q6sRqdBPA5RHA=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGHXB3oMevGYgHlAEsLspDcZMzu7zMwKYckXePGgiFc/yZt/4yTZgyYWNBRV3XR3+bHg2rjut5NbWV1b38hvFra2d3b3ivsHDR0limGdRSJSLZ9qFFxi3XAjsBUrpKEvsOmP7qZ+8wmV5pF8MOMYuyEdSB5wRo2Vame9YsktuzOQZeJlpAQZqr3iV6cfsSREaZigWrc9NzbdlCrDmcBJoZNojCkb0QG2LZU0RN1NZ4dOyIlV+iSIlC1pyEz9PZHSUOtx6NvOkJqhXvSm4n9eOzHBTTflMk4MSjZfFCSCmIhMvyZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv8eVl0jgvexflq9plqXKbxZGHIziGU/DgGipwD1WoAwOEZ3iFN+fReXHenY95a87JZg7hD5zPH3PJjLY=</latexit>

Same contribution,
opposite sign!

Theta cancellation!

E1
<latexit sha1_base64="rnclrQgwnK1NINQncjOqZKmdmSs=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKez6QI9BETxGNA9IljA76U2GzM4uM7NCWPIJXjwo4tUv8ubfOEn2oNGChqKqm+6uIBFcG9f9cgpLyyura8X10sbm1vZOeXevqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR9dRvPaLSPJYPZpygH9GB5CFn1Fjp/qbn9coVt+rOQP4SLycVyFHvlT+7/ZilEUrDBNW647mJ8TOqDGcCJ6VuqjGhbEQH2LFU0gi1n81OnZAjq/RJGCtb0pCZ+nMio5HW4yiwnRE1Q73oTcX/vE5qwks/4zJJDUo2XxSmgpiYTP8mfa6QGTG2hDLF7a2EDamizNh0SjYEb/Hlv6R5UvVOq+d3Z5XaVR5HEQ7gEI7BgwuowS3UoQEMBvAEL/DqCOfZeXPe560FJ5/Zh19wPr4BwDONdA==</latexit>

E2
<latexit sha1_base64="bP6lPAqobaE2Uu+cxU0oCewTNqI=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexGRY9BETxGNA9IljA76SRDZmeXmVkhLPkELx4U8eoXefNvnCR70MSChqKqm+6uIBZcG9f9dnIrq2vrG/nNwtb2zu5ecf+goaNEMayzSESqFVCNgkusG24EtmKFNAwENoPRzdRvPqHSPJKPZhyjH9KB5H3OqLHSw2230i2W3LI7A1kmXkZKkKHWLX51ehFLQpSGCap123Nj46dUGc4ETgqdRGNM2YgOsG2ppCFqP52dOiEnVumRfqRsSUNm6u+JlIZaj8PAdobUDPWiNxX/89qJ6V/5KZdxYlCy+aJ+IoiJyPRv0uMKmRFjSyhT3N5K2JAqyoxNp2BD8BZfXiaNStk7K1/cn5eq11kceTiCYzgFDy6hCndQgzowGMAzvMKbI5wX5935mLfmnGzmEP7A+fwBwbeNdQ==</latexit>

E3
<latexit sha1_base64="vymMUi5fC9cxjFBXvZ3+PTfiGww=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKewaRY9BETxGNA9IljA76SRDZmeXmVkhLPkELx4U8eoXefNvnCR70MSChqKqm+6uIBZcG9f9dnIrq2vrG/nNwtb2zu5ecf+goaNEMayzSESqFVCNgkusG24EtmKFNAwENoPRzdRvPqHSPJKPZhyjH9KB5H3OqLHSw2230i2W3LI7A1kmXkZKkKHWLX51ehFLQpSGCap123Nj46dUGc4ETgqdRGNM2YgOsG2ppCFqP52dOiEnVumRfqRsSUNm6u+JlIZaj8PAdobUDPWiNxX/89qJ6V/5KZdxYlCy+aJ+IoiJyPRv0uMKmRFjSyhT3N5K2JAqyoxNp2BD8BZfXiaNs7JXKV/cn5eq11kceTiCYzgFDy6hCndQgzowGMAzvMKbI5wX5935mLfmnGzmEP7A+fwBwzuNdg==</latexit>

We can represent the final result graphically. Using the convention
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=
N(k01 = E1, k02 = E2)

2E12E2(E2 + E1 + E3)(E2 + E1 � E3)

+
N(k01 = �E2 + E3, k02 = E2)

2E32E2(�E2 � E1 + E3)(�E2 + E1 + E3)

+
N(k01 = �E1, k02 = E1 + E3)

2E32E1(E1 + E2 + E3)(E1 + E3 � E2)
<latexit sha1_base64="KTc2o6mRQR7wu74x1v8aMz0Y5Ak="></latexit>

fltd = I1 + I2
<latexit sha1_base64="uvPyxw6UcnOtkkRrFc6+qscOWcQ=">AAAB/3icbVDLSsNAFJ3UV62vqODGTbAIglCSquhGKLqxuwr2AW0Ik8mkHTp5MHMjlpiFv+LGhSJu/Q13/o3TNgttPXDhcM693HuPG3MmwTS/tcLC4tLySnG1tLa+sbmlb++0ZJQIQpsk4pHouFhSzkLaBAacdmJBceBy2naH12O/fU+FZFF4B6OY2gHuh8xnBIOSHH3Pd9Ie0AdIOXhZdll3rOO6U3X0slkxJzDmiZWTMsrRcPSvnheRJKAhEI6l7FpmDHaKBTDCaVbqJZLGmAxxn3YVDXFApZ1O7s+MQ6V4hh8JVSEYE/X3RIoDKUeBqzoDDAM5643F/7xuAv6FnbIwToCGZLrIT7gBkTEOw/CYoAT4SBFMBFO3GmSABSagIiupEKzZl+dJq1qxTipnt6fl2lUeRxHtowN0hCx0jmroBjVQExH0iJ7RK3rTnrQX7V37mLYWtHxmF/2B9vkDg4CVww==</latexit>

++

- +

++

cut structure

fltd =
X

b2B

Z  LY

i=1

d3~ki

!
N

Q
j2b �(�

b
j )(q2j �m2

j )Q
i2e\b(q

2
i �m2

i )
<latexit sha1_base64="qFBC09d3C2xYf6gHRF8/5aQLbY8="></latexit>

For a general amplitude

Each delta corresponds to a cut with an associated sign or energy flow.
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Real and virtual particles?
LTD clarifies the distinction between real and virtual particles 

A cut-structure corresponds to a unique spanning tree 

LTD sums over all possible classical tree processes that can be embedded 
in the virtual loops

Cut particles are “physical”, i.e. on-shell. 

Then the cut structure represents a classical tree 
process
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fltd =
N 0

2E12E22E3(E1 + E2 + E3)
<latexit sha1_base64="Kp1BcGOxyrOiPaOIaiyzMJ9p86o=">AAACIHicbVBLS8NAEN7Ud31FPXpZLKIilKRV9CKIIngSBfuApoTNdtMubh7sTsQS8lO8+Fe8eFBEb/pr3NQc1PrBDN98M8PufF4suALL+jBKE5NT0zOzc+X5hcWlZXNltamiRFLWoJGIZNsjigkesgZwEKwdS0YCT7CWd3Oa91u3TCoehdcwjFk3IP2Q+5wS0JJrHvhu6gC7g1RAL8uOHF8Sml5sZWntzLWxTrU81fG2Lnd1paO+k5Vds2JVrRHwOLELUkEFLl3z3elFNAlYCFQQpTq2FUM3JRI4FSwrO4liMaE3pM86moYkYKqbjg7M8KZWetiPpI4Q8Ej9uZGSQKlh4OnJgMBA/e3l4n+9TgL+YTflYZwAC+n3Q34iMEQ4dwv3uGQUxFATQiXXf8V0QLRFoD3NTbD/njxOmrWqXa/uX+1Vjk8KO2bROtpA28hGB+gYnaNL1EAU3aNH9IxejAfjyXg13r5HS0axs4Z+wfj8Au8soDc=</latexit>

we can rewrite
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Singularities of the sunrise

=
N(k01 = E1, k02 = E2)

2E12E2(E2 + E1 + E3)(E2 + E1 � E3)

+
N(k01 = �E2 + E3, k02 = E2)

2E32E2(�E2 � E1 + E3)(�E2 + E1 + E3)

+
N(k01 = �E1, k02 = E1 + E3)

2E32E1(E1 + E2 + E3)(E1 + E3 � E2)
<latexit sha1_base64="KTc2o6mRQR7wu74x1v8aMz0Y5Ak="></latexit>

fltd
<latexit sha1_base64="YQhpe0Chr18YJSdpLeGu6iDh6L4=">AAAB9XicbVC5TsNAEF2HK4QrQEljESFRRTaHoIygoQwSOaTEROv1OFllvbZ2x0Bk+T9oKECIln+h42/YHAUkPGmkp/dmNDPPTwTX6DjfVmFpeWV1rbhe2tjc2t4p7+41dZwqBg0Wi1i1fapBcAkN5CignSigkS+g5Q+vx37rAZTmsbzDUQJeRPuSh5xRNNJ92Mu6CE+YCQzyvFeuOFVnAnuRuDNSITPUe+WvbhCzNAKJTFCtO66ToJdRhZwJyEvdVENC2ZD2oWOopBFoL5tcndtHRgnsMFamJNoT9fdERiOtR5FvOiOKAz3vjcX/vE6K4aWXcZmkCJJNF4WpsDG2xxHYAVfAUIwMoUxxc6vNBlRRhiaokgnBnX95kTRPqu5p9fz2rFK7msVRJAfkkBwTl1yQGrkhddIgjCjyTF7Jm/VovVjv1se0tWDNZvbJH1ifP3lRkyc=</latexit>

Let’s look at the denominators

E1 = 0, E2 = 0, E3 = 0
<latexit sha1_base64="8f34diZ09EBkTlqerRE10/miMLQ=">AAACAHicbZDLSsNAFIZPvNZ6i7pw4WawCC6kJK2im0JRCi4r2Au0IUymk3bo5MLMRCihG1/FjQtF3PoY7nwbp20Ebf1h4OM/53Dm/F7MmVSW9WUsLa+srq3nNvKbW9s7u+beflNGiSC0QSIeibaHJeUspA3FFKftWFAceJy2vOHNpN56oEKyKLxXo5g6Ae6HzGcEK2255mHNtSvWGeqimlv6gXLFcs2CVbSmQotgZ1CATHXX/Oz2IpIENFSEYyk7thUrJ8VCMcLpON9NJI0xGeI+7WgMcUClk04PGKMT7fSQHwn9QoWm7u+JFAdSjgJPdwZYDeR8bWL+V+skyr9yUhbGiaIhmS3yE45UhCZpoB4TlCg+0oCJYPqviAywwETpzPI6BHv+5EVolop2uXhxd16oXmdx5OAIjuEUbLiEKtxCHRpAYAxP8AKvxqPxbLwZ77PWJSObOYA/Mj6+AS/VkvE=</latexit>

E1 + E2 + E3 = 0
<latexit sha1_base64="WTRnsZi7gISvWx57jzxf1wGkon4=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSIIQklaRS9CUQoeK9gPaEPYbDft0s0m7m4KJfR3ePGgiFd/jDf/jds2B219MPB4b4aZeX7MmdK2/W2trK6tb2zmtvLbO7t7+4WDw6aKEklog0Q8km0fK8qZoA3NNKftWFIc+py2/OHd1G+NqFQsEo96HFM3xH3BAkawNpJb85zzmlc2VbmxvULRLtkzoGXiZKQIGepe4avbi0gSUqEJx0p1HDvWboqlZoTTSb6bKBpjMsR92jFU4JAqN50dPUGnRumhIJKmhEYz9fdEikOlxqFvOkOsB2rRm4r/eZ1EB9duykScaCrIfFGQcKQjNE0A9ZikRPOxIZhIZm5FZIAlJtrklDchOIsvL5NmueRUSpcPF8XqbRZHDo7hBM7AgSuowj3UoQEEnuAZXuHNGlkv1rv1MW9dsbKZI/gD6/MH9xWQSA==</latexit>

E1 + E3 � E2 = 0
<latexit sha1_base64="3rnO6qMvkRjAzDqe1KYGscLM4+0=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBZBEEvSKnoRilLwWMF+QBvCZrttl242cXdTKKG/w4sHRbz6Y7z5b9y2OWjrg4HHezPMzPMjzpS27W8rs7K6tr6R3cxtbe/s7uX3DxoqjCWhdRLyULZ8rChngtY105y2Iklx4HPa9Id3U785olKxUDzqcUTdAPcF6zGCtZHcquecVb3yedUr3dhevmAX7RnQMnFSUoAUNS//1emGJA6o0IRjpdqOHWk3wVIzwukk14kVjTAZ4j5tGypwQJWbzI6eoBOjdFEvlKaERjP190SCA6XGgW86A6wHatGbiv957Vj3rt2EiSjWVJD5ol7MkQ7RNAHUZZISzceGYCKZuRWRAZaYaJNTzoTgLL68TBqlolMuXj5cFCq3aRxZOIJjOAUHrqAC91CDOhB4gmd4hTdrZL1Y79bHvDVjpTOH8AfW5w/6K5BK</latexit>

E3 � E2 � E1 = 0
<latexit sha1_base64="JpDQZVdrCL8BY0h8/l14yStNCho=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSJ4sSStohehKAWPFewHtCFstpt26WYTdzeFEvo7vHhQxKs/xpv/xm2bg7Y+GHi8N8PMPD/mTGnb/rZWVtfWNzZzW/ntnd29/cLBYVNFiSS0QSIeybaPFeVM0IZmmtN2LCkOfU5b/vBu6rdGVCoWiUc9jqkb4r5gASNYG8mteZXzmlc25dzYXqFol+wZ0DJxMlKEDHWv8NXtRSQJqdCEY6U6jh1rN8VSM8LpJN9NFI0xGeI+7RgqcEiVm86OnqBTo/RQEElTQqOZ+nsixaFS49A3nSHWA7XoTcX/vE6ig2s3ZSJONBVkvihIONIRmiaAekxSovnYEEwkM7ciMsASE21yypsQnMWXl0mzXHIqpcuHi2L1NosjB8dwAmfgwBVU4R7q0AACT/AMr/BmjawX6936mLeuWNnMEfyB9fkD/VGQTA==</latexit>

However, the last two singularities are singularities of single residues, but not of       !!!fltd
<latexit sha1_base64="YQhpe0Chr18YJSdpLeGu6iDh6L4=">AAAB9XicbVC5TsNAEF2HK4QrQEljESFRRTaHoIygoQwSOaTEROv1OFllvbZ2x0Bk+T9oKECIln+h42/YHAUkPGmkp/dmNDPPTwTX6DjfVmFpeWV1rbhe2tjc2t4p7+41dZwqBg0Wi1i1fapBcAkN5CignSigkS+g5Q+vx37rAZTmsbzDUQJeRPuSh5xRNNJ92Mu6CE+YCQzyvFeuOFVnAnuRuDNSITPUe+WvbhCzNAKJTFCtO66ToJdRhZwJyEvdVENC2ZD2oWOopBFoL5tcndtHRgnsMFamJNoT9fdERiOtR5FvOiOKAz3vjcX/vE6K4aWXcZmkCJJNF4WpsDG2xxHYAVfAUIwMoUxxc6vNBlRRhiaokgnBnX95kTRPqu5p9fz2rFK7msVRJAfkkBwTl1yQGrkhddIgjCjyTF7Jm/VovVjv1se0tWDNZvbJH1ifP3lRkyc=</latexit>

1

(x+ y)(x� y)
=

1

2y

✓
1

x� y
� 1

x+ y

◆

<latexit sha1_base64="gyJc4tlLKbtR6LI1mth9mU7rV6k="></latexit>

Using the identity

where        is a polynomial. This is the phenomenon of dual cancellations.N 0
<latexit sha1_base64="PirrNhgzAUPcW0x86CTQPSfG8vQ=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPoKez6QI9BL54kinlAEsLspDcZMju7zMwKYckfePGgiFf/yJt/4yTZgyYWNBRV3XR3+bHg2rjut5NbWl5ZXcuvFzY2t7Z3irt7dR0limGNRSJSTZ9qFFxizXAjsBkrpKEvsOEPbyZ+4wmV5pF8NKMYOyHtSx5wRo2VHu6Ou8WSW3anIIvEy0gJMlS7xa92L2JJiNIwQbVueW5sOilVhjOB40I70RhTNqR9bFkqaYi6k04vHZMjq/RIEClb0pCp+nsipaHWo9C3nSE1Az3vTcT/vFZigqtOymWcGJRstihIBDERmbxNelwhM2JkCWWK21sJG1BFmbHhFGwI3vzLi6R+WvbOyhf356XKdRZHHg7gEE7Ag0uowC1UoQYMAniGV3hzhs6L8+58zFpzTjazD3/gfP4ACTKNCg==</latexit>

Manifestly 
Causal LTD
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E-surfaces or physical thresholds
This can be generalised to any arbitrary amplitude. The general amplitude will be 
singular at zeros of on-shell energies and at the locations

where      is a linear combination of the energies of external particles.p0
<latexit sha1_base64="SCRK8opNL9EnQTb3d5Pg87JOh1Y=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKez6QI9BLx4jmgckS5idzCZDZmeXmV4hLPkELx4U8eoXefNvnCR70MSChqKqm+6uIJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqd+64lrI2L1iOOE+xEdKBEKRtFKD0nP7ZUrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4bWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+8enl/Uand5HEU4QiO4RQ8uIIa3EEdGsBgAM/wCm+OdF6cd+dj3lpw8plD+APn8wcAQI2e</latexit>

Its imaginary part has a well-defined sign

Im

"
X

i

Ei � p0

#
=

X

i

Im[Ei] < 0
<latexit sha1_base64="L3+md6YFkzrAVE7eI65BZj9qH8k=">AAACJnicbVDLSuxAFOz4ujq+Ru/STeMguHFIfOBdKIgi6E7BUSEJodNzMtPYnYTuE3EI8zVu/BU3LryIuPNT7BmD+Co4UFTVoftUnEth0HVfnJHRsfGJP5NTtemZ2bn5+sLiuckKzaHFM5npy5gZkCKFFgqUcJlrYCqWcBFfHQz8i2vQRmTpGfZyCBXrpCIRnKGVovpugHCD5bHqBxIS9ANTqEjQQztreeQGWnS6GO5W8kfYt4Fwx43qDbfpDkF/Eq8iDVLhJKo/Bu2MFwpS5JIZ43tujmHJNAouoV8LCgM541esA76lKVNgwnJ4Zp+uWKVNk0zbSZEO1c8bJVPG9FRsk4ph13z3BuJvnl9g8i8sRZoXCCl/fygpJMWMDjqjbaGBo+xZwrgW9q+Ud5lmHG2zNVuC9/3kn+R8veltNLdONxt7+1Udk2SJLJNV4pFtskeOyAlpEU5uyT15JP+dO+fBeXKe36MjTrXzl3yB8/oGtgyl5A==</latexit>

This is important to determine the constraints on the contour deformation 

X

i

Ei � p0 = 0
<latexit sha1_base64="zqfWjSdhAWWHO91RLzALAQsHhj4=">AAAB+nicbVDLSsNAFL3xWesr1aWbwSK4sSQ+0I1QFMFlBfuANoTJdNIOnUnCzEQpsZ/ixoUibv0Sd/6N0zYLbT1w4XDOvdx7T5BwprTjfFsLi0vLK6uFteL6xubWtl3aaag4lYTWScxj2QqwopxFtK6Z5rSVSIpFwGkzGFyP/eYDlYrF0b0eJtQTuBexkBGsjeTbpY5Khc/QjamjxHcuHd8uOxVnAjRP3JyUIUfNt7863ZikgkaacKxU23US7WVYakY4HRU7qaIJJgPco21DIyyo8rLJ6SN0YJQuCmNpKtJoov6eyLBQaigC0ymw7qtZbyz+57VTHV54GYuSVNOITBeFKUc6RuMcUJdJSjQfGoKJZOZWRPpYYqJNWkUTgjv78jxpHFfck8rZ3Wm5epXHUYA92IdDcOEcqnALNagDgUd4hld4s56sF+vd+pi2Llj5zC78gfX5A05jkrs=</latexit>

⌘ =
<latexit sha1_base64="UPK9cE+2EX/ixRA4sI5A/XDssXE=">AAAB7HicbVBNS8NAEN3Ur1q/qh69LBbBU0n8QC9C0YvHCqYttKFsttN26WYTdidCCf0NXjwo4tUf5M1/47bNQVsfDDzem2FmXphIYdB1v53Cyura+kZxs7S1vbO7V94/aJg41Rx8HstYt0JmQAoFPgqU0Eo0sCiU0AxHd1O/+QTaiFg94jiBIGIDJfqCM7SS3wFkN91yxa26M9Bl4uWkQnLUu+WvTi/maQQKuWTGtD03wSBjGgWXMCl1UgMJ4yM2gLalikVggmx27ISeWKVH+7G2pZDO1N8TGYuMGUeh7YwYDs2iNxX/89op9q+DTKgkRVB8vqifSooxnX5Oe0IDRzm2hHEt7K2UD5lmHG0+JRuCt/jyMmmcVb3z6uXDRaV2m8dRJEfkmJwSj1yRGrkndeITTgR5Jq/kzVHOi/PufMxbC04+c0j+wPn8AY4ajoY=</latexit>

is a positive linear combination of the on-shell energies of internal particles.⌘
<latexit sha1_base64="df6cZNHRkalpeAE9zs/y/TjMQHM=">AAAB63icbVBNS8NAEN3Ur1q/qh69BIvgqSR+oMeiF48VrC20oWy2k3bp7ibsToQS+he8eFDEq3/Im//GTZuDtj4YeLw3w8y8MBHcoOd9O6WV1bX1jfJmZWt7Z3evun/waOJUM2ixWMS6E1IDgitoIUcBnUQDlaGAdji+zf32E2jDY/WAkwQCSYeKR5xRzKUeIO1Xa17dm8FdJn5BaqRAs1/96g1ilkpQyAQ1put7CQYZ1ciZgGmllxpIKBvTIXQtVVSCCbLZrVP3xCoDN4q1LYXuTP09kVFpzESGtlNSHJlFLxf/87opRtdBxlWSIig2XxSlwsXYzR93B1wDQzGxhDLN7a0uG1FNGdp4KjYEf/HlZfJ4VvfP65f3F7XGTRFHmRyRY3JKfHJFGuSONEmLMDIiz+SVvDnSeXHenY95a8kpZg7JHzifPwsmjj8=</latexit>

As a consequence, it describes a convex bounded surface
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Ellipses and pinched singularities
At one loop, the physical thresholds take an especially simple form

E1 + E2 � p0 =
q

|~k|2 +
q

|~k + ~p|2 � p0 = 0
<latexit sha1_base64="/UC2uWKy7pguaERoDIp/Y02fSLM=">AAACKHicbVBLS8NAGNz4rPUV9eglWAShWJKq6EUsSsFjBfuAJobNdtMu3Tzc3RRKmp/jxb/iRUSRXv0lbtMcbOvAssPMN+x+44SUcKHrY2VpeWV1bT23kd/c2t7ZVff2GzyIGMJ1FNCAtRzIMSU+rgsiKG6FDEPPobjp9O8mfnOAGSeB/yiGIbY82PWJSxAUUrLVm6ptFKt2+TS09WuTPzMRj8wBRnE/GT2Vk+KsVEzvMLXShG6rBb2kp9AWiZGRAshQs9UPsxOgyMO+QBRy3jb0UFgxZIIgipO8GXEcQtSHXdyW1Ice5lacLppox1LpaG7A5PGFlqp/EzH0OB96jpz0oOjxeW8i/ue1I+FeWTHxw0hgH00fciOqiUCbtKZ1CMNI0KEkEDEi/6qhHmQQCdltXpZgzK+8SBrlknFWung4L1Ruszpy4BAcgRNggEtQAfegBuoAgRfwBj7Bl/KqvCvfyng6uqRkmQMwA+XnFwkepp4=</latexit>

kx
<latexit sha1_base64="Oh4XcsqEiQNyEJ5GU3V3nPoTQwQ=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKez6QI9BLx4jmgckS5id9CZDZmeXmVkxLPkELx4U8eoXefNvnCR70GhBQ1HVTXdXkAiujet+OYWl5ZXVteJ6aWNza3unvLvX1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoeuq3HlBpHst7M07Qj+hA8pAzaqx0N+o99soVt+rOQP4SLycVyFHvlT+7/ZilEUrDBNW647mJ8TOqDGcCJ6VuqjGhbEQH2LFU0gi1n81OnZAjq/RJGCtb0pCZ+nMio5HW4yiwnRE1Q73oTcX/vE5qwks/4zJJDUo2XxSmgpiYTP8mfa6QGTG2hDLF7a2EDamizNh0SjYEb/Hlv6R5UvVOq+e3Z5XaVR5HEQ7gEI7BgwuowQ3UoQEMBvAEL/DqCOfZeXPe560FJ5/Zh19wPr4BZcKN4Q==</latexit>

ky
<latexit sha1_base64="75+SFoY5rfk8oWPrGSiO9R6aluw=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKez6QI9BLx4jmgckS5id9CZDZmeXmVkhLPkELx4U8eoXefNvnCR70MSChqKqm+6uIBFcG9f9dgorq2vrG8XN0tb2zu5eef+gqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7dRvPaHSPJaPZpygH9GB5CFn1FjpYdQb98oVt+rOQJaJl5MK5Kj3yl/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiJVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14bWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyMmmeVb3z6uX9RaV2k8dRhCM4hlPw4ApqcAd1aACDATzDK7w5wnlx3p2PeWvByWcO4Q+czx9nRo3i</latexit>~p = (|~p|, 0, 0)

<latexit sha1_base64="3ATEOYwaOjT2I1bi2QrRcsONZQg=">AAACAHicbZDLSsNAFIYnXmu9RV24cBMsQoVSEi/oRii6cVnBXqANZTI9aYdOJmFmUihpNr6KGxeKuPUx3Pk2TtsstPWHgY//nMOZ83sRo1LZ9rextLyyurae28hvbm3v7Jp7+3UZxoJAjYQsFE0PS2CUQ01RxaAZCcCBx6DhDe4m9cYQhKQhf1SjCNwA9zj1KcFKWx3zsD0EkkTpTXGc0bhkl+zTjlmwy/ZU1iI4GRRQpmrH/Gp3QxIHwBVhWMqWY0fKTbBQlDBI8+1YQoTJAPegpZHjAKSbTA9IrRPtdC0/FPpxZU3d3xMJDqQcBZ7uDLDqy/naxPyv1oqVf+0mlEexAk5mi/yYWSq0JmlYXSqAKDbSgImg+q8W6WOBidKZ5XUIzvzJi1A/Kzvn5cuHi0LlNosjh47QMSoiB12hCrpHVVRDBKXoGb2iN+PJeDHejY9Z65KRzRygPzI+fwDBSZXa</latexit>

|~p|
<latexit sha1_base64="p2dGu9istzfP8syzlctKwmLKcAw=">AAAB8HicbVDLTgJBEOz1ifhCPXrZSEw8kV0f0SPRi0dM5GFgQ2aHBibMzG5mZknIwld48aAxXv0cb/6NA+xBwUo6qVR1p7srjDnTxvO+nZXVtfWNzdxWfntnd2+/cHBY01GiKFZpxCPVCIlGziRWDTMcG7FCIkKO9XBwN/XrQ1SaRfLRjGIMBOlJ1mWUGCs9jVtDpGk8GbcLRa/kzeAuEz8jRchQaRe+Wp2IJgKloZxo3fS92AQpUYZRjpN8K9EYEzogPWxaKolAHaSzgyfuqVU6bjdStqRxZ+rviZQIrUcitJ2CmL5e9Kbif14zMd2bIGUyTgxKOl/UTbhrInf6vdthCqnhI0sIVcze6tI+UYQam1HehuAvvrxMaucl/6J09XBZLN9mceTgGE7gDHy4hjLcQwWqQEHAM7zCm6OcF+fd+Zi3rjjZzBH8gfP5A3DBkNU=</latexit>

p0 � |~p|
2

> 0
<latexit sha1_base64="GB2Grw8gJrTiOKydFy9YOerKQZE=">AAACAnicbZDLSsNAFIYn9VbrLepK3AwWwY0lqYqupOjGZQV7gSaEyXTSDp1MwsykUNLgxldx40IRtz6FO9/GaZuFtv4w8PGfczhzfj9mVCrL+jYKS8srq2vF9dLG5tb2jrm715RRIjBp4IhFou0jSRjlpKGoYqQdC4JCn5GWP7id1FtDIiSN+IMaxcQNUY/TgGKktOWZB04gEE5jzzodO0OiKRtnaTW7tjyzbFWsqeAi2DmUQa66Z3453QgnIeEKMyRlx7Zi5aZIKIoZyUpOIkmM8AD1SEcjRyGRbjo9IYPH2unCIBL6cQWn7u+JFIVSjkJfd4ZI9eV8bWL+V+skKrhyU8rjRBGOZ4uChEEVwUkesEsFwYqNNCAsqP4rxH2kM1E6tZIOwZ4/eRGa1Yp9Vrm4Py/XbvI4iuAQHIETYINLUAN3oA4aAINH8AxewZvxZLwY78bHrLVg5DP74I+Mzx9FoZda</latexit>

kx
<latexit sha1_base64="Oh4XcsqEiQNyEJ5GU3V3nPoTQwQ=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKez6QI9BLx4jmgckS5id9CZDZmeXmVkxLPkELx4U8eoXefNvnCR70GhBQ1HVTXdXkAiujet+OYWl5ZXVteJ6aWNza3unvLvX1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoeuq3HlBpHst7M07Qj+hA8pAzaqx0N+o99soVt+rOQP4SLycVyFHvlT+7/ZilEUrDBNW647mJ8TOqDGcCJ6VuqjGhbEQH2LFU0gi1n81OnZAjq/RJGCtb0pCZ+nMio5HW4yiwnRE1Q73oTcX/vE5qwks/4zJJDUo2XxSmgpiYTP8mfa6QGTG2hDLF7a2EDamizNh0SjYEb/Hlv6R5UvVOq+e3Z5XaVR5HEQ7gEI7BgwuowQ3UoQEMBvAEL/DqCOfZeXPe560FJ5/Zh19wPr4BZcKN4Q==</latexit>

ky
<latexit sha1_base64="75+SFoY5rfk8oWPrGSiO9R6aluw=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKez6QI9BLx4jmgckS5id9CZDZmeXmVkhLPkELx4U8eoXefNvnCR70MSChqKqm+6uIBFcG9f9dgorq2vrG8XN0tb2zu5eef+gqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7dRvPaHSPJaPZpygH9GB5CFn1FjpYdQb98oVt+rOQJaJl5MK5Kj3yl/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiJVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14bWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyMmmeVb3z6uX9RaV2k8dRhCM4hlPw4ApqcAd1aACDATzDK7w5wnlx3p2PeWvByWcO4Q+czx9nRo3i</latexit>

|~p|
<latexit sha1_base64="p2dGu9istzfP8syzlctKwmLKcAw=">AAAB8HicbVDLTgJBEOz1ifhCPXrZSEw8kV0f0SPRi0dM5GFgQ2aHBibMzG5mZknIwld48aAxXv0cb/6NA+xBwUo6qVR1p7srjDnTxvO+nZXVtfWNzdxWfntnd2+/cHBY01GiKFZpxCPVCIlGziRWDTMcG7FCIkKO9XBwN/XrQ1SaRfLRjGIMBOlJ1mWUGCs9jVtDpGk8GbcLRa/kzeAuEz8jRchQaRe+Wp2IJgKloZxo3fS92AQpUYZRjpN8K9EYEzogPWxaKolAHaSzgyfuqVU6bjdStqRxZ+rviZQIrUcitJ2CmL5e9Kbif14zMd2bIGUyTgxKOl/UTbhrInf6vdthCqnhI0sIVcze6tI+UYQam1HehuAvvrxMaucl/6J09XBZLN9mceTgGE7gDHy4hjLcQwWqQEHAM7zCm6OcF+fd+Zi3rjjZzBH8gfP5A3DBkNU=</latexit>

p0 � |~p| = 0
<latexit sha1_base64="X/RdLHxO8Ykp00KSTmM+e34kzos=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSyCG0viA90IRTcuK9gHtCFMprft0MkkzEwKNe2XuHGhiFs/xZ1/47TNQlsPXDiccy/33hPEnCntON9WbmV1bX0jv1nY2t7ZLdp7+3UVJZJCjUY8ks2AKOBMQE0zzaEZSyBhwKERDO6mfmMIUrFIPOpRDF5IeoJ1GSXaSL5djH3ndNweAk3jyfjG8e2SU3ZmwMvEzUgJZaj69le7E9EkBKEpJ0q1XCfWXkqkZpTDpNBOFMSEDkgPWoYKEoLy0tnhE3xslA7uRtKU0Him/p5ISajUKAxMZ0h0Xy16U/E/r5Xo7rWXMhEnGgSdL+omHOsIT1PAHSaBaj4yhFDJzK2Y9okkVJusCiYEd/HlZVI/K7vn5cuHi1LlNosjjw7RETpBLrpCFXSPqqiGKErQM3pFb9aT9WK9Wx/z1pyVzRygP7A+fwBJv5Lb</latexit>

Pinched configuration is obtained by squeezing the ellipse

It’s the equation for an ellipse! It exists if p2 � 0
<latexit sha1_base64="GnWJ8b1o1/dPAYu15pSQkR2JLx8=">AAAB73icbVDLTgJBEOzFF+IL9ehlIjHxRHZRo0eiF4+YyCOBlcwODUyYnV1nZk3Ihp/w4kFjvPo73vwbB9iDgpV0UqnqTndXEAuujet+O7mV1bX1jfxmYWt7Z3evuH/Q0FGiGNZZJCLVCqhGwSXWDTcCW7FCGgYCm8HoZuo3n1BpHsl7M47RD+lA8j5n1FipFT9UOgMkbrdYcsvuDGSZeBkpQYZat/jV6UUsCVEaJqjWbc+NjZ9SZTgTOCl0Eo0xZSM6wLalkoao/XR274ScWKVH+pGyJQ2Zqb8nUhpqPQ4D2xlSM9SL3lT8z2snpn/lp1zGiUHJ5ov6iSAmItPnSY8rZEaMLaFMcXsrYUOqKDM2ooINwVt8eZk0KmXvrHxxd16qXmdx5OEIjuEUPLiEKtxCDerAQMAzvMKb8+i8OO/Ox7w152Qzh/AHzucP/OyPSQ==</latexit>
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In the unphysical region p2i < 0,

✓X

j

pj

◆2

< 0

<latexit sha1_base64="uhPdF0aq565542LljudPwM3K9pA=">AAACDnicbVDLSsNAFJ3UV62vqEs3g6VQQUpSFV24KLpxWcE+oIlhMp2k004ezEyEEvoFbvwVNy4UcevanX/jJO1CWw9cOHPOvcy9x40ZFdIwvrXC0vLK6lpxvbSxubW9o+/utUWUcExaOGIR77pIEEZD0pJUMtKNOUGBy0jHHV1nfueBcEGj8E6OY2IHyA+pRzGSSnL0SuzQ+/qlcQwtaLnU96uWSAJnCGNnmL+PMtfRy0bNyAEXiTkjZTBD09G/rH6Ek4CEEjMkRM80YmmniEuKGZmUrESQGOER8klP0RAFRNhpfs4EVpTSh17EVYUS5urviRQFQowDV3UGSA7EvJeJ/3m9RHoXdkrDOJEkxNOPvIRBGcEsG9innGDJxoogzKnaFeIB4ghLlWBJhWDOn7xI2vWaeVI7uz0tN65mcRTBATgEVWCCc9AAN6AJWgCDR/AMXsGb9qS9aO/ax7S1oM1m9sEfaJ8/88yaKg==</latexit>

there are no physical thresholds!

The integrand is finite and can be easily Monte Carlo integrated

Numerically computing amplitudes within LTD



Zeno Capatti, ETH Zürich Seminar at Lund University

Local Unitarity: a representation of differential cross-sections that is locally free of IR singularities at any order

 20

In the physical region we need a deformation satisfying the causal constraint

 ·r⌘i > 0 if ⌘i = 0
<latexit sha1_base64="nchXSb2XvnnnVdqcUWCiF8QpvK4=">AAACGXicbVDLSgNBEJz1bXxFPXoZDIKnsOsDvSiiF48KRoVsCL2TXh0yO7vM9IphyW948Ve8eFDEo578GydxD74KGoqqbrq7okxJS77/4Y2Mjo1PTE5NV2Zm5+YXqotL5zbNjcCGSFVqLiOwqKTGBklSeJkZhCRSeBF1jwb+xQ0aK1N9Rr0MWwlcaRlLAeSkdtUPu5BlEIpOSjzUECngIRK05b7PQ8JbKriMeb8U9/x2tebX/SH4XxKUpMZKnLSrb2EnFXmCmoQCa5uBn1GrAENSKOxXwtxiBqILV9h0VEOCtlUMP+vzNad0eJwaV5r4UP0+UUBibS+JXGcCdG1/ewPxP6+ZU7zbKqTOckItvhbFueKU8kFMvCMNClI9R0AY6W7l4hoMCHJhVlwIwe+X/5LzjXqwWd8+3aodHJZxTLEVtsrWWcB22AE7ZieswQS7Yw/siT17996j9+K9frWOeOXMMvsB7/0T7Eafmg==</latexit>

(plus some magnitude constraints)~k ! ~k � i
<latexit sha1_base64="l8006Hw11nUUF0aFpQfV5urjb70=">AAACFHicbVDLSsNAFJ34rPUVdelmsAiCWBIf6LLoxmUF+4AmlJvppB06eTAzqZSQj3Djr7hxoYhbF+78GydtFtp64MLhnHu59x4v5kwqy/o2FhaXlldWS2vl9Y3NrW1zZ7cpo0QQ2iARj0TbA0k5C2lDMcVpOxYUAo/Tlje8yf3WiArJovBejWPqBtAPmc8IKC11zWNnREk6zBzB+gMFQkQPuJBOnADUQAQpy5whxDF0zYpVtSbA88QuSAUVqHfNL6cXkSSgoSIcpOzYVqzcFIRihNOs7CSSxkCG0KcdTUMIqHTTyVMZPtRKD/uR0BUqPFF/T6QQSDkOPN2Z3ylnvVz8z+skyr9yUxbGiaIhmS7yE45VhPOEcI8JShQfawJEMH0rJgMQQJTOsaxDsGdfnifN06p9Vr24O6/Uros4SmgfHaAjZKNLVEO3qI4aiKBH9Ixe0ZvxZLwY78bHtHXBKGb20B8Ynz/k1J/7</latexit> with
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Other representations…

I =

Z  LY

i=1

d4ki
(2⇡)4

!
NQ

i2e(q
2
i �m2

i )
<latexit sha1_base64="bM7SqPEGr2BeEYZP5+OFE82H3ew="></latexit>

I =

Z  LY

i=1

d3~ki
(2⇡)3

!
f

<latexit sha1_base64="ETNb0/BDrh8JquCmHMa5dkbp2d8="></latexit>

Covariant 
perturbation 

theory

Loop-Tree Duality

Manifestly Causal 
Loop-Tree Duality

Time-Ordered 
Perturbation theory

Explicit energy 
integrations

Explicit energy 

integrations

Feynman propagator,

Wick theorem

Algebraic 
manipulation

Algebraic 
manipulation

DThe Loop Tree duality offers the best understanding of IR singularities 
and their cancellations, other than being relatively efficient to evaluate
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a1
<latexit sha1_base64="hoNwJwnPDFf0g2vbd5+WkM185fw=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKez6QI9BLx4jmgckS5idzCZDZmeXmV4hLPkELx4U8eoXefNvnCR70MSChqKqm+6uIJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqd+64lrI2L1iOOE+xEdKBEKRtFKD7Tn9coVt+rOQJaJl5MK5Kj3yl/dfszSiCtkkhrT8dwE/YxqFEzySambGp5QNqID3rFU0YgbP5udOiEnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8NrPhEpS5IrNF4WpJBiT6d+kLzRnKMeWUKaFvZWwIdWUoU2nZEPwFl9eJs2zqndevby/qNRu8jiKcATHcAoeXEEN7qAODWAwgGd4hTdHOi/Ou/Mxby04+cwh/IHz+QPq242Q</latexit>

a2
<latexit sha1_base64="kcAG2Ed8tCVeRnqL5CBUKoHrChY=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KklV9Fj04rGi/YA2lM120i7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LRjBP0IzqQPOSMGis90F61Vyq7FXcGsky8nJQhR71X+ur2Y5ZGKA0TVOuO5ybGz6gynAmcFLupxoSyER1gx1JJI9R+Njt1Qk6t0idhrGxJQ2bq74mMRlqPo8B2RtQM9aI3Ff/zOqkJr/2MyyQ1KNl8UZgKYmIy/Zv0uUJmxNgSyhS3txI2pIoyY9Mp2hC8xZeXSbNa8c4rl/cX5dpNHkcBjuEEzsCDK6jBHdShAQwG8Ayv8OYI58V5dz7mrStOPnMEf+B8/gDsX42R</latexit>

a3
<latexit sha1_base64="c4XU/OJUKMBvjkLFCX4/0YNGR6w=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKez6QI9BLx4jmgckS5id9CZDZmeXmVkhLPkELx4U8eoXefNvnCR70MSChqKqm+6uIBFcG9f9dgorq2vrG8XN0tb2zu5eef+gqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7dRvPaHSPJaPZpygH9GB5CFn1FjpgfbOe+WKW3VnIMvEy0kFctR75a9uP2ZphNIwQbXueG5i/Iwqw5nASambakwoG9EBdiyVNELtZ7NTJ+TEKn0SxsqWNGSm/p7IaKT1OApsZ0TNUC96U/E/r5Oa8NrPuExSg5LNF4WpICYm079JnytkRowtoUxxeythQ6ooMzadkg3BW3x5mTTPqt559fL+olK7yeMowhEcwyl4cAU1uIM6NIDBAJ7hFd4c4bw4787HvLXg5DOH8AfO5w/t442S</latexit>

a4
<latexit sha1_base64="6GwkfAz0UFLuP+16/7BbsT4YXKE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oseiF48V7Qe0oUy2m3bpZhN2N0IJ/QlePCji1V/kzX/jts1Bqw8GHu/NMDMvSATXxnW/nMLK6tr6RnGztLW9s7tX3j9o6ThVlDVpLGLVCVAzwSVrGm4E6ySKYRQI1g7GNzO//ciU5rF8MJOE+REOJQ85RWOle+zX+uWKW3XnIH+Jl5MK5Gj0y5+9QUzTiElDBWrd9dzE+Bkqw6lg01Iv1SxBOsYh61oqMWLaz+anTsmJVQYkjJUtachc/TmRYaT1JApsZ4RmpJe9mfif101NeOVnXCapYZIuFoWpICYms7/JgCtGjZhYglRxeyuhI1RIjU2nZEPwll/+S1pnVe+8enFXq9Sv8ziKcATHcAoeXEIdbqEBTaAwhCd4gVdHOM/Om/O+aC04+cwh/ILz8Q3vZ42T</latexit>

Each internal edge corresponds 
to a couplet of vertices

eij = {vi, vj}
<latexit sha1_base64="GogrE2aan1N9fcEFHlvlf3UScP8=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgQkriA90IRTcuK9gHNCFMppN22skkzEwKIcRfceNCEbd+iDv/xmmbhbYeuHA4517uvcePGZXKsr6N0srq2vpGebOytb2zu2fuH7RllAhMWjhikej6SBJGOWkpqhjpxoKg0Gek44/vpn5nQoSkEX9UaUzcEA04DShGSkueWSVeRkf5jZNNPHoKJ97IyT2zZtWtGeAysQtSAwWanvnl9COchIQrzJCUPduKlZshoShmJK84iSQxwmM0ID1NOQqJdLPZ8Tk81kofBpHQxRWcqb8nMhRKmYa+7gyRGspFbyr+5/USFVy7GeVxogjH80VBwqCK4DQJ2KeCYMVSTRAWVN8K8RAJhJXOq6JDsBdfXibts7p9Xr98uKg1bos4yuAQHIETYIMr0AD3oAlaAIMUPINX8GY8GS/Gu/Exby0ZxUwV/IHx+QOMO5S1</latexit>

e45
<latexit sha1_base64="LTt7nolAe9dDEYXV9q6417k5zMM=">AAAB7XicbVDLTgJBEOzFF+IL9ehlIjHxRHYVokeiF4+YyCOBDZkdGhiZ3dnMzJqQDf/gxYPGePV/vPk3DrAHBSvppFLVne6uIBZcG9f9dnJr6xubW/ntws7u3v5B8fCoqWWiGDaYFFK1A6pR8AgbhhuB7VghDQOBrWB8O/NbT6g0l9GDmcToh3QY8QFn1Fipib20Up32iiW37M5BVomXkRJkqPeKX92+ZEmIkWGCat3x3Nj4KVWGM4HTQjfRGFM2pkPsWBrRELWfzq+dkjOr9MlAKluRIXP190RKQ60nYWA7Q2pGetmbif95ncQMrv2UR3FiMGKLRYNEECPJ7HXS5wqZERNLKFPc3krYiCrKjA2oYEPwll9eJc2LsndZrt5XSrWbLI48nMApnIMHV1CDO6hDAxg8wjO8wpsjnRfn3flYtOacbOYY/sD5/AEw+I7i</latexit>

v1
<latexit sha1_base64="an8J2Y5XuYF5V5mk4BDmB7X5CZU=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKez6QI9BLx4jmgckS5idzCZDZmeXmd5AWPIJXjwo4tUv8ubfOEn2oNGChqKqm+6uIJHCoOt+OYWV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbmd+a8y1EbF6xEnC/YgOlAgFo2ilh3HP65UrbtWdg/wlXk4qkKPeK392+zFLI66QSWpMx3MT9DOqUTDJp6VuanhC2YgOeMdSRSNu/Gx+6pScWKVPwljbUkjm6s+JjEbGTKLAdkYUh2bZm4n/eZ0Uw2s/EypJkSu2WBSmkmBMZn+TvtCcoZxYQpkW9lbChlRThjadkg3BW375L2meVb3z6uX9RaV2k8dRhCM4hlPw4ApqcAd1aACDATzBC7w60nl23pz3RWvByWcO4Recj28K6I2l</latexit>

v2
<latexit sha1_base64="cGKt/vbjHIWvpKsQMtNpyMcA43k=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHZRo0eiF48Y5ZHAhswOvTBhdnYzM0tCCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCooeNUMayzWMSqFVCNgkusG24EthKFNAoENoPh3cxvjlBpHssnM07Qj2hf8pAzaqz0OOpWusWSW3bnIKvEy0gJMtS6xa9OL2ZphNIwQbVue25i/AlVhjOB00In1ZhQNqR9bFsqaYTan8xPnZIzq/RIGCtb0pC5+ntiQiOtx1FgOyNqBnrZm4n/ee3UhDf+hMskNSjZYlGYCmJiMvub9LhCZsTYEsoUt7cSNqCKMmPTKdgQvOWXV0mjUvYuylcPl6XqbRZHHk7gFM7Bg2uowj3UoA4M+vAMr/DmCOfFeXc+Fq05J5s5hj9wPn8ADGyNpg==</latexit>

v3
<latexit sha1_base64="yonKKrDNu+l9AtthnuQ3pwWmK0w=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgKez6QI9BLx4jmAckS5idzCZDZmaXmd5ACPkFLx4U8eoPefNv3E32oIkFDUVVN91dQSyFRdf9dgpr6xubW8Xt0s7u3v5B+fCoaaPEMN5gkYxMO6CWS6F5AwVK3o4NpyqQvBWM7jO/NebGikg/4STmvqIDLULBKGbSuHdZ6pUrbtWdg6wSLycVyFHvlb+6/Yglimtkklrb8dwY/Sk1KJjks1I3sTymbEQHvJNSTRW3/nR+64ycpUqfhJFJSyOZq78nplRZO1FB2qkoDu2yl4n/eZ0Ew1t/KnScINdssShMJMGIZI+TvjCcoZykhDIj0lsJG1JDGabxZCF4yy+vkuZF1busXj9eVWp3eRxFOIFTOAcPbqAGD1CHBjAYwjO8wpujnBfn3flYtBacfOYY/sD5/AFDCI27</latexit>

v5
<latexit sha1_base64="0SApwvvRNVxW765IlgALU6H1g6g=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0nUoseiF48VrC20oWy2k3bp7ibsbgql9C948aCIV/+QN/+NSZuDtj4YeLw3w8y8IBbcWNf9dgpr6xubW8Xt0s7u3v5B+fDoyUSJZthkkYh0O6AGBVfYtNwKbMcaqQwEtoLRXea3xqgNj9SjncToSzpQPOSM2kwa92qlXrniVt05yCrxclKBHI1e+avbj1giUVkmqDEdz42tP6XaciZwVuomBmPKRnSAnZQqKtH40/mtM3KWKn0SRjotZclc/T0xpdKYiQzSTknt0Cx7mfif10lseONPuYoTi4otFoWJIDYi2eOkzzUyKyYpoUzz9FbChlRTZtN4shC85ZdXydNF1bus1h6uKvXbPI4inMApnIMH11CHe2hAExgM4Rle4c2Rzovz7nwsWgtOPnMMf+B8/gBGEo29</latexit>

v6
<latexit sha1_base64="obC0aGIfyQGAll+YW6qWf+NVquk=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgKez6Pga9eIxgHpAsYXbSmwyZmV1mZgMh5Be8eFDEqz/kzb9xN9mDRgsaiqpuuruCWHBjXffLKaysrq1vFDdLW9s7u3vl/YOmiRLNsMEiEel2QA0KrrBhuRXYjjVSGQhsBaO7zG+NURseqUc7idGXdKB4yBm1mTTuXZV65Ypbdecgf4mXkwrkqPfKn91+xBKJyjJBjel4bmz9KdWWM4GzUjcxGFM2ogPspFRRicafzm+dkZNU6ZMw0mkpS+bqz4kplcZMZJB2SmqHZtnLxP+8TmLDG3/KVZxYVGyxKEwEsRHJHid9rpFZMUkJZZqntxI2pJoym8aTheAtv/yXNM+q3nn18uGiUrvN4yjCERzDKXhwDTW4hzo0gMEQnuAFXh3pPDtvzvuiteDkM4fwC87HN0eXjb4=</latexit>

v4
<latexit sha1_base64="OVSxQjfpp2/bZg0GMXCHX/Va0L0=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oseiF48VrC20oWy2k3bp7ibsbgql9C948aCIV/+QN/+NSZuDtj4YeLw3w8y8IBbcWNf9dgpr6xubW8Xt0s7u3v5B+fDoyUSJZthkkYh0O6AGBVfYtNwKbMcaqQwEtoLRXea3xqgNj9SjncToSzpQPOSM2kwa92qlXrniVt05yCrxclKBHI1e+avbj1giUVkmqDEdz42tP6XaciZwVuomBmPKRnSAnZQqKtH40/mtM3KWKn0SRjotZclc/T0xpdKYiQzSTknt0Cx7mfif10lseONPuYoTi4otFoWJIDYi2eOkzzUyKyYpoUzz9FbChlRTZtN4shC85ZdXydNF1busXj3UKvXbPI4inMApnIMH11CHe2hAExgM4Rle4c2Rzovz7nwsWgtOPnMMf+B8/gBEjY28</latexit>

v7
<latexit sha1_base64="wylaqTW7zjRFTGybBMKp+HK99G8=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0n8oB6LXjxWsLbQhrLZTtqlu5uwuymU0r/gxYMiXv1D3vw3Jm0O2vpg4PHeDDPzglhwY1332ymsrW9sbhW3Szu7e/sH5cOjJxMlmmGTRSLS7YAaFFxh03IrsB1rpDIQ2ApGd5nfGqM2PFKPdhKjL+lA8ZAzajNp3KuVeuWKW3XnIKvEy0kFcjR65a9uP2KJRGWZoMZ0PDe2/pRqy5nAWambGIwpG9EBdlKqqETjT+e3zshZqvRJGOm0lCVz9ffElEpjJjJIOyW1Q7PsZeJ/Xiex4Y0/5SpOLCq2WBQmgtiIZI+TPtfIrJikhDLN01sJG1JNmU3jyULwll9eJU8XVe+yev1wVanf5nEU4QRO4Rw8qEEd7qEBTWAwhGd4hTdHOi/Ou/OxaC04+cwx/IHz+QNJHI2/</latexit>

v8
<latexit sha1_base64="E4UQ7uXyEiGEUNs4pmzaLH9l0aE=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0n8wB6LXjxWsLbQhrLZTtqlu5uwuymU0r/gxYMiXv1D3vw3Jm0O2vpg4PHeDDPzglhwY1332ymsrW9sbhW3Szu7e/sH5cOjJxMlmmGTRSLS7YAaFFxh03IrsB1rpDIQ2ApGd5nfGqM2PFKPdhKjL+lA8ZAzajNp3KuVeuWKW3XnIKvEy0kFcjR65a9uP2KJRGWZoMZ0PDe2/pRqy5nAWambGIwpG9EBdlKqqETjT+e3zshZqvRJGOm0lCVz9ffElEpjJjJIOyW1Q7PsZeJ/XiexYc2fchUnFhVbLAoTQWxEssdJn2tkVkxSQpnm6a2EDammzKbxZCF4yy+vkqeLqndZvX64qtRv8ziKcAKncA4e3EAd7qEBTWAwhGd4hTdHOi/Ou/OxaC04+cwx/IHz+QNKoY3A</latexit>

v9
<latexit sha1_base64="04LtrrI+w9bVt1SdtvGfRzY6wZQ=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgKez6QL0FvXiMYB6QLGF20psMmZldZmYDIeQXvHhQxKs/5M2/cTfZg0YLGoqqbrq7glhwY133yymsrK6tbxQ3S1vbO7t75f2DpokSzbDBIhHpdkANCq6wYbkV2I41UhkIbAWju8xvjVEbHqlHO4nRl3SgeMgZtZk07t2UeuWKW3XnIH+Jl5MK5Kj3yp/dfsQSicoyQY3peG5s/SnVljOBs1I3MRhTNqID7KRUUYnGn85vnZGTVOmTMNJpKUvm6s+JKZXGTGSQdkpqh2bZy8T/vE5iw2t/ylWcWFRssShMBLERyR4nfa6RWTFJCWWap7cSNqSaMpvGk4XgLb/8lzTPqt559fLholK7zeMowhEcwyl4cAU1uIc6NIDBEJ7gBV4d6Tw7b877orXg5DOH8AvOxzdMJo3B</latexit>

We give to each internal vertex 
a label

vi, i = 1, ..., 9
<latexit sha1_base64="hrskrY0lpjDURNlyPZUCPpaW/GM=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgooTEB+pCKLpxWcE+oA1hMp22QyeTMDMplNA/ceNCEbf+iTv/xmmbhbYeuHA4517uvSdMOFPadb+twsrq2vpGcbO0tb2zu2fvHzRUnEpC6yTmsWyFWFHOBK1rpjltJZLiKOS0GQ7vp35zRKVisXjS44T6Ee4L1mMEayMFtj0KWAV1ELv1Ko7jVG4Cu+w67gxomXg5KUOOWmB/dboxSSMqNOFYqbbnJtrPsNSMcDopdVJFE0yGuE/bhgocUeVns8sn6MQoXdSLpSmh0Uz9PZHhSKlxFJrOCOuBWvSm4n9eO9W9az9jIkk1FWS+qJdypGM0jQF1maRE87EhmEhmbkVkgCUm2oRVMiF4iy8vk8aZ4507l48X5epdHkcRjuAYTsGDK6jCA9SgDgRG8Ayv8GZl1ov1bn3MWwtWPnMIf2B9/gD7T5FK</latexit>

External edges are denoted as

ai, i = 1, ..., 4
<latexit sha1_base64="Z0P6blBGp1Vwxis80j45utoG2ns=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBQwmJVvQiFL14rGA/oA1hs922SzebsLsplNB/4sWDIl79J978N27bHLT1wcDjvRlm5oUJZ0q77rdVWFvf2Nwqbpd2dvf2D+zDo6aKU0log8Q8lu0QK8qZoA3NNKftRFIchZy2wtH9zG+NqVQsFk96klA/wgPB+oxgbaTAtnHAKqiL2K1XcRynUg3ssuu4c6BV4uWkDDnqgf3V7cUkjajQhGOlOp6baD/DUjPC6bTUTRVNMBnhAe0YKnBElZ/NL5+iM6P0UD+WpoRGc/X3RIYjpSZRaDojrIdq2ZuJ/3mdVPdv/IyJJNVUkMWifsqRjtEsBtRjkhLNJ4ZgIpm5FZEhlphoE1bJhOAtv7xKmheOd+lcPVbLtbs8jiKcwCmcgwfXUIMHqEMDCIzhGV7hzcqsF+vd+li0Fqx85hj+wPr8AdKskTA=</latexit>
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Just a bit of notation…
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Physical Thresholds as Connected Cuts

This set completely 
characterises a threshold

v1
<latexit sha1_base64="an8J2Y5XuYF5V5mk4BDmB7X5CZU=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKez6QI9BLx4jmgckS5idzCZDZmeXmd5AWPIJXjwo4tUv8ubfOEn2oNGChqKqm+6uIJHCoOt+OYWV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbmd+a8y1EbF6xEnC/YgOlAgFo2ilh3HP65UrbtWdg/wlXk4qkKPeK392+zFLI66QSWpMx3MT9DOqUTDJp6VuanhC2YgOeMdSRSNu/Gx+6pScWKVPwljbUkjm6s+JjEbGTKLAdkYUh2bZm4n/eZ0Uw2s/EypJkSu2WBSmkmBMZn+TvtCcoZxYQpkW9lbChlRThjadkg3BW375L2meVb3z6uX9RaV2k8dRhCM4hlPw4ApqcAd1aACDATzBC7w60nl23pz3RWvByWcO4Recj28K6I2l</latexit>

v2
<latexit sha1_base64="cGKt/vbjHIWvpKsQMtNpyMcA43k=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHZRo0eiF48Y5ZHAhswOvTBhdnYzM0tCCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCooeNUMayzWMSqFVCNgkusG24EthKFNAoENoPh3cxvjlBpHssnM07Qj2hf8pAzaqz0OOpWusWSW3bnIKvEy0gJMtS6xa9OL2ZphNIwQbVue25i/AlVhjOB00In1ZhQNqR9bFsqaYTan8xPnZIzq/RIGCtb0pC5+ntiQiOtx1FgOyNqBnrZm4n/ee3UhDf+hMskNSjZYlGYCmJiMvub9LhCZsTYEsoUt7cSNqCKMmPTKdgQvOWXV0mjUvYuylcPl6XqbRZHHk7gFM7Bg2uowj3UoA4M+vAMr/DmCOfFeXc+Fq05J5s5hj9wPn8ADGyNpg==</latexit>

v3
<latexit sha1_base64="yonKKrDNu+l9AtthnuQ3pwWmK0w=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgKez6QI9BLx4jmAckS5idzCZDZmaXmd5ACPkFLx4U8eoPefNv3E32oIkFDUVVN91dQSyFRdf9dgpr6xubW8Xt0s7u3v5B+fCoaaPEMN5gkYxMO6CWS6F5AwVK3o4NpyqQvBWM7jO/NebGikg/4STmvqIDLULBKGbSuHdZ6pUrbtWdg6wSLycVyFHvlb+6/Yglimtkklrb8dwY/Sk1KJjks1I3sTymbEQHvJNSTRW3/nR+64ycpUqfhJFJSyOZq78nplRZO1FB2qkoDu2yl4n/eZ0Ew1t/KnScINdssShMJMGIZI+TvjCcoZykhDIj0lsJG1JDGabxZCF4yy+vkuZF1busXj9eVWp3eRxFOIFTOAcPbqAGD1CHBjAYwjO8wpujnBfn3flYtBacfOYY/sD5/AFDCI27</latexit>

v4
<latexit sha1_base64="OVSxQjfpp2/bZg0GMXCHX/Va0L0=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oseiF48VrC20oWy2k3bp7ibsbgql9C948aCIV/+QN/+NSZuDtj4YeLw3w8y8IBbcWNf9dgpr6xubW8Xt0s7u3v5B+fDoyUSJZthkkYh0O6AGBVfYtNwKbMcaqQwEtoLRXea3xqgNj9SjncToSzpQPOSM2kwa92qlXrniVt05yCrxclKBHI1e+avbj1giUVkmqDEdz42tP6XaciZwVuomBmPKRnSAnZQqKtH40/mtM3KWKn0SRjotZclc/T0xpdKYiQzSTknt0Cx7mfif10lseONPuYoTi4otFoWJIDYi2eOkzzUyKyYpoUzz9FbChlRTZtN4shC85ZdXydNF1busXj3UKvXbPI4inMApnIMH11CHe2hAExgM4Rle4c2Rzovz7nwsWgtOPnMMf+B8/gBEjY28</latexit>

v5
<latexit sha1_base64="0SApwvvRNVxW765IlgALU6H1g6g=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0nUoseiF48VrC20oWy2k3bp7ibsbgql9C948aCIV/+QN/+NSZuDtj4YeLw3w8y8IBbcWNf9dgpr6xubW8Xt0s7u3v5B+fDoyUSJZthkkYh0O6AGBVfYtNwKbMcaqQwEtoLRXea3xqgNj9SjncToSzpQPOSM2kwa92qlXrniVt05yCrxclKBHI1e+avbj1giUVkmqDEdz42tP6XaciZwVuomBmPKRnSAnZQqKtH40/mtM3KWKn0SRjotZclc/T0xpdKYiQzSTknt0Cx7mfif10lseONPuYoTi4otFoWJIDYi2eOkzzUyKyYpoUzz9FbChlRTZtN4shC85ZdXydNF1bus1h6uKvXbPI4inMApnIMH11CHe2hAExgM4Rle4c2Rzovz7nwsWgtOPnMMf+B8/gBGEo29</latexit>

v6
<latexit sha1_base64="obC0aGIfyQGAll+YW6qWf+NVquk=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgKez6Pga9eIxgHpAsYXbSmwyZmV1mZgMh5Be8eFDEqz/kzb9xN9mDRgsaiqpuuruCWHBjXffLKaysrq1vFDdLW9s7u3vl/YOmiRLNsMEiEel2QA0KrrBhuRXYjjVSGQhsBaO7zG+NURseqUc7idGXdKB4yBm1mTTuXZV65Ypbdecgf4mXkwrkqPfKn91+xBKJyjJBjel4bmz9KdWWM4GzUjcxGFM2ogPspFRRicafzm+dkZNU6ZMw0mkpS+bqz4kplcZMZJB2SmqHZtnLxP+8TmLDG3/KVZxYVGyxKEwEsRHJHid9rpFZMUkJZZqntxI2pJoym8aTheAtv/yXNM+q3nn18uGiUrvN4yjCERzDKXhwDTW4hzo0gMEQnuAFXh3pPDtvzvuiteDkM4fwC87HN0eXjb4=</latexit>

v7
<latexit sha1_base64="wylaqTW7zjRFTGybBMKp+HK99G8=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0n8oB6LXjxWsLbQhrLZTtqlu5uwuymU0r/gxYMiXv1D3vw3Jm0O2vpg4PHeDDPzglhwY1332ymsrW9sbhW3Szu7e/sH5cOjJxMlmmGTRSLS7YAaFFxh03IrsB1rpDIQ2ApGd5nfGqM2PFKPdhKjL+lA8ZAzajNp3KuVeuWKW3XnIKvEy0kFcjR65a9uP2KJRGWZoMZ0PDe2/pRqy5nAWambGIwpG9EBdlKqqETjT+e3zshZqvRJGOm0lCVz9ffElEpjJjJIOyW1Q7PsZeJ/Xiex4Y0/5SpOLCq2WBQmgtiIZI+TPtfIrJikhDLN01sJG1JNmU3jyULwll9eJU8XVe+yev1wVanf5nEU4QRO4Rw8qEEd7qEBTWAwhGd4hTdHOi/Ou/OxaC04+cwx/IHz+QNJHI2/</latexit>

v8
<latexit sha1_base64="E4UQ7uXyEiGEUNs4pmzaLH9l0aE=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0n8wB6LXjxWsLbQhrLZTtqlu5uwuymU0r/gxYMiXv1D3vw3Jm0O2vpg4PHeDDPzglhwY1332ymsrW9sbhW3Szu7e/sH5cOjJxMlmmGTRSLS7YAaFFxh03IrsB1rpDIQ2ApGd5nfGqM2PFKPdhKjL+lA8ZAzajNp3KuVeuWKW3XnIKvEy0kFcjR65a9uP2KJRGWZoMZ0PDe2/pRqy5nAWambGIwpG9EBdlKqqETjT+e3zshZqvRJGOm0lCVz9ffElEpjJjJIOyW1Q7PsZeJ/XiexYc2fchUnFhVbLAoTQWxEssdJn2tkVkxSQpnm6a2EDammzKbxZCF4yy+vkqeLqndZvX64qtRv8ziKcAKncA4e3EAd7qEBTWAwhGd4hTdHOi/Ou/OxaC04+cwx/IHz+QNKoY3A</latexit>

v9
<latexit sha1_base64="04LtrrI+w9bVt1SdtvGfRzY6wZQ=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgKez6QL0FvXiMYB6QLGF20psMmZldZmYDIeQXvHhQxKs/5M2/cTfZg0YLGoqqbrq7glhwY133yymsrK6tbxQ3S1vbO7t75f2DpokSzbDBIhHpdkANCq6wYbkV2I41UhkIbAWju8xvjVEbHqlHO4nRl3SgeMgZtZk07t2UeuWKW3XnIH+Jl5MK5Kj3yp/dfsQSicoyQY3peG5s/SnVljOBs1I3MRhTNqID7KRUUYnGn85vnZGTVOmTMNJpKUvm6s+JKZXGTGSQdkpqh2bZy8T/vE5iw2t/ylWcWFRssShMBLERyR4nfa6RWTFJCWWap7cSNqSaMpvGk4XgLb/8lzTPqt559fLholK7zeMowhEcwyl4cAU1uIc6NIDBEJ7gBV4d6Tw7b877orXg5DOH8AvOxzdMJo3B</latexit>

p1
<latexit sha1_base64="yrc5jfeYx3Q2BBOmKcQR2QYCB+s=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKez6QI9BLx4jmgckS5idzCZDZmeXmV4hLPkELx4U8eoXefNvnCR70MSChqKqm+6uIJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqd+64lrI2L1iOOE+xEdKBEKRtFKD0nP65UrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4bWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+8enl/Uand5HEU4QiO4RQ8uIIa3EEdGsBgAM/wCm+OdF6cd+dj3lpw8plD+APn8wcBxI2f</latexit>

s = {v1, v2, v4, v5}
<latexit sha1_base64="43ahZHmibh3prEDK8zc7WNugXP0=">AAACB3icbVDLSsNAFJ3UV62vqEtBBovgQkpSW3QjFN24rGAf0IQwmU7aoZNJmJkUSujOjb/ixoUibv0Fd/6NkzYLbT1w4XDOvdx7jx8zKpVlfRuFldW19Y3iZmlre2d3z9w/aMsoEZi0cMQi0fWRJIxy0lJUMdKNBUGhz0jHH91mfmdMhKQRf1CTmLghGnAaUIyUljzz2AmRGvpBKqfXTjr27POxV9VV01V3pp5ZtirWDHCZ2DkpgxxNz/xy+hFOQsIVZkjKnm3Fyk2RUBQzMi05iSQxwiM0ID1NOQqJdNPZH1N4qpU+DCKhiys4U39PpCiUchL6ujO7Wi56mfif10tUcOWmlMeJIhzPFwUJgyqCWSiwTwXBik00QVhQfSvEQyQQVjq6kg7BXnx5mbSrFfuiUr+vlRs3eRxFcAROwBmwwSVogDvQBC2AwSN4Bq/gzXgyXox342PeWjDymUPwB8bnD91imKg=</latexit>

The boundary of this set contains all 
the edges connecting vertices in it 
with vertices outside of it

�(s) = {e23, e56, e58, e47, a1}
<latexit sha1_base64="wc2p04LDXWksc5oWmoLWO9vHir4=">AAACH3icbVDJSgNBEO2JW4xb1KOXwSBECGEm+0UIevEYwSyQCUNPpyZp0rPQ3SOEYf7Ei7/ixYMi4i1/Y2c5aGJB8x6vqqh+zwkZFdIwZlpqa3tndy+9nzk4PDo+yZ6edUQQcQJtErCA9xwsgFEf2pJKBr2QA/YcBl1ncjfvd5+ACxr4j3IawsDDI5+6lGCpJDtbs4bAJM5bHpZjx41Fcn1jxWDHpXJSUFCtLaGxgEo9KWDbtBI7mzOKxqL0TWKuSA6tqmVnv61hQCIPfEkYFqJvGqEcxJhLShgkGSsSEGIywSPoK+pjD8QgXvhL9CulDHU34Or5Ul+ovzdi7Akx9Rw1Obch1ntz8b9eP5JuYxBTP4wk+GR5yI2YLgN9HpY+pByIZFNFMOFU/VUnY8wxkSrSjArBXLe8STqlolkuVh8quebtKo40ukCXKI9MVEdNdI9aqI0Iekav6B19aC/am/apfS1HU9pq5xz9KW32A1cpoeQ=</latexit>

k2 + k4 � k1 � k3
<latexit sha1_base64="Bgq9ojamRpAZ+igfibJlWt8TTdo=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEQSxJW9Fl0Y3LCvYBbQiT6aQdMnkwMxFq6Je4caGIWz/FnX/jtM1CWw9cOJxzL/fe4yWcSWVZ30ZhbX1jc6u4XdrZ3dsvmweHHRmngtA2iXkseh6WlLOIthVTnPYSQXHocdr1gtuZ332kQrI4elCThDohHkXMZwQrLblmOXBr54HbuAhcW1fdNStW1ZoDrRI7JxXI0XLNr8EwJmlII0U4lrJvW4lyMiwUI5xOS4NU0gSTAI9oX9MIh1Q62fzwKTrVyhD5sdAVKTRXf09kOJRyEnq6M8RqLJe9mfif10+Vf+1kLEpSRSOyWOSnHKkYzVJAQyYoUXyiCSaC6VsRGWOBidJZlXQI9vLLq6RTq9r16uV9o9K8yeMowjGcwBnYcAVNuIMWtIFACs/wCm/Gk/FivBsfi9aCkc8cwR8Ynz+UfpG/</latexit>

k2
<latexit sha1_base64="zPJaceMatTTuWv72JFcRwGivktU=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KklV9Fj04rGi/YA2lM120y7dbMLuRCihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR7dRvPXFtRKwecZxwP6IDJULBKFrpYdSr9kplt+LOQJaJl5My5Kj3Sl/dfszSiCtkkhrT8dwE/YxqFEzySbGbGp5QNqID3rFU0YgbP5udOiGnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8NrPhEpS5IrNF4WpJBiT6d+kLzRnKMeWUKaFvZWwIdWUoU2naEPwFl9eJs1qxTuvXN5flGs3eRwFOIYTOAMPrqAGd1CHBjAYwDO8wpsjnRfn3fmYt644+cwR/IHz+QP7m42b</latexit>

k4
<latexit sha1_base64="2+YnBJxoJ6d4MkZhPQP4KdWqpB4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oseiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1Bqw8GHu/NMDMvSKQw6LpfTmFldW19o7hZ2tre2d0r7x+0TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfjm5nffuTaiFg94CThfkSHSoSCUbTS/bhf65crbtWdg/wlXk4qkKPRL3/2BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+6pScWGVAwljbUkjm6s+JjEbGTKLAdkYUR2bZm4n/ed0Uwys/EypJkSu2WBSmkmBMZn+TgdCcoZxYQpkW9lbCRlRThjadkg3BW375L2mdVb3z6sVdrVK/zuMowhEcwyl4cAl1uIUGNIHBEJ7gBV4d6Tw7b877orXg5DOH8AvOxzf+o42d</latexit>

k1 + k3 � p1
<latexit sha1_base64="69BYVya8OuIFYW22LEvy38w6ckM=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBZBEEtiFT0WvXisYD8gDWGz3bRLNtmwOxFK6M/w4kERr/4ab/4bt20O2vpg4PHeDDPzglRwDbb9bZVWVtfWN8qbla3tnd296v5BR8tMUdamUkjVC4hmgiesDRwE66WKkTgQrBtEd1O/+8SU5jJ5hHHKvJgMEx5ySsBIbuQ7Z5HfOE99x6/W7Lo9A14mTkFqqEDLr371B5JmMUuACqK169gpeDlRwKlgk0o/0ywlNCJD5hqakJhpL5+dPMEnRhngUCpTCeCZ+nsiJ7HW4zgwnTGBkV70puJ/nptBeOPlPEkzYAmdLwozgUHi6f94wBWjIMaGEKq4uRXTEVGEgkmpYkJwFl9eJp2LutOoXz1c1pq3RRxldISO0Sly0DVqonvUQm1EkUTP6BW9WWC9WO/Wx7y1ZBUzh+gPrM8fuqKQPw==</latexit>

Green arrow: momentum orientation
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Local Unitarity: a representation of differential cross-sections that is locally free of IR singularities at any order

 25

Ee12 =
q

|~k1|2 +m2
12

<latexit sha1_base64="2NIVjD93FZrzvmVk3bh2g2wPumo=">AAACEXicbVDLSsNAFJ3UV62vqks3wSIUhJJURTdCUQSXFewDmjRMprft0MnDmUmhpPkFN/6KGxeKuHXnzr9xmnahrQcuHM65l3vvcUNGhTSMby2ztLyyupZdz21sbm3v5Hf36iKIOIEaCVjAmy4WwKgPNUklg2bIAXsug4Y7uJ74jSFwQQP/Xo5CsD3c82mXEiyV5OSLN04MTmyWk+TSEg9cxmNrCCQeJI45bpePvdRrlxMnXzBKRgp9kZgzUkAzVJ38l9UJSOSBLwnDQrRMI5R2jLmkhEGSsyIBISYD3IOWoj72QNhx+lGiHymlo3cDrsqXeqr+noixJ8TIc1Wnh2VfzHsT8T+vFcnuhR1TP4wk+GS6qBsxXQb6JB69QzkQyUaKYMKpulUnfcwxkSrEnArBnH95kdTLJfOkdHZ3WqhczeLIogN0iIrIROeogm5RFdUQQY/oGb2iN+1Je9HetY9pa0abzeyjP9A+fwBPUZ1P</latexit>

Denote by

the on-shell energy of e12
<latexit sha1_base64="jJleb4ziEW1lz31/0QBoO3uf+z8=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSJ4KklV9Fj04rGC/YA2lM120q7dbMLuRiih/8GLB0W8+n+8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LBjBP0IzqQPOSMGis1sZd51UmvVHYr7gxkmXg5KUOOeq/01e3HLI1QGiao1h3PTYyfUWU4EzgpdlONCWUjOsCOpZJGqP1sdu2EnFqlT8JY2ZKGzNTfExmNtB5Hge2MqBnqRW8q/ud1UhNe+xmXSWpQsvmiMBXExGT6OulzhcyIsSWUKW5vJWxIFWXGBlS0IXiLLy+TZrXinVcu7y/KtZs8jgIcwwmcgQdXUIM7qEMDGDzCM7zCmxM7L8678zFvXXHymSP4A+fzByfXjtw=</latexit>

v2
<latexit sha1_base64="cGKt/vbjHIWvpKsQMtNpyMcA43k=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHZRo0eiF48Y5ZHAhswOvTBhdnYzM0tCCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCooeNUMayzWMSqFVCNgkusG24EthKFNAoENoPh3cxvjlBpHssnM07Qj2hf8pAzaqz0OOpWusWSW3bnIKvEy0gJMtS6xa9OL2ZphNIwQbVue25i/AlVhjOB00In1ZhQNqR9bFsqaYTan8xPnZIzq/RIGCtb0pC5+ntiQiOtx1FgOyNqBnrZm4n/ee3UhDf+hMskNSjZYlGYCmJiMvub9LhCZsTYEsoUt7cSNqCKMmPTKdgQvOWXV0mjUvYuylcPl6XqbRZHHk7gFM7Bg2uowj3UoA4M+vAMr/DmCOfFeXc+Fq05J5s5hj9wPn8ADGyNpg==</latexit>

v3
<latexit sha1_base64="yonKKrDNu+l9AtthnuQ3pwWmK0w=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgKez6QI9BLx4jmAckS5idzCZDZmaXmd5ACPkFLx4U8eoPefNv3E32oIkFDUVVN91dQSyFRdf9dgpr6xubW8Xt0s7u3v5B+fCoaaPEMN5gkYxMO6CWS6F5AwVK3o4NpyqQvBWM7jO/NebGikg/4STmvqIDLULBKGbSuHdZ6pUrbtWdg6wSLycVyFHvlb+6/Yglimtkklrb8dwY/Sk1KJjks1I3sTymbEQHvJNSTRW3/nR+64ycpUqfhJFJSyOZq78nplRZO1FB2qkoDu2yl4n/eZ0Ew1t/KnScINdssShMJMGIZI+TvjCcoZykhDIj0lsJG1JDGabxZCF4yy+vkuZF1busXj9eVWp3eRxFOIFTOAcPbqAGD1CHBjAYwjO8wpujnBfn3flYtBacfOYY/sD5/AFDCI27</latexit>

v4
<latexit sha1_base64="OVSxQjfpp2/bZg0GMXCHX/Va0L0=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oseiF48VrC20oWy2k3bp7ibsbgql9C948aCIV/+QN/+NSZuDtj4YeLw3w8y8IBbcWNf9dgpr6xubW8Xt0s7u3v5B+fDoyUSJZthkkYh0O6AGBVfYtNwKbMcaqQwEtoLRXea3xqgNj9SjncToSzpQPOSM2kwa92qlXrniVt05yCrxclKBHI1e+avbj1giUVkmqDEdz42tP6XaciZwVuomBmPKRnSAnZQqKtH40/mtM3KWKn0SRjotZclc/T0xpdKYiQzSTknt0Cx7mfif10lseONPuYoTi4otFoWJIDYi2eOkzzUyKyYpoUzz9FbChlRTZtN4shC85ZdXydNF1busXj3UKvXbPI4inMApnIMH11CHe2hAExgM4Rle4c2Rzovz7nwsWgtOPnMMf+B8/gBEjY28</latexit>

v5
<latexit sha1_base64="0SApwvvRNVxW765IlgALU6H1g6g=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0nUoseiF48VrC20oWy2k3bp7ibsbgql9C948aCIV/+QN/+NSZuDtj4YeLw3w8y8IBbcWNf9dgpr6xubW8Xt0s7u3v5B+fDoyUSJZthkkYh0O6AGBVfYtNwKbMcaqQwEtoLRXea3xqgNj9SjncToSzpQPOSM2kwa92qlXrniVt05yCrxclKBHI1e+avbj1giUVkmqDEdz42tP6XaciZwVuomBmPKRnSAnZQqKtH40/mtM3KWKn0SRjotZclc/T0xpdKYiQzSTknt0Cx7mfif10lseONPuYoTi4otFoWJIDYi2eOkzzUyKyYpoUzz9FbChlRTZtN4shC85ZdXydNF1bus1h6uKvXbPI4inMApnIMH11CHe2hAExgM4Rle4c2Rzovz7nwsWgtOPnMMf+B8/gBGEo29</latexit>

v6
<latexit sha1_base64="obC0aGIfyQGAll+YW6qWf+NVquk=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgKez6Pga9eIxgHpAsYXbSmwyZmV1mZgMh5Be8eFDEqz/kzb9xN9mDRgsaiqpuuruCWHBjXffLKaysrq1vFDdLW9s7u3vl/YOmiRLNsMEiEel2QA0KrrBhuRXYjjVSGQhsBaO7zG+NURseqUc7idGXdKB4yBm1mTTuXZV65Ypbdecgf4mXkwrkqPfKn91+xBKJyjJBjel4bmz9KdWWM4GzUjcxGFM2ogPspFRRicafzm+dkZNU6ZMw0mkpS+bqz4kplcZMZJB2SmqHZtnLxP+8TmLDG3/KVZxYVGyxKEwEsRHJHid9rpFZMUkJZZqntxI2pJoym8aTheAtv/yXNM+q3nn18uGiUrvN4yjCERzDKXhwDTW4hzo0gMEQnuAFXh3pPDtvzvuiteDkM4fwC87HN0eXjb4=</latexit>

v7
<latexit sha1_base64="wylaqTW7zjRFTGybBMKp+HK99G8=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0n8oB6LXjxWsLbQhrLZTtqlu5uwuymU0r/gxYMiXv1D3vw3Jm0O2vpg4PHeDDPzglhwY1332ymsrW9sbhW3Szu7e/sH5cOjJxMlmmGTRSLS7YAaFFxh03IrsB1rpDIQ2ApGd5nfGqM2PFKPdhKjL+lA8ZAzajNp3KuVeuWKW3XnIKvEy0kFcjR65a9uP2KJRGWZoMZ0PDe2/pRqy5nAWambGIwpG9EBdlKqqETjT+e3zshZqvRJGOm0lCVz9ffElEpjJjJIOyW1Q7PsZeJ/Xiex4Y0/5SpOLCq2WBQmgtiIZI+TPtfIrJikhDLN01sJG1JNmU3jyULwll9eJU8XVe+yev1wVanf5nEU4QRO4Rw8qEEd7qEBTWAwhGd4hTdHOi/Ou/OxaC04+cwx/IHz+QNJHI2/</latexit>

v8
<latexit sha1_base64="E4UQ7uXyEiGEUNs4pmzaLH9l0aE=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0n8wB6LXjxWsLbQhrLZTtqlu5uwuymU0r/gxYMiXv1D3vw3Jm0O2vpg4PHeDDPzglhwY1332ymsrW9sbhW3Szu7e/sH5cOjJxMlmmGTRSLS7YAaFFxh03IrsB1rpDIQ2ApGd5nfGqM2PFKPdhKjL+lA8ZAzajNp3KuVeuWKW3XnIKvEy0kFcjR65a9uP2KJRGWZoMZ0PDe2/pRqy5nAWambGIwpG9EBdlKqqETjT+e3zshZqvRJGOm0lCVz9ffElEpjJjJIOyW1Q7PsZeJ/XiexYc2fchUnFhVbLAoTQWxEssdJn2tkVkxSQpnm6a2EDammzKbxZCF4yy+vkqeLqndZvX64qtRv8ziKcAKncA4e3EAd7qEBTWAwhGd4hTdHOi/Ou/OxaC04+cwx/IHz+QNKoY3A</latexit>

v9
<latexit sha1_base64="04LtrrI+w9bVt1SdtvGfRzY6wZQ=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgKez6QL0FvXiMYB6QLGF20psMmZldZmYDIeQXvHhQxKs/5M2/cTfZg0YLGoqqbrq7glhwY133yymsrK6tbxQ3S1vbO7t75f2DpokSzbDBIhHpdkANCq6wYbkV2I41UhkIbAWju8xvjVEbHqlHO4nRl3SgeMgZtZk07t2UeuWKW3XnIH+Jl5MK5Kj3yp/dfsQSicoyQY3peG5s/SnVljOBs1I3MRhTNqID7KRUUYnGn85vnZGTVOmTMNJpKUvm6s+JKZXGTGSQdkpqh2bZy8T/vE5iw2t/ylWcWFRssShMBLERyR4nfa6RWTFJCWWap7cSNqSaMpvGk4XgLb/8lzTPqt559fLholK7zeMowhEcwyl4cAU1uIc6NIDBEJ7gBV4d6Tw7b877orXg5DOH8AvOxzdMJo3B</latexit>

Draw energy-flow arrows by 
flipping the green arrows that 
flow inside the set  

v1
<latexit sha1_base64="an8J2Y5XuYF5V5mk4BDmB7X5CZU=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKez6QI9BLx4jmgckS5idzCZDZmeXmd5AWPIJXjwo4tUv8ubfOEn2oNGChqKqm+6uIJHCoOt+OYWV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbmd+a8y1EbF6xEnC/YgOlAgFo2ilh3HP65UrbtWdg/wlXk4qkKPeK392+zFLI66QSWpMx3MT9DOqUTDJp6VuanhC2YgOeMdSRSNu/Gx+6pScWKVPwljbUkjm6s+JjEbGTKLAdkYUh2bZm4n/eZ0Uw2s/EypJkSu2WBSmkmBMZn+TvtCcoZxYQpkW9lbChlRThjadkg3BW375L2meVb3z6uX9RaV2k8dRhCM4hlPw4ApqcAd1aACDATzBC7w60nl23pz3RWvByWcO4Recj28K6I2l</latexit>

k2 + k4 � k1 � k3
<latexit sha1_base64="Bgq9ojamRpAZ+igfibJlWt8TTdo=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEQSxJW9Fl0Y3LCvYBbQiT6aQdMnkwMxFq6Je4caGIWz/FnX/jtM1CWw9cOJxzL/fe4yWcSWVZ30ZhbX1jc6u4XdrZ3dsvmweHHRmngtA2iXkseh6WlLOIthVTnPYSQXHocdr1gtuZ332kQrI4elCThDohHkXMZwQrLblmOXBr54HbuAhcW1fdNStW1ZoDrRI7JxXI0XLNr8EwJmlII0U4lrJvW4lyMiwUI5xOS4NU0gSTAI9oX9MIh1Q62fzwKTrVyhD5sdAVKTRXf09kOJRyEnq6M8RqLJe9mfif10+Vf+1kLEpSRSOyWOSnHKkYzVJAQyYoUXyiCSaC6VsRGWOBidJZlXQI9vLLq6RTq9r16uV9o9K8yeMowjGcwBnYcAVNuIMWtIFACs/wCm/Gk/FivBsfi9aCkc8cwR8Ynz+UfpG/</latexit>

k2
<latexit sha1_base64="zPJaceMatTTuWv72JFcRwGivktU=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KklV9Fj04rGi/YA2lM120y7dbMLuRCihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR7dRvPXFtRKwecZxwP6IDJULBKFrpYdSr9kplt+LOQJaJl5My5Kj3Sl/dfszSiCtkkhrT8dwE/YxqFEzySbGbGp5QNqID3rFU0YgbP5udOiGnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8NrPhEpS5IrNF4WpJBiT6d+kLzRnKMeWUKaFvZWwIdWUoU2naEPwFl9eJs1qxTuvXN5flGs3eRwFOIYTOAMPrqAGd1CHBjAYwDO8wpsjnRfn3fmYt644+cwR/IHz+QP7m42b</latexit>

k4
<latexit sha1_base64="2+YnBJxoJ6d4MkZhPQP4KdWqpB4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oseiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1Bqw8GHu/NMDMvSKQw6LpfTmFldW19o7hZ2tre2d0r7x+0TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfjm5nffuTaiFg94CThfkSHSoSCUbTS/bhf65crbtWdg/wlXk4qkKPRL3/2BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+6pScWGVAwljbUkjm6s+JjEbGTKLAdkYUR2bZm4n/ed0Uwys/EypJkSu2WBSmkmBMZn+TgdCcoZxYQpkW9lbCRlRThjadkg3BW375L2mdVb3z6sVdrVK/zuMowhEcwyl4cAl1uIUGNIHBEJ7gBV4d6Tw7b877orXg5DOH8AvOxzf+o42d</latexit>

k1 + k3 � p1
<latexit sha1_base64="69BYVya8OuIFYW22LEvy38w6ckM=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBZBEEtiFT0WvXisYD8gDWGz3bRLNtmwOxFK6M/w4kERr/4ab/4bt20O2vpg4PHeDDPzglRwDbb9bZVWVtfWN8qbla3tnd296v5BR8tMUdamUkjVC4hmgiesDRwE66WKkTgQrBtEd1O/+8SU5jJ5hHHKvJgMEx5ySsBIbuQ7Z5HfOE99x6/W7Lo9A14mTkFqqEDLr371B5JmMUuACqK169gpeDlRwKlgk0o/0ywlNCJD5hqakJhpL5+dPMEnRhngUCpTCeCZ+nsiJ7HW4zgwnTGBkV70puJ/nptBeOPlPEkzYAmdLwozgUHi6f94wBWjIMaGEKq4uRXTEVGEgkmpYkJwFl9eJp2LutOoXz1c1pq3RRxldISO0Sly0DVqonvUQm1EkUTP6BW9WWC9WO/Wx7y1ZBUzh+gPrM8fuqKQPw==</latexit>

p1
<latexit sha1_base64="yrc5jfeYx3Q2BBOmKcQR2QYCB+s=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKez6QI9BLx4jmgckS5idzCZDZmeXmV4hLPkELx4U8eoXefNvnCR70MSChqKqm+6uIJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqd+64lrI2L1iOOE+xEdKBEKRtFKD0nP65UrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4bWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+8enl/Uand5HEU4QiO4RQ8uIIa3EEdGsBgAM/wCm+OdF6cd+dj3lpw8plD+APn8wcBxI2f</latexit>

⌘s = Ee23 + Ee56 + Ee58 + Ee47 � Ea1 = 0
<latexit sha1_base64="uvo4usbYpVjrCdusnfOwmFUm7Pg="></latexit>

or, if we want to be fancy… ⌘s =
X

e2�(s)\eext

Ee �
X

e2a

Ee +
X

e2eext\a

Ee

<latexit sha1_base64="LN/mQ4/5glB+A3ZpsRlSColbXYo="></latexit>

Reading the conservation of on-shell energies for particles going in/out of the set
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S-channel thresholds and Cutkosky cuts

Consider a specific subclass of connected 
cuts, those whose boundary contains

�(s) \ eext = {a1, a2}
<latexit sha1_base64="ghrCKirtM2c6O7oeYM2iVjMP1og=">AAACI3icbVDJSgNBEO1xN25Rj14ag6AgYcYFRRBELx4VjAqZMNR0arRJz0J3jRiG+Rcv/ooXD4p48eC/2IkR3B4UvH6viq56YaakIdd9c4aGR0bHxicmK1PTM7Nz1fmFc5PmWmBDpCrVlyEYVDLBBklSeJlphDhUeBF2jnr+xQ1qI9PkjLoZtmK4SmQkBZCVguqe30ZFsOrHQNdhVJhyzReQ8a83lkHhE95SYass9/0CAm8dgg2/DKo1t+72wf8Sb0BqbICToPrit1ORx5iQUGBM03MzahWgSQqFZcXPDWYgOnCFTUsTiNG0iv6NJV+xSptHqbaVEO+r3ycKiI3pxqHt7K1ufns98T+vmVO02ypkkuWEifj8KMoVp5T3AuNtqVGQ6loCQku7KxfXoEGQjbViQ/B+n/yXnG/Uvc369ulW7eBwEMcEW2LLbJV5bIcdsGN2whpMsDv2wJ7Ys3PvPDovzutn65AzmFlkP+C8fwCg5aV+</latexit>

•                  are connected 

•   

Let               such that

a1, a2
<latexit sha1_base64="tHAPWXqn/bCCBrjkj7kAem0gb5Y=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgQcJuVPQY9OIxgnlgsoTeySQZMju7zMwKYclfePGgiFf/xpt/4yTZgyYWNBRV3XR3BbHg2rjut5NbWV1b38hvFra2d3b3ivsHDR0lirI6jUSkWgFqJrhkdcONYK1YMQwDwZrB6HbqN5+Y0jySD2YcMz/EgeR9TtFY6RG73hnpEOxWusWSW3ZnIMvEy0gJMtS6xa9OL6JJyKShArVue25s/BSV4VSwSaGTaBYjHeGAtS2VGDLtp7OLJ+TEKj3Sj5QtachM/T2RYqj1OAxsZ4hmqBe9qfif105M/9pPuYwTwySdL+ongpiITN8nPa4YNWJsCVLF7a2EDlEhNTakgg3BW3x5mTQqZe+8fHl/UareZHHk4QiO4RQ8uIIq3EEN6kBBwjO8wpujnRfn3fmYt+acbOYQ/sD5/AGWsY+Q</latexit>

s ⇢ v
<latexit sha1_base64="sc401S/tAzDzhNFA+vLodJDwlN4=">AAACBXicbVDLSsNAFL2pr1pfUZe6GCyCq5L4QJdFNy4r2Ac0oUymk3bo5MHMpFBCNm78FTcuFHHrP7jzb5y0EbT1wIXDOfdy7z1ezJlUlvVllJaWV1bXyuuVjc2t7R1zd68lo0QQ2iQRj0THw5JyFtKmYorTTiwoDjxO297oJvfbYyoki8J7NYmpG+BByHxGsNJSzzx0AqyGnp/KzJGJJ6lCP8o465lVq2ZNgRaJXZAqFGj0zE+nH5EkoKEiHEvZta1YuSkWihFOs4qTSBpjMsID2tU0xAGVbjr9IkPHWukjPxK6QoWm6u+JFAdSTgJPd+YXynkvF//zuonyr9yUhXGiaEhmi/yEIxWhPBLUZ4ISxSeaYCKYvhWRIRaYKB1cRYdgz7+8SFqnNfusdnF3Xq1fF3GU4QCO4ARsuIQ63EIDmkDgAZ7gBV6NR+PZeDPeZ60lo5jZhz8wPr4Bp0iZUQ==</latexit>

s, v \ s
<latexit sha1_base64="tACudS1eHpIz5XulnstEggvEMso=">AAACFXicbVDLSgMxFM3UV62vUZdugkVwUcqMD3RZdOOygn1Ap5RMmmlDk8yQZAplmJ9w46+4caGIW8Gdf2OmHVFbDwROzrmXe+/xI0aVdpxPq7C0vLK6VlwvbWxube/Yu3tNFcYSkwYOWSjbPlKEUUEammpG2pEkiPuMtPzRdea3xkQqGoo7PYlIl6OBoAHFSBupZ1c8jvTQDxKVVqAHv3/j1FNEcypiBX8qenbZqTpTwEXi5qQMctR79ofXD3HMidCYIaU6rhPpboKkppiRtOTFikQIj9CAdAwViBPVTaZXpfDIKH0YhNI8oeFU/d2RIK7UhPumMttQzXuZ+J/XiXVw2U2oiGJNBJ4NCmIGdQiziGCfSoI1mxiCsKRmV4iHSCKsTZAlE4I7f/IiaZ5U3dPq+e1ZuXaVx1EEB+AQHAMXXIAauAF10AAY3INH8AxerAfryXq13malBSvv2Qd/YL1/Abt3n9Q=</latexit>

s = {v1, v2, v4, v5, v7, v8}
<latexit sha1_base64="GJMkJfA1Vsof6qdckXsQfj17WgI=">AAACD3icbVDLSsNAFJ3UV62vqEs3waK4kJLUlnYjFN24rGAf0IQwmU7aoZNJmJkUSsgfuPFX3LhQxK1bd/6NkzYLbb1w4HDOvdx7jxdRIqRpfmuFtfWNza3idmlnd2//QD886oow5gh3UEhD3vegwJQw3JFEUtyPOIaBR3HPm9xmfm+KuSAhe5CzCDsBHDHiEwSlklz93A6gHHt+ItJrO5m61uXUrSrUFOoKDYWmnbp62ayY8zJWiZWTMsir7epf9jBEcYCZRBQKMbDMSDoJ5JIgitOSHQscQTSBIzxQlMEACyeZ/5MaZ0oZGn7IFZg05urviQQGQswCT3Vm14tlLxP/8wax9JtOQlgUS8zQYpEfU0OGRhaOMSQcI0lnikDEibrVQGPIIZIqwpIKwVp+eZV0qxXrqlK/r5VbN3kcRXACTsEFsEADtMAdaIMOQOARPINX8KY9aS/au/axaC1o+cwx+FPa5w8YCJtp</latexit>

An example:

v1
<latexit sha1_base64="an8J2Y5XuYF5V5mk4BDmB7X5CZU=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKez6QI9BLx4jmgckS5idzCZDZmeXmd5AWPIJXjwo4tUv8ubfOEn2oNGChqKqm+6uIJHCoOt+OYWV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbmd+a8y1EbF6xEnC/YgOlAgFo2ilh3HP65UrbtWdg/wlXk4qkKPeK392+zFLI66QSWpMx3MT9DOqUTDJp6VuanhC2YgOeMdSRSNu/Gx+6pScWKVPwljbUkjm6s+JjEbGTKLAdkYUh2bZm4n/eZ0Uw2s/EypJkSu2WBSmkmBMZn+TvtCcoZxYQpkW9lbChlRThjadkg3BW375L2meVb3z6uX9RaV2k8dRhCM4hlPw4ApqcAd1aACDATzBC7w60nl23pz3RWvByWcO4Recj28K6I2l</latexit>

v2
<latexit sha1_base64="cGKt/vbjHIWvpKsQMtNpyMcA43k=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHZRo0eiF48Y5ZHAhswOvTBhdnYzM0tCCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCooeNUMayzWMSqFVCNgkusG24EthKFNAoENoPh3cxvjlBpHssnM07Qj2hf8pAzaqz0OOpWusWSW3bnIKvEy0gJMtS6xa9OL2ZphNIwQbVue25i/AlVhjOB00In1ZhQNqR9bFsqaYTan8xPnZIzq/RIGCtb0pC5+ntiQiOtx1FgOyNqBnrZm4n/ee3UhDf+hMskNSjZYlGYCmJiMvub9LhCZsTYEsoUt7cSNqCKMmPTKdgQvOWXV0mjUvYuylcPl6XqbRZHHk7gFM7Bg2uowj3UoA4M+vAMr/DmCOfFeXc+Fq05J5s5hj9wPn8ADGyNpg==</latexit>

v4
<latexit sha1_base64="OVSxQjfpp2/bZg0GMXCHX/Va0L0=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oseiF48VrC20oWy2k3bp7ibsbgql9C948aCIV/+QN/+NSZuDtj4YeLw3w8y8IBbcWNf9dgpr6xubW8Xt0s7u3v5B+fDoyUSJZthkkYh0O6AGBVfYtNwKbMcaqQwEtoLRXea3xqgNj9SjncToSzpQPOSM2kwa92qlXrniVt05yCrxclKBHI1e+avbj1giUVkmqDEdz42tP6XaciZwVuomBmPKRnSAnZQqKtH40/mtM3KWKn0SRjotZclc/T0xpdKYiQzSTknt0Cx7mfif10lseONPuYoTi4otFoWJIDYi2eOkzzUyKyYpoUzz9FbChlRTZtN4shC85ZdXydNF1busXj3UKvXbPI4inMApnIMH11CHe2hAExgM4Rle4c2Rzovz7nwsWgtOPnMMf+B8/gBEjY28</latexit>

v5
<latexit sha1_base64="0SApwvvRNVxW765IlgALU6H1g6g=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0nUoseiF48VrC20oWy2k3bp7ibsbgql9C948aCIV/+QN/+NSZuDtj4YeLw3w8y8IBbcWNf9dgpr6xubW8Xt0s7u3v5B+fDoyUSJZthkkYh0O6AGBVfYtNwKbMcaqQwEtoLRXea3xqgNj9SjncToSzpQPOSM2kwa92qlXrniVt05yCrxclKBHI1e+avbj1giUVkmqDEdz42tP6XaciZwVuomBmPKRnSAnZQqKtH40/mtM3KWKn0SRjotZclc/T0xpdKYiQzSTknt0Cx7mfif10lseONPuYoTi4otFoWJIDYi2eOkzzUyKyYpoUzz9FbChlRTZtN4shC85ZdXydNF1bus1h6uKvXbPI4inMApnIMH11CHe2hAExgM4Rle4c2Rzovz7nwsWgtOPnMMf+B8/gBGEo29</latexit>

v7
<latexit sha1_base64="wylaqTW7zjRFTGybBMKp+HK99G8=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0n8oB6LXjxWsLbQhrLZTtqlu5uwuymU0r/gxYMiXv1D3vw3Jm0O2vpg4PHeDDPzglhwY1332ymsrW9sbhW3Szu7e/sH5cOjJxMlmmGTRSLS7YAaFFxh03IrsB1rpDIQ2ApGd5nfGqM2PFKPdhKjL+lA8ZAzajNp3KuVeuWKW3XnIKvEy0kFcjR65a9uP2KJRGWZoMZ0PDe2/pRqy5nAWambGIwpG9EBdlKqqETjT+e3zshZqvRJGOm0lCVz9ffElEpjJjJIOyW1Q7PsZeJ/Xiex4Y0/5SpOLCq2WBQmgtiIZI+TPtfIrJikhDLN01sJG1JNmU3jyULwll9eJU8XVe+yev1wVanf5nEU4QRO4Rw8qEEd7qEBTWAwhGd4hTdHOi/Ou/OxaC04+cwx/IHz+QNJHI2/</latexit>

v8
<latexit sha1_base64="E4UQ7uXyEiGEUNs4pmzaLH9l0aE=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0n8wB6LXjxWsLbQhrLZTtqlu5uwuymU0r/gxYMiXv1D3vw3Jm0O2vpg4PHeDDPzglhwY1332ymsrW9sbhW3Szu7e/sH5cOjJxMlmmGTRSLS7YAaFFxh03IrsB1rpDIQ2ApGd5nfGqM2PFKPdhKjL+lA8ZAzajNp3KuVeuWKW3XnIKvEy0kFcjR65a9uP2KJRGWZoMZ0PDe2/pRqy5nAWambGIwpG9EBdlKqqETjT+e3zshZqvRJGOm0lCVz9ffElEpjJjJIOyW1Q7PsZeJ/XiexYc2fchUnFhVbLAoTQWxEssdJn2tkVkxSQpnm6a2EDammzKbxZCF4yy+vkqeLqndZvX64qtRv8ziKcAKncA4e3EAd7qEBTWAwhGd4hTdHOi/Ou/OxaC04+cwx/IHz+QNKoY3A</latexit>

v3
<latexit sha1_base64="yonKKrDNu+l9AtthnuQ3pwWmK0w=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgKez6QI9BLx4jmAckS5idzCZDZmaXmd5ACPkFLx4U8eoPefNv3E32oIkFDUVVN91dQSyFRdf9dgpr6xubW8Xt0s7u3v5B+fCoaaPEMN5gkYxMO6CWS6F5AwVK3o4NpyqQvBWM7jO/NebGikg/4STmvqIDLULBKGbSuHdZ6pUrbtWdg6wSLycVyFHvlb+6/Yglimtkklrb8dwY/Sk1KJjks1I3sTymbEQHvJNSTRW3/nR+64ycpUqfhJFJSyOZq78nplRZO1FB2qkoDu2yl4n/eZ0Ew1t/KnScINdssShMJMGIZI+TvjCcoZykhDIj0lsJG1JDGabxZCF4yy+vkuZF1busXj9eVWp3eRxFOIFTOAcPbqAGD1CHBjAYwjO8wpujnBfn3flYtBacfOYY/sD5/AFDCI27</latexit>

v6
<latexit sha1_base64="obC0aGIfyQGAll+YW6qWf+NVquk=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgKez6Pga9eIxgHpAsYXbSmwyZmV1mZgMh5Be8eFDEqz/kzb9xN9mDRgsaiqpuuruCWHBjXffLKaysrq1vFDdLW9s7u3vl/YOmiRLNsMEiEel2QA0KrrBhuRXYjjVSGQhsBaO7zG+NURseqUc7idGXdKB4yBm1mTTuXZV65Ypbdecgf4mXkwrkqPfKn91+xBKJyjJBjel4bmz9KdWWM4GzUjcxGFM2ogPspFRRicafzm+dkZNU6ZMw0mkpS+bqz4kplcZMZJB2SmqHZtnLxP+8TmLDG3/KVZxYVGyxKEwEsRHJHid9rpFZMUkJZZqntxI2pJoym8aTheAtv/yXNM+q3nn18uGiUrvN4yjCERzDKXhwDTW4hzo0gMEQnuAFXh3pPDtvzvuiteDkM4fwC87HN0eXjb4=</latexit>

v9
<latexit sha1_base64="04LtrrI+w9bVt1SdtvGfRzY6wZQ=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgKez6QL0FvXiMYB6QLGF20psMmZldZmYDIeQXvHhQxKs/5M2/cTfZg0YLGoqqbrq7glhwY133yymsrK6tbxQ3S1vbO7t75f2DpokSzbDBIhHpdkANCq6wYbkV2I41UhkIbAWju8xvjVEbHqlHO4nRl3SgeMgZtZk07t2UeuWKW3XnIH+Jl5MK5Kj3yp/dfsQSicoyQY3peG5s/SnVljOBs1I3MRhTNqID7KRUUYnGn85vnZGTVOmTMNJpKUvm6s+JKZXGTGSQdkpqh2bZy8T/vE5iw2t/ylWcWFRssShMBLERyR4nfa6RWTFJCWWap7cSNqSaMpvGk4XgLb/8lzTPqt559fLholK7zeMowhEcwyl4cAU1uIc6NIDBEJ7gBV4d6Tw7b877orXg5DOH8AvOxzdMJo3B</latexit>

a1
<latexit sha1_base64="hoNwJwnPDFf0g2vbd5+WkM185fw=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKez6QI9BLx4jmgckS5idzCZDZmeXmV4hLPkELx4U8eoXefNvnCR70MSChqKqm+6uIJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqd+64lrI2L1iOOE+xEdKBEKRtFKD7Tn9coVt+rOQJaJl5MK5Kj3yl/dfszSiCtkkhrT8dwE/YxqFEzySambGp5QNqID3rFU0YgbP5udOiEnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8NrPhEpS5IrNF4WpJBiT6d+kLzRnKMeWUKaFvZWwIdWUoU2nZEPwFl9eJs2zqndevby/qNRu8jiKcATHcAoeXEEN7qAODWAwgGd4hTdHOi/Ou/Mxby04+cwh/IHz+QPq242Q</latexit>

a2
<latexit sha1_base64="kcAG2Ed8tCVeRnqL5CBUKoHrChY=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KklV9Fj04rGi/YA2lM120i7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LRjBP0IzqQPOSMGis90F61Vyq7FXcGsky8nJQhR71X+ur2Y5ZGKA0TVOuO5ybGz6gynAmcFLupxoSyER1gx1JJI9R+Njt1Qk6t0idhrGxJQ2bq74mMRlqPo8B2RtQM9aI3Ff/zOqkJr/2MyyQ1KNl8UZgKYmIy/Zv0uUJmxNgSyhS3txI2pIoyY9Mp2hC8xZeXSbNa8c4rl/cX5dpNHkcBjuEEzsCDK6jBHdShAQwG8Ayv8OYI58V5dz7mrStOPnMEf+B8/gDsX42R</latexit>

cs = �(s) \ eext = {e23, e56, e89}
<latexit sha1_base64="7lFn9KfcxhZR8ycDeo3plkLYZhc="></latexit>

The Cutkosky cut can be denoted by a line crossing the internal edges in �(s)
<latexit sha1_base64="7OmrwOhWHrENvq2agd0+RhFvkmY=">AAAB+3icbVDLSsNAFL3xWesr1qWbYBHqpiQ+0GXRjcsK9gFNKJPJpB06mYSZiVhCfsWNC0Xc+iPu/BsnbRbaemDgcM693DPHTxiVyra/jZXVtfWNzcpWdXtnd2/fPKh1ZZwKTDo4ZrHo+0gSRjnpKKoY6SeCoMhnpOdPbgu/90iEpDF/UNOEeBEacRpSjJSWhmbNDQhTqOFGSI39MJP56dCs2017BmuZOCWpQ4n20PxygxinEeEKMyTlwLET5WVIKIoZyatuKkmC8ASNyEBTjiIivWyWPbdOtBJYYSz048qaqb83MhRJOY18PVlElIteIf7nDVIVXnsZ5UmqCMfzQ2HKLBVbRRFWQAXBik01QVhQndXCYyQQVrquqi7BWfzyMumeNZ3z5uX9Rb11U9ZRgSM4hgY4cAUtuIM2dADDEzzDK7wZufFivBsf89EVo9w5hD8wPn8A3iSUVg==</latexit>
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We have just constructed an interference diagram from a “bigger” graph
rather than as a product of amplitudes
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LSZ, Cutkosky cuts, and how to construct an interference diagram

In a way, we already knew this description of thresholds…

• Interference diagrams are obtained by contour deforming certain thresholds.  
• In LSZ, interference diagrams are obtained by glueing connected amplitudes.

In order to formulate and connect these two principles 
rigorously, we need the LTD representation!

• Consider this graph, called the supergraph  

• Construct interference diagrams from it, by summing 
over the thresholds of its LTD representation



Zeno Capatti, ETH Zürich Seminar at Lund University

Local Unitarity: a representation of differential cross-sections that is locally free of IR singularities at any order

 29

A (rough) recipe to construct cross sections

1. Its thresholds correspond to connected cuts

2. Associate a Cutkosky cut to any s-channel threshold

s1
<latexit sha1_base64="G0O+My/SaHiIigmrQfvGeXRMZas=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQ+0GXRjcsK1haaUibTm3boZBJmJkIJ/Q03LhRx68+482+ctFlo64GBwzn3cs+cIBFcG9f9dkorq2vrG+XNytb2zu5edf/gUcepYthisYhVJ6AaBZfYMtwI7CQKaRQIbAfj29xvP6HSPJYPZpJgL6JDyUPOqLGS70fUjIIw09O+16/W3Lo7A1kmXkFqUKDZr375g5ilEUrDBNW667mJ6WVUGc4ETit+qjGhbEyH2LVU0gh1L5tlnpITqwxIGCv7pCEz9fdGRiOtJ1FgJ/OMetHLxf+8bmrC617GZZIalGx+KEwFMTHJCyADrpAZMbGEMsVtVsJGVFFmbE0VW4K3+OVl8nhW987rl/cXtcZNUUcZjuAYTsGDK2jAHTShBQwSeIZXeHNS58V5dz7moyWn2DmEP3A+fwAlAZHC</latexit>

s2
<latexit sha1_base64="qWW94QtnYcDFpbhYjuWwtVTrsXE=">AAAB83icbVDLSgMxFL2pr1pfVZdugkVwVWaqosuiG5cV7AM6Q8mkmTY0kxmSjFCG/oYbF4q49Wfc+Tdm2llo64HA4Zx7uScnSATXxnG+UWltfWNzq7xd2dnd2z+oHh51dJwqyto0FrHqBUQzwSVrG24E6yWKkSgQrBtM7nK/+8SU5rF8NNOE+REZSR5ySoyVPC8iZhyEmZ4NGoNqzak7c+BV4hakBgVag+qXN4xpGjFpqCBa910nMX5GlOFUsFnFSzVLCJ2QEetbKknEtJ/NM8/wmVWGOIyVfdLgufp7IyOR1tMosJN5Rr3s5eJ/Xj814Y2fcZmkhkm6OBSmApsY5wXgIVeMGjG1hFDFbVZMx0QRamxNFVuCu/zlVdJp1N2L+tXDZa15W9RRhhM4hXNw4RqacA8taAOFBJ7hFd5Qil7QO/pYjJZQsXMMf4A+fwAmhZHD</latexit>

s3
<latexit sha1_base64="/4/tT9cS6ovaPEG4+UcGauA04cw=">AAAB83icbVDLSgMxFL2pr1pfVZdugkVwVWasosuiG5cV7AM6Q8mkmTY0kxmSjFCG/oYbF4q49Wfc+Tdm2llo64HA4Zx7uScnSATXxnG+UWltfWNzq7xd2dnd2z+oHh51dJwqyto0FrHqBUQzwSVrG24E6yWKkSgQrBtM7nK/+8SU5rF8NNOE+REZSR5ySoyVPC8iZhyEmZ4NGoNqzak7c+BV4hakBgVag+qXN4xpGjFpqCBa910nMX5GlOFUsFnFSzVLCJ2QEetbKknEtJ/NM8/wmVWGOIyVfdLgufp7IyOR1tMosJN5Rr3s5eJ/Xj814Y2fcZmkhkm6OBSmApsY5wXgIVeMGjG1hFDFbVZMx0QRamxNFVuCu/zlVdK5qLuN+tXDZa15W9RRhhM4hXNw4RqacA8taAOFBJ7hFd5Qil7QO/pYjJZQsXMMf4A+fwAoCZHE</latexit>

s4
<latexit sha1_base64="mqrnHJ0sxg69yzhib2Ja9Ts28HA=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsxoRZdFNy4r2Ad0hpJJM21okhmSjFCG/oYbF4q49Wfc+Tdm2llo64HA4Zx7uScnTDjTxnW/ndLa+sbmVnm7srO7t39QPTzq6DhVhLZJzGPVC7GmnEnaNsxw2ksUxSLktBtO7nK/+0SVZrF8NNOEBgKPJIsYwcZKvi+wGYdRpmeDxqBac+vuHGiVeAWpQYHWoPrlD2OSCioN4VjrvucmJsiwMoxwOqv4qaYJJhM8on1LJRZUB9k88wydWWWIoljZJw2aq783Miy0norQTuYZ9bKXi/95/dREN0HGZJIaKsniUJRyZGKUF4CGTFFi+NQSTBSzWREZY4WJsTVVbAne8pdXSeei7l3Wrx4ateZtUUcZTuAUzsGDa2jCPbSgDQQSeIZXeHNS58V5dz4WoyWn2DmGP3A+fwApjZHF</latexit>

s5
<latexit sha1_base64="MRuKEpyXUH7FQxS7jiqby9RPsGQ=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsyoRZdFNy4r2Ad0hpJJM21okhmSjFCG/oYbF4q49Wfc+Tdm2llo64HA4Zx7uScnTDjTxnW/ndLa+sbmVnm7srO7t39QPTzq6DhVhLZJzGPVC7GmnEnaNsxw2ksUxSLktBtO7nK/+0SVZrF8NNOEBgKPJIsYwcZKvi+wGYdRpmeDxqBac+vuHGiVeAWpQYHWoPrlD2OSCioN4VjrvucmJsiwMoxwOqv4qaYJJhM8on1LJRZUB9k88wydWWWIoljZJw2aq783Miy0norQTuYZ9bKXi/95/dREN0HGZJIaKsniUJRyZGKUF4CGTFFi+NQSTBSzWREZY4WJsTVVbAne8pdXSeei7l3WGw9XteZtUUcZTuAUzsGDa2jCPbSgDQQSeIZXeHNS58V5dz4WoyWn2DmGP3A+fwArEZHG</latexit>

s6
<latexit sha1_base64="So7NdO6rIXsaQBOp8uHOgX0iWi4=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsz4XhbduKxgH9AZSibNtKGZZEgyQhn6G25cKOLWn3Hn35hpZ6GtBwKHc+7lnpww4Uwb1/12Siura+sb5c3K1vbO7l51/6CtZaoIbRHJpeqGWFPOBG0ZZjjtJoriOOS0E47vcr/zRJVmUjyaSUKDGA8FixjBxkq+H2MzCqNMT/tX/WrNrbszoGXiFaQGBZr96pc/kCSNqTCEY617npuYIMPKMMLptOKnmiaYjPGQ9iwVOKY6yGaZp+jEKgMUSWWfMGim/t7IcKz1JA7tZJ5RL3q5+J/XS010E2RMJKmhgswPRSlHRqK8ADRgihLDJ5ZgopjNisgIK0yMraliS/AWv7xM2md177x++XBRa9wWdZThCI7hFDy4hgbcQxNaQCCBZ3iFNyd1Xpx352M+WnKKnUP4A+fzByyVkcc=</latexit>

s7
<latexit sha1_base64="oWa4vIKUAfwTrjbhUWjjHM5JW5I=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsz4oC6LblxWsA/oDCWTZtrQJDMkGaEM/Q03LhRx68+482/MtLPQ1gOBwzn3ck9OmHCmjet+O6W19Y3NrfJ2ZWd3b/+genjU0XGqCG2TmMeqF2JNOZO0bZjhtJcoikXIaTec3OV+94kqzWL5aKYJDQQeSRYxgo2VfF9gMw6jTM8GjUG15tbdOdAq8QpSgwKtQfXLH8YkFVQawrHWfc9NTJBhZRjhdFbxU00TTCZ4RPuWSiyoDrJ55hk6s8oQRbGyTxo0V39vZFhoPRWhncwz6mUvF//z+qmJboKMySQ1VJLFoSjlyMQoLwANmaLE8KklmChmsyIyxgoTY2uq2BK85S+vks5F3busXz9c1Zq3RR1lOIFTOAcPGtCEe2hBGwgk8Ayv8Oakzovz7nwsRktOsXMMf+B8/gAuGZHI</latexit>

s8
<latexit sha1_base64="cPthossGpEHHIn0TkRvuicibEbU=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsz4wC6LblxWsA/oDCWTZtrQJDMkGaEM/Q03LhRx68+482/MtLPQ1gOBwzn3ck9OmHCmjet+O6W19Y3NrfJ2ZWd3b/+genjU0XGqCG2TmMeqF2JNOZO0bZjhtJcoikXIaTec3OV+94kqzWL5aKYJDQQeSRYxgo2VfF9gMw6jTM8GjUG15tbdOdAq8QpSgwKtQfXLH8YkFVQawrHWfc9NTJBhZRjhdFbxU00TTCZ4RPuWSiyoDrJ55hk6s8oQRbGyTxo0V39vZFhoPRWhncwz6mUvF//z+qmJGkHGZJIaKsniUJRyZGKUF4CGTFFi+NQSTBSzWREZY4WJsTVVbAne8pdXSeei7l3Wrx+uas3boo4ynMApnIMHN9CEe2hBGwgk8Ayv8Oakzovz7nwsRktOsXMMf+B8/gAvnZHJ</latexit>

Cutkosky cut

(but there are some subtleties as we will see)

3. Keep a consistent loop momentum routing between all interference diagrams

Observable

Consider the LTD representation of 

LTD representation ofs1
<latexit sha1_base64="G0O+My/SaHiIigmrQfvGeXRMZas=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQ+0GXRjcsK1haaUibTm3boZBJmJkIJ/Q03LhRx68+482+ctFlo64GBwzn3cs+cIBFcG9f9dkorq2vrG+XNytb2zu5edf/gUcepYthisYhVJ6AaBZfYMtwI7CQKaRQIbAfj29xvP6HSPJYPZpJgL6JDyUPOqLGS70fUjIIw09O+16/W3Lo7A1kmXkFqUKDZr375g5ilEUrDBNW667mJ6WVUGc4ETit+qjGhbEyH2LVU0gh1L5tlnpITqwxIGCv7pCEz9fdGRiOtJ1FgJ/OMetHLxf+8bmrC617GZZIalGx+KEwFMTHJCyADrpAZMbGEMsVtVsJGVFFmbE0VW4K3+OVl8nhW987rl/cXtcZNUUcZjuAYTsGDK2jAHTShBQwSeIZXeHNS58V5dz7moyWn2DmEP3A+fwAlAZHC</latexit>

=

Z  LY

i=1

d3~k

(2⇡)3

!
fltd
� �

⌘s1�(⌘s1) Os1

<latexit sha1_base64="MYLp1zvmT6HuJO94vYU0QstSceY="></latexit>
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Sum all these interference diagrams together to obtain the cross-section 
per super graph

�
⇣ ⌘

=
<latexit sha1_base64="atlEAyGZsXFYFGnpj/u6t1SbEpE=">AAACBXicbVDLSgMxFM34rPU16lIXwSLUTZnxgW6EUjcuK9gHdIaSSTPT0CQzJBmhDN248VfcuFDErf/gzr8xbQfU1hMCJ+fcy809QcKo0o7zZS0sLi2vrBbWiusbm1vb9s5uU8WpxKSBYxbLdoAUYVSQhqaakXYiCeIBI61gcD32W/dEKhqLOz1MiM9RJGhIMdJG6toHnqIRR16NRmXo/RzzPr7q2iWn4kwA54mbkxLIUe/an14vxiknQmOGlOq4TqL9DElNMSOjopcqkiA8QBHpGCoQJ8rPJluM4JFRejCMpblCw4n6uyNDXKkhD0wlR7qvZr2x+J/XSXV46WdUJKkmAk8HhSmDOobjSGCPSoI1GxqCsKTmrxD3kURYm+CKJgR3duV50jypuKeV89uzUrWWx1EA++AQlIELLkAV3IA6aAAMHsATeAGv1qP1bL1Z79PSBSvv2QN/YH18A8SVli0=</latexit>

s1
<latexit sha1_base64="G0O+My/SaHiIigmrQfvGeXRMZas=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQ+0GXRjcsK1haaUibTm3boZBJmJkIJ/Q03LhRx68+482+ctFlo64GBwzn3cs+cIBFcG9f9dkorq2vrG+XNytb2zu5edf/gUcepYthisYhVJ6AaBZfYMtwI7CQKaRQIbAfj29xvP6HSPJYPZpJgL6JDyUPOqLGS70fUjIIw09O+16/W3Lo7A1kmXkFqUKDZr375g5ilEUrDBNW667mJ6WVUGc4ETit+qjGhbEyH2LVU0gh1L5tlnpITqwxIGCv7pCEz9fdGRiOtJ1FgJ/OMetHLxf+8bmrC617GZZIalGx+KEwFMTHJCyADrpAZMbGEMsVtVsJGVFFmbE0VW4K3+OVl8nhW987rl/cXtcZNUUcZjuAYTsGDK2jAHTShBQwSeIZXeHNS58V5dz7moyWn2DmEP3A+fwAlAZHC</latexit>

+
<latexit sha1_base64="KS5ysgoQB8Ddx7Q6sRqdBPA5RHA=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGHXB3oMevGYgHlAEsLspDcZMzu7zMwKYckXePGgiFc/yZt/4yTZgyYWNBRV3XR3+bHg2rjut5NbWV1b38hvFra2d3b3ivsHDR0limGdRSJSLZ9qFFxi3XAjsBUrpKEvsOmP7qZ+8wmV5pF8MOMYuyEdSB5wRo2Vame9YsktuzOQZeJlpAQZqr3iV6cfsSREaZigWrc9NzbdlCrDmcBJoZNojCkb0QG2LZU0RN1NZ4dOyIlV+iSIlC1pyEz9PZHSUOtx6NvOkJqhXvSm4n9eOzHBTTflMk4MSjZfFCSCmIhMvyZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv8eVl0jgvexflq9plqXKbxZGHIziGU/DgGipwD1WoAwOEZ3iFN+fReXHenY95a87JZg7hD5zPH3PJjLY=</latexit>

s2
<latexit sha1_base64="qWW94QtnYcDFpbhYjuWwtVTrsXE=">AAAB83icbVDLSgMxFL2pr1pfVZdugkVwVWaqosuiG5cV7AM6Q8mkmTY0kxmSjFCG/oYbF4q49Wfc+Tdm2llo64HA4Zx7uScnSATXxnG+UWltfWNzq7xd2dnd2z+oHh51dJwqyto0FrHqBUQzwSVrG24E6yWKkSgQrBtM7nK/+8SU5rF8NNOE+REZSR5ySoyVPC8iZhyEmZ4NGoNqzak7c+BV4hakBgVag+qXN4xpGjFpqCBa910nMX5GlOFUsFnFSzVLCJ2QEetbKknEtJ/NM8/wmVWGOIyVfdLgufp7IyOR1tMosJN5Rr3s5eJ/Xj814Y2fcZmkhkm6OBSmApsY5wXgIVeMGjG1hFDFbVZMx0QRamxNFVuCu/zlVdJp1N2L+tXDZa15W9RRhhM4hXNw4RqacA8taAOFBJ7hFd5Qil7QO/pYjJZQsXMMf4A+fwAmhZHD</latexit>

s3
<latexit sha1_base64="/4/tT9cS6ovaPEG4+UcGauA04cw=">AAAB83icbVDLSgMxFL2pr1pfVZdugkVwVWasosuiG5cV7AM6Q8mkmTY0kxmSjFCG/oYbF4q49Wfc+Tdm2llo64HA4Zx7uScnSATXxnG+UWltfWNzq7xd2dnd2z+oHh51dJwqyto0FrHqBUQzwSVrG24E6yWKkSgQrBtM7nK/+8SU5rF8NNOE+REZSR5ySoyVPC8iZhyEmZ4NGoNqzak7c+BV4hakBgVag+qXN4xpGjFpqCBa910nMX5GlOFUsFnFSzVLCJ2QEetbKknEtJ/NM8/wmVWGOIyVfdLgufp7IyOR1tMosJN5Rr3s5eJ/Xj814Y2fcZmkhkm6OBSmApsY5wXgIVeMGjG1hFDFbVZMx0QRamxNFVuCu/zlVdK5qLuN+tXDZa15W9RRhhM4hXNw4RqacA8taAOFBJ7hFd5Qil7QO/pYjJZQsXMMf4A+fwAoCZHE</latexit>

s4
<latexit sha1_base64="mqrnHJ0sxg69yzhib2Ja9Ts28HA=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsxoRZdFNy4r2Ad0hpJJM21okhmSjFCG/oYbF4q49Wfc+Tdm2llo64HA4Zx7uScnTDjTxnW/ndLa+sbmVnm7srO7t39QPTzq6DhVhLZJzGPVC7GmnEnaNsxw2ksUxSLktBtO7nK/+0SVZrF8NNOEBgKPJIsYwcZKvi+wGYdRpmeDxqBac+vuHGiVeAWpQYHWoPrlD2OSCioN4VjrvucmJsiwMoxwOqv4qaYJJhM8on1LJRZUB9k88wydWWWIoljZJw2aq783Miy0norQTuYZ9bKXi/95/dREN0HGZJIaKsniUJRyZGKUF4CGTFFi+NQSTBSzWREZY4WJsTVVbAne8pdXSeei7l3Wrx4ateZtUUcZTuAUzsGDa2jCPbSgDQQSeIZXeHNS58V5dz4WoyWn2DmGP3A+fwApjZHF</latexit>

+
<latexit sha1_base64="KS5ysgoQB8Ddx7Q6sRqdBPA5RHA=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGHXB3oMevGYgHlAEsLspDcZMzu7zMwKYckXePGgiFc/yZt/4yTZgyYWNBRV3XR3+bHg2rjut5NbWV1b38hvFra2d3b3ivsHDR0limGdRSJSLZ9qFFxi3XAjsBUrpKEvsOmP7qZ+8wmV5pF8MOMYuyEdSB5wRo2Vame9YsktuzOQZeJlpAQZqr3iV6cfsSREaZigWrc9NzbdlCrDmcBJoZNojCkb0QG2LZU0RN1NZ4dOyIlV+iSIlC1pyEz9PZHSUOtx6NvOkJqhXvSm4n9eOzHBTTflMk4MSjZfFCSCmIhMvyZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv8eVl0jgvexflq9plqXKbxZGHIziGU/DgGipwD1WoAwOEZ3iFN+fReXHenY95a87JZg7hD5zPH3PJjLY=</latexit>

+
<latexit sha1_base64="KS5ysgoQB8Ddx7Q6sRqdBPA5RHA=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGHXB3oMevGYgHlAEsLspDcZMzu7zMwKYckXePGgiFc/yZt/4yTZgyYWNBRV3XR3+bHg2rjut5NbWV1b38hvFra2d3b3ivsHDR0limGdRSJSLZ9qFFxi3XAjsBUrpKEvsOmP7qZ+8wmV5pF8MOMYuyEdSB5wRo2Vame9YsktuzOQZeJlpAQZqr3iV6cfsSREaZigWrc9NzbdlCrDmcBJoZNojCkb0QG2LZU0RN1NZ4dOyIlV+iSIlC1pyEz9PZHSUOtx6NvOkJqhXvSm4n9eOzHBTTflMk4MSjZfFCSCmIhMvyZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv8eVl0jgvexflq9plqXKbxZGHIziGU/DgGipwD1WoAwOEZ3iFN+fReXHenY95a87JZg7hD5zPH3PJjLY=</latexit>

+
<latexit sha1_base64="KS5ysgoQB8Ddx7Q6sRqdBPA5RHA=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGHXB3oMevGYgHlAEsLspDcZMzu7zMwKYckXePGgiFc/yZt/4yTZgyYWNBRV3XR3+bHg2rjut5NbWV1b38hvFra2d3b3ivsHDR0limGdRSJSLZ9qFFxi3XAjsBUrpKEvsOmP7qZ+8wmV5pF8MOMYuyEdSB5wRo2Vame9YsktuzOQZeJlpAQZqr3iV6cfsSREaZigWrc9NzbdlCrDmcBJoZNojCkb0QG2LZU0RN1NZ4dOyIlV+iSIlC1pyEz9PZHSUOtx6NvOkJqhXvSm4n9eOzHBTTflMk4MSjZfFCSCmIhMvyZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv8eVl0jgvexflq9plqXKbxZGHIziGU/DgGipwD1WoAwOEZ3iFN+fReXHenY95a87JZg7hD5zPH3PJjLY=</latexit>

s5
<latexit sha1_base64="MRuKEpyXUH7FQxS7jiqby9RPsGQ=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsyoRZdFNy4r2Ad0hpJJM21okhmSjFCG/oYbF4q49Wfc+Tdm2llo64HA4Zx7uScnTDjTxnW/ndLa+sbmVnm7srO7t39QPTzq6DhVhLZJzGPVC7GmnEnaNsxw2ksUxSLktBtO7nK/+0SVZrF8NNOEBgKPJIsYwcZKvi+wGYdRpmeDxqBac+vuHGiVeAWpQYHWoPrlD2OSCioN4VjrvucmJsiwMoxwOqv4qaYJJhM8on1LJRZUB9k88wydWWWIoljZJw2aq783Miy0norQTuYZ9bKXi/95/dREN0HGZJIaKsniUJRyZGKUF4CGTFFi+NQSTBSzWREZY4WJsTVVbAne8pdXSeei7l3WGw9XteZtUUcZTuAUzsGDa2jCPbSgDQQSeIZXeHNS58V5dz4WoyWn2DmGP3A+fwArEZHG</latexit>

s6
<latexit sha1_base64="So7NdO6rIXsaQBOp8uHOgX0iWi4=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsz4XhbduKxgH9AZSibNtKGZZEgyQhn6G25cKOLWn3Hn35hpZ6GtBwKHc+7lnpww4Uwb1/12Siura+sb5c3K1vbO7l51/6CtZaoIbRHJpeqGWFPOBG0ZZjjtJoriOOS0E47vcr/zRJVmUjyaSUKDGA8FixjBxkq+H2MzCqNMT/tX/WrNrbszoGXiFaQGBZr96pc/kCSNqTCEY617npuYIMPKMMLptOKnmiaYjPGQ9iwVOKY6yGaZp+jEKgMUSWWfMGim/t7IcKz1JA7tZJ5RL3q5+J/XS010E2RMJKmhgswPRSlHRqK8ADRgihLDJ5ZgopjNisgIK0yMraliS/AWv7xM2md177x++XBRa9wWdZThCI7hFDy4hgbcQxNaQCCBZ3iFNyd1Xpx352M+WnKKnUP4A+fzByyVkcc=</latexit>

s7
<latexit sha1_base64="oWa4vIKUAfwTrjbhUWjjHM5JW5I=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsz4oC6LblxWsA/oDCWTZtrQJDMkGaEM/Q03LhRx68+482/MtLPQ1gOBwzn3ck9OmHCmjet+O6W19Y3NrfJ2ZWd3b/+genjU0XGqCG2TmMeqF2JNOZO0bZjhtJcoikXIaTec3OV+94kqzWL5aKYJDQQeSRYxgo2VfF9gMw6jTM8GjUG15tbdOdAq8QpSgwKtQfXLH8YkFVQawrHWfc9NTJBhZRjhdFbxU00TTCZ4RPuWSiyoDrJ55hk6s8oQRbGyTxo0V39vZFhoPRWhncwz6mUvF//z+qmJboKMySQ1VJLFoSjlyMQoLwANmaLE8KklmChmsyIyxgoTY2uq2BK85S+vks5F3busXz9c1Zq3RR1lOIFTOAcPGtCEe2hBGwgk8Ayv8Oakzovz7nwsRktOsXMMf+B8/gAuGZHI</latexit>

s8
<latexit sha1_base64="cPthossGpEHHIn0TkRvuicibEbU=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsz4wC6LblxWsA/oDCWTZtrQJDMkGaEM/Q03LhRx68+482/MtLPQ1gOBwzn3ck9OmHCmjet+O6W19Y3NrfJ2ZWd3b/+genjU0XGqCG2TmMeqF2JNOZO0bZjhtJcoikXIaTec3OV+94kqzWL5aKYJDQQeSRYxgo2VfF9gMw6jTM8GjUG15tbdOdAq8QpSgwKtQfXLH8YkFVQawrHWfc9NTJBhZRjhdFbxU00TTCZ4RPuWSiyoDrJ55hk6s8oQRbGyTxo0V39vZFhoPRWhncwz6mUvF//z+qmJGkHGZJIaKsniUJRyZGKUF4CGTFFi+NQSTBSzWREZY4WJsTVVbAne8pdXSeei7l3Wrx+uas3boo4ynMApnIMHN9CEe2hBGwgk8Ayv8Oakzovz7nwsRktOsXMMf+B8/gAvnZHJ</latexit>

+
<latexit sha1_base64="KS5ysgoQB8Ddx7Q6sRqdBPA5RHA=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGHXB3oMevGYgHlAEsLspDcZMzu7zMwKYckXePGgiFc/yZt/4yTZgyYWNBRV3XR3+bHg2rjut5NbWV1b38hvFra2d3b3ivsHDR0limGdRSJSLZ9qFFxi3XAjsBUrpKEvsOmP7qZ+8wmV5pF8MOMYuyEdSB5wRo2Vame9YsktuzOQZeJlpAQZqr3iV6cfsSREaZigWrc9NzbdlCrDmcBJoZNojCkb0QG2LZU0RN1NZ4dOyIlV+iSIlC1pyEz9PZHSUOtx6NvOkJqhXvSm4n9eOzHBTTflMk4MSjZfFCSCmIhMvyZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv8eVl0jgvexflq9plqXKbxZGHIziGU/DgGipwD1WoAwOEZ3iFN+fReXHenY95a87JZg7hD5zPH3PJjLY=</latexit>

+
<latexit sha1_base64="KS5ysgoQB8Ddx7Q6sRqdBPA5RHA=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGHXB3oMevGYgHlAEsLspDcZMzu7zMwKYckXePGgiFc/yZt/4yTZgyYWNBRV3XR3+bHg2rjut5NbWV1b38hvFra2d3b3ivsHDR0limGdRSJSLZ9qFFxi3XAjsBUrpKEvsOmP7qZ+8wmV5pF8MOMYuyEdSB5wRo2Vame9YsktuzOQZeJlpAQZqr3iV6cfsSREaZigWrc9NzbdlCrDmcBJoZNojCkb0QG2LZU0RN1NZ4dOyIlV+iSIlC1pyEz9PZHSUOtx6NvOkJqhXvSm4n9eOzHBTTflMk4MSjZfFCSCmIhMvyZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv8eVl0jgvexflq9plqXKbxZGHIziGU/DgGipwD1WoAwOEZ3iFN+fReXHenY95a87JZg7hD5zPH3PJjLY=</latexit>

+
<latexit sha1_base64="KS5ysgoQB8Ddx7Q6sRqdBPA5RHA=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGHXB3oMevGYgHlAEsLspDcZMzu7zMwKYckXePGgiFc/yZt/4yTZgyYWNBRV3XR3+bHg2rjut5NbWV1b38hvFra2d3b3ivsHDR0limGdRSJSLZ9qFFxi3XAjsBUrpKEvsOmP7qZ+8wmV5pF8MOMYuyEdSB5wRo2Vame9YsktuzOQZeJlpAQZqr3iV6cfsSREaZigWrc9NzbdlCrDmcBJoZNojCkb0QG2LZU0RN1NZ4dOyIlV+iSIlC1pyEz9PZHSUOtx6NvOkJqhXvSm4n9eOzHBTTflMk4MSjZfFCSCmIhMvyZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv8eVl0jgvexflq9plqXKbxZGHIziGU/DgGipwD1WoAwOEZ3iFN+fReXHenY95a87JZg7hD5zPH3PJjLY=</latexit>

We will now show that this sum is free of IR singularities 
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Cancellation of thresholds

The formula shown before can be manipulated to obtain

e12
<latexit sha1_base64="jJleb4ziEW1lz31/0QBoO3uf+z8=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSJ4KklV9Fj04rGC/YA2lM120q7dbMLuRiih/8GLB0W8+n+8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LBjBP0IzqQPOSMGis1sZd51UmvVHYr7gxkmXg5KUOOeq/01e3HLI1QGiao1h3PTYyfUWU4EzgpdlONCWUjOsCOpZJGqP1sdu2EnFqlT8JY2ZKGzNTfExmNtB5Hge2MqBnqRW8q/ud1UhNe+xmXSWpQsvmiMBXExGT6OulzhcyIsSWUKW5vJWxIFWXGBlS0IXiLLy+TZrXinVcu7y/KtZs8jgIcwwmcgQdXUIM7qEMDGDzCM7zCmxM7L8678zFvXXHymSP4A+fzByfXjtw=</latexit>

e45
<latexit sha1_base64="LTt7nolAe9dDEYXV9q6417k5zMM=">AAAB7XicbVDLTgJBEOzFF+IL9ehlIjHxRHYVokeiF4+YyCOBDZkdGhiZ3dnMzJqQDf/gxYPGePV/vPk3DrAHBSvppFLVne6uIBZcG9f9dnJr6xubW/ntws7u3v5B8fCoqWWiGDaYFFK1A6pR8AgbhhuB7VghDQOBrWB8O/NbT6g0l9GDmcToh3QY8QFn1Fipib20Up32iiW37M5BVomXkRJkqPeKX92+ZEmIkWGCat3x3Nj4KVWGM4HTQjfRGFM2pkPsWBrRELWfzq+dkjOr9MlAKluRIXP190RKQ60nYWA7Q2pGetmbif95ncQMrv2UR3FiMGKLRYNEECPJ7HXS5wqZERNLKFPc3krYiCrKjA2oYEPwll9eJc2LsndZrt5XSrWbLI48nMApnIMHV1CDO6hDAxg8wjO8wpsjnRfn3flYtOacbOYY/sD5/AEw+I7i</latexit>

e78
<latexit sha1_base64="A1t7sZmHXqF6cR09wA5PbsHOdM8=">AAAB7XicbVDLTgJBEOzFF+IL9ehlIjHxRHZ9BI5ELx4xkUcCGzI7NDAyO7uZmTUhG/7BiweN8er/ePNvHGAPClbSSaWqO91dQSy4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU0eJYthgkYhUO6AaBZfYMNwIbMcKaRgIbAXj25nfekKleSQfzCRGP6RDyQecUWOlJvbSSnXaK5bcsjsHWSVeRkqQod4rfnX7EUtClIYJqnXHc2Pjp1QZzgROC91EY0zZmA6xY6mkIWo/nV87JWdW6ZNBpGxJQ+bq74mUhlpPwsB2htSM9LI3E//zOokZVP2UyzgxKNli0SARxERk9jrpc4XMiIkllClubyVsRBVlxgZUsCF4yy+vkuZF2bssX99flWo3WRx5OIFTOAcPKlCDO6hDAxg8wjO8wpsTOS/Ou/OxaM052cwx/IHz+QM6GY7o</latexit>

=

Z  LY

i=1

d3~k

(2⇡)3

!
�(Ee12 + Ee45 + Ee78 �Q0)

2Ee122Ee452Ee78

fltd

 

<latexit sha1_base64="Cj5wSWBcRKiGIkcAEgoRP2ZSq5U="></latexit>

�
fltd

� �
<latexit sha1_base64="QGDajBqEMWC9UTLV2oB2zN/CNeA=">AAACEXicbVDLSgMxFM34rPU16tJNsAh1U2Z8oMuiG5cV7AM6pWQymTY08yC5I5ZhfsGNv+LGhSJu3bnzb8y0I2jrCYHDOeeS3OPGgiuwrC9jYXFpeWW1tFZe39jc2jZ3dlsqSiRlTRqJSHZcopjgIWsCB8E6sWQkcAVru6Or3G/fMal4FN7COGa9gAxC7nNKQEt9s4odlw+O/H7qALuHVICXZbmkjZ+TB3DfrFg1awI8T+yCVFCBRt/8dLyIJgELgQqiVNe2YuilRAKngmVlJ1EsJnREBqyraUgCpnrpZKMMH2rFw34k9Q0BT9TfEykJlBoHrk4GBIZq1svF/7xuAv5FL+VhnAAL6fQhPxEYIpzXgz0uGQUx1oRQyfVfMR0SSSjoEsu6BHt25XnSOq7ZJ7Wzm9NK/bKoo4T20QGqIhudozq6Rg3URBQ9oCf0gl6NR+PZeDPep9EFo5jZQ39gfHwD+ceb0A==</latexit>

!
fltd

 

<latexit sha1_base64="Mkw7d7hxLMk1U6YCUmJ5BDwI+dc=">AAACBHicbVDLSsNAFJ3UV62vqstuBotQNyXxgS5L3bisYB/QljCZTNKhkwczN2IJWbjxV9y4UMStH+HOv3GadqGtBy4czrmXe+9xYsEVmOa3UVhZXVvfKG6WtrZ3dvfK+wcdFSWSsjaNRCR7DlFM8JC1gYNgvVgyEjiCdZ3x9dTv3jOpeBTewSRmw4D4Ifc4JaAlu1wZNLnvn3h2OgD2AKkAN8tyrYbtctWsmznwMrHmpIrmaNnlr4Eb0SRgIVBBlOpbZgzDlEjgVLCsNEgUiwkdE5/1NQ1JwNQwzZ/I8LFWXOxFUlcIOFd/T6QkUGoSOLozIDBSi95U/M/rJ+BdDVMexgmwkM4WeYnAEOFpItjlklEQE00IlVzfiumISEJB51bSIViLLy+TzmndOqtf3J5XG815HEVUQUeohix0iRroBrVQG1H0iJ7RK3oznowX4934mLUWjPnMIfoD4/MHboCX9Q==</latexit>

!

<latexit sha1_base64="7mLmjOaLy9BsGSxl4P3P6b6rEPM=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoOgl7DrAz2GePEYwTwgWcLsZHYzZnZmmZkVwpJ/8OJBEa/+jzf/xkmyB00saCiquunuChLOtHHdb6ewsrq2vlHcLG1t7+zulfcPWlqmitAmkVyqToA15UzQpmGG006iKI4DTtvB6Hbqt5+o0kyKBzNOqB/jSLCQEWys1OrVWRSd9csVt+rOgJaJl5MK5Gj0y1+9gSRpTIUhHGvd9dzE+BlWhhFOJ6VeqmmCyQhHtGupwDHVfja7doJOrDJAoVS2hEEz9fdEhmOtx3FgO2NshnrRm4r/ed3UhDd+xkSSGirIfFGYcmQkmr6OBkxRYvjYEkwUs7ciMsQKE2MDKtkQvMWXl0nrvOpdVK/uLyu1eh5HEY7gGE7Bg2uowR00oAkEHuEZXuHNkc6L8+58zFsLTj5zCH/gfP4A9Y6Ouw==</latexit>

�
fltd

� �
<latexit sha1_base64="QGDajBqEMWC9UTLV2oB2zN/CNeA=">AAACEXicbVDLSgMxFM34rPU16tJNsAh1U2Z8oMuiG5cV7AM6pWQymTY08yC5I5ZhfsGNv+LGhSJu3bnzb8y0I2jrCYHDOeeS3OPGgiuwrC9jYXFpeWW1tFZe39jc2jZ3dlsqSiRlTRqJSHZcopjgIWsCB8E6sWQkcAVru6Or3G/fMal4FN7COGa9gAxC7nNKQEt9s4odlw+O/H7qALuHVICXZbmkjZ+TB3DfrFg1awI8T+yCVFCBRt/8dLyIJgELgQqiVNe2YuilRAKngmVlJ1EsJnREBqyraUgCpnrpZKMMH2rFw34k9Q0BT9TfEykJlBoHrk4GBIZq1svF/7xuAv5FL+VhnAAL6fQhPxEYIpzXgz0uGQUx1oRQyfVfMR0SSSjoEsu6BHt25XnSOq7ZJ7Wzm9NK/bKoo4T20QGqIhudozq6Rg3URBQ9oCf0gl6NR+PZeDPep9EFo5jZQ39gfHwD+ceb0A==</latexit>

!
fltd

 

<latexit sha1_base64="Mkw7d7hxLMk1U6YCUmJ5BDwI+dc=">AAACBHicbVDLSsNAFJ3UV62vqstuBotQNyXxgS5L3bisYB/QljCZTNKhkwczN2IJWbjxV9y4UMStH+HOv3GadqGtBy4czrmXe+9xYsEVmOa3UVhZXVvfKG6WtrZ3dvfK+wcdFSWSsjaNRCR7DlFM8JC1gYNgvVgyEjiCdZ3x9dTv3jOpeBTewSRmw4D4Ifc4JaAlu1wZNLnvn3h2OgD2AKkAN8tyrYbtctWsmznwMrHmpIrmaNnlr4Eb0SRgIVBBlOpbZgzDlEjgVLCsNEgUiwkdE5/1NQ1JwNQwzZ/I8LFWXOxFUlcIOFd/T6QkUGoSOLozIDBSi95U/M/rJ+BdDVMexgmwkM4WeYnAEOFpItjlklEQE00IlVzfiumISEJB51bSIViLLy+TzmndOqtf3J5XG815HEVUQUeohix0iRroBrVQG1H0iJ7RK3oznowX4934mLUWjPnMIfoD4/MHboCX9Q==</latexit>

!

<latexit sha1_base64="7mLmjOaLy9BsGSxl4P3P6b6rEPM=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoOgl7DrAz2GePEYwTwgWcLsZHYzZnZmmZkVwpJ/8OJBEa/+jzf/xkmyB00saCiquunuChLOtHHdb6ewsrq2vlHcLG1t7+zulfcPWlqmitAmkVyqToA15UzQpmGG006iKI4DTtvB6Hbqt5+o0kyKBzNOqB/jSLCQEWys1OrVWRSd9csVt+rOgJaJl5MK5Gj0y1+9gSRpTIUhHGvd9dzE+BlWhhFOJ6VeqmmCyQhHtGupwDHVfja7doJOrDJAoVS2hEEz9fdEhmOtx3FgO2NshnrRm4r/ed3UhDd+xkSSGirIfFGYcmQkmr6OBkxRYvjYEkwUs7ciMsQKE2MDKtkQvMWXl0nrvOpdVK/uLyu1eh5HEY7gGE7Bg2uowR00oAkEHuEZXuHNkc6L8+58zFsLTj5zCH/gfP4A9Y6Ouw==</latexit>

The singularities of                   are themselves connected sets!

e.g.

x1p
<latexit sha1_base64="TFTleZqDFdKMZRXpN4idzeD/+a0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0n8QI9FLx4rmLbQhrLZbtulm03YnYgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSKFQdf9dgorq2vrG8XN0tb2zu5eef+gYeJUM+6zWMa6FVLDpVDcR4GStxLNaRRK3gxHt1O/+ci1EbF6wHHCg4gOlOgLRtFK/lPXI0m3XHGr7gxkmXg5qUCOerf81enFLI24QiapMW3PTTDIqEbBJJ+UOqnhCWUjOuBtSxWNuAmy2bETcmKVHunH2pZCMlN/T2Q0MmYchbYzojg0i95U/M9rp9i/DjKhkhS5YvNF/VQSjMn0c9ITmjOUY0so08LeStiQasrQ5lOyIXiLLy+TxlnVO69e3l9Uajd5HEU4gmM4BQ+uoAZ3UAcfGAh4hld4c5Tz4rw7H/PWgpPPHMIfOJ8/NEWOSw==</latexit>

x2p
<latexit sha1_base64="TMn/mFw/ruZe18oSH8orDrTwIlM=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KklV9Fj04rGCaQttKJvtpF262YTdjVhKf4MXD4p49Qd589+4bXPQ1gcDj/dmmJkXpoJr47rfzsrq2vrGZmGruL2zu7dfOjhs6CRTDH2WiES1QqpRcIm+4UZgK1VI41BgMxzeTv3mIyrNE/lgRikGMe1LHnFGjZX8p26VpN1S2a24M5Bl4uWkDDnq3dJXp5ewLEZpmKBatz03NcGYKsOZwEmxk2lMKRvSPrYtlTRGHYxnx07IqVV6JEqULWnITP09Maax1qM4tJ0xNQO96E3F/7x2ZqLrYMxlmhmUbL4oygQxCZl+TnpcITNiZAllittbCRtQRZmx+RRtCN7iy8ukUa1455XL+4ty7SaPowDHcAJn4MEV1OAO6uADAw7P8ApvjnRenHfnY9664uQzR/AHzucPNcuOTA==</latexit>

x3p
<latexit sha1_base64="j+QhRuBSsHTZi1tQQf9+HT6QMnY=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0n8QI9FLx4rmLbQhrLZTtqlm03Y3Yil9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSq4Nq777RRWVtfWN4qbpa3tnd298v5BQyeZYuizRCSqFVKNgkv0DTcCW6lCGocCm+Hwduo3H1FpnsgHM0oxiGlf8ogzaqzkP3XPSdotV9yqOwNZJl5OKpCj3i1/dXoJy2KUhgmqddtzUxOMqTKcCZyUOpnGlLIh7WPbUklj1MF4duyEnFilR6JE2ZKGzNTfE2Maaz2KQ9sZUzPQi95U/M9rZya6DsZcpplByeaLokwQk5Dp56THFTIjRpZQpri9lbABVZQZm0/JhuAtvrxMGmdV77x6eX9Rqd3kcRThCI7hFDy4ghrcQR18YMDhGV7hzZHOi/PufMxbC04+cwh/4Hz+ADdRjk0=</latexit>

x4p
<latexit sha1_base64="OcShiC9prdJGqOwUoJOsPB0wxHo=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KolW9Fj04rGCaQttKJvtpl262YTdiVhCf4MXD4p49Qd589+4/Tho64OBx3szzMwLUykMuu63s7K6tr6xWdgqbu/s7u2XDg4bJsk04z5LZKJbITVcCsV9FCh5K9WcxqHkzXB4O/Gbj1wbkagHHKU8iGlfiUgwilbyn7pVknZLZbfiTkGWiTcnZZij3i19dXoJy2KukElqTNtzUwxyqlEwycfFTmZ4StmQ9nnbUkVjboJ8euyYnFqlR6JE21JIpurviZzGxozi0HbGFAdm0ZuI/3ntDKPrIBcqzZArNlsUZZJgQiafk57QnKEcWUKZFvZWwgZUU4Y2n6INwVt8eZk0ziveReXyvlqu3czjKMAxnMAZeHAFNbiDOvjAQMAzvMKbo5wX5935mLWuOPOZI/gD5/MHONeOTg==</latexit>

x5p
<latexit sha1_base64="HlCIO55xtKeyCrw2PCR6JdK9oSU=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4Kola9Fj04rGCaQttKJvtpl262YTdiVhCf4MXD4p49Qd589+4/Tho64OBx3szzMwLUykMuu63s7K6tr6xWdgqbu/s7u2XDg4bJsk04z5LZKJbITVcCsV9FCh5K9WcxqHkzXB4O/Gbj1wbkagHHKU8iGlfiUgwilbyn7pVknZLZbfiTkGWiTcnZZij3i19dXoJy2KukElqTNtzUwxyqlEwycfFTmZ4StmQ9nnbUkVjboJ8euyYnFqlR6JE21JIpurviZzGxozi0HbGFAdm0ZuI/3ntDKPrIBcqzZArNlsUZZJgQiafk57QnKEcWUKZFvZWwgZUU4Y2n6INwVt8eZk0ziveRaV6f1mu3czjKMAxnMAZeHAFNbiDOvjAQMAzvMKbo5wX5935mLWuOPOZI/gD5/MHOl2OTw==</latexit>

The cluster of collinear particles 
going in and outside the set are 
degenerate at the singular points
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Local Unitarity: a representation of differential cross-sections that is locally free of IR singularities at any order
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The cancelling partner

Just move the Cutkosky cut across the singularity!

How do we find the contribution cancelling this singularity? It’s all about degeneracy

At the location of the singularity, these two interference diagrams become the same
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The LTD representation  factorises in the product of the LTD representation of the two 
smaller amplitudes and the threshold

�
fltd

� �
<latexit sha1_base64="QGDajBqEMWC9UTLV2oB2zN/CNeA=">AAACEXicbVDLSgMxFM34rPU16tJNsAh1U2Z8oMuiG5cV7AM6pWQymTY08yC5I5ZhfsGNv+LGhSJu3bnzb8y0I2jrCYHDOeeS3OPGgiuwrC9jYXFpeWW1tFZe39jc2jZ3dlsqSiRlTRqJSHZcopjgIWsCB8E6sWQkcAVru6Or3G/fMal4FN7COGa9gAxC7nNKQEt9s4odlw+O/H7qALuHVICXZbmkjZ+TB3DfrFg1awI8T+yCVFCBRt/8dLyIJgELgQqiVNe2YuilRAKngmVlJ1EsJnREBqyraUgCpnrpZKMMH2rFw34k9Q0BT9TfEykJlBoHrk4GBIZq1svF/7xuAv5FL+VhnAAL6fQhPxEYIpzXgz0uGQUx1oRQyfVfMR0SSSjoEsu6BHt25XnSOq7ZJ7Wzm9NK/bKoo4T20QGqIhudozq6Rg3URBQ9oCf0gl6NR+PZeDPep9EFo5jZQ39gfHwD+ceb0A==</latexit>

!
fltd

 

<latexit sha1_base64="Mkw7d7hxLMk1U6YCUmJ5BDwI+dc=">AAACBHicbVDLSsNAFJ3UV62vqstuBotQNyXxgS5L3bisYB/QljCZTNKhkwczN2IJWbjxV9y4UMStH+HOv3GadqGtBy4czrmXe+9xYsEVmOa3UVhZXVvfKG6WtrZ3dvfK+wcdFSWSsjaNRCR7DlFM8JC1gYNgvVgyEjiCdZ3x9dTv3jOpeBTewSRmw4D4Ifc4JaAlu1wZNLnvn3h2OgD2AKkAN8tyrYbtctWsmznwMrHmpIrmaNnlr4Eb0SRgIVBBlOpbZgzDlEjgVLCsNEgUiwkdE5/1NQ1JwNQwzZ/I8LFWXOxFUlcIOFd/T6QkUGoSOLozIDBSi95U/M/rJ+BdDVMexgmwkM4WeYnAEOFpItjlklEQE00IlVzfiumISEJB51bSIViLLy+TzmndOqtf3J5XG815HEVUQUeohix0iRroBrVQG1H0iJ7RK3oznowX4934mLUWjPnMIfoD4/MHboCX9Q==</latexit>

!

<latexit sha1_base64="7mLmjOaLy9BsGSxl4P3P6b6rEPM=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoOgl7DrAz2GePEYwTwgWcLsZHYzZnZmmZkVwpJ/8OJBEa/+jzf/xkmyB00saCiquunuChLOtHHdb6ewsrq2vlHcLG1t7+zulfcPWlqmitAmkVyqToA15UzQpmGG006iKI4DTtvB6Hbqt5+o0kyKBzNOqB/jSLCQEWys1OrVWRSd9csVt+rOgJaJl5MK5Gj0y1+9gSRpTIUhHGvd9dzE+BlWhhFOJ6VeqmmCyQhHtGupwDHVfja7doJOrDJAoVS2hEEz9fdEhmOtx3FgO2NshnrRm4r/ed3UhDd+xkSSGirIfFGYcmQkmr6OBkxRYvjYEkwUs7ciMsQKE2MDKtkQvMWXl0nrvOpdVK/uLyu1eh5HEY7gGE7Bg2uowR00oAkEHuEZXuHNkc6L8+58zFsLTj5zCH/gfP4A9Y6Ouw==</latexit>

⌧
<latexit sha1_base64="K9QiBpPqmpUqentF9tF1hIqnnBY=">AAAB63icbVBNS8NAEJ3Ur1q/qh69BIvgqSR+oMeiF48VrC20oWy2m3bp7ibsToQS+he8eFDEq3/Im//GTZuDtj4YeLw3w8y8MBHcoOd9O6WV1bX1jfJmZWt7Z3evun/waOJUU9aisYh1JySGCa5YCzkK1kk0IzIUrB2Ob3O//cS04bF6wEnCAkmGikecEsylHpK0X615dW8Gd5n4BalBgWa/+tUbxDSVTCEVxJiu7yUYZEQjp4JNK73UsITQMRmyrqWKSGaCbHbr1D2xysCNYm1LoTtTf09kRBozkaHtlARHZtHLxf+8borRdZBxlaTIFJ0vilLhYuzmj7sDrhlFMbGEUM3trS4dEU0o2ngqNgR/8eVl8nhW98/rl/cXtcZNEUcZjuAYTsGHK2jAHTShBRRG8Ayv8OZI58V5dz7mrSWnmDmEP3A+fwAjcY5P</latexit>

�(⌧) = {e23, e56, e58, e12, e45}
<latexit sha1_base64="ml46GuWgAfnKAhngIuCLH+pERts=">AAACHXicbVDJSgNBEO2Je9xGPXppDIKChJks6kUIevEYwcRAJoSeTsU06VnorhHCMD/ixV/x4kERD17Ev7GzHNwKmvd4r4rqen4shUbH+bRyc/MLi0vLK/nVtfWNTXtru6mjRHFo8EhGquUzDVKE0ECBElqxAhb4Em784cXYv7kDpUUUXuMohk7AbkPRF5yhkbp2xeuBRHbgIUsOz7wUummpnB0ZqB5P4XQCbik7ogYr1czLunbBKTqTon+JOyMFMqt61373ehFPAgiRS6Z123Vi7KRMoeASsryXaIgZH7JbaBsasgB0J51cl9F9o/RoP1LmhUgn6veJlAVajwLfdAYMB/q3Nxb/89oJ9k87qQjjBCHk00X9RFKM6Dgq2hMKOMqRIYwrYf5K+YApxtEEmjchuL9P/kuapaJbLlavKoXa+SyOZbJL9sgBcckJqZFLUicNwsk9eSTP5MV6sJ6sV+tt2pqzZjM75EdZH1/ge6CJ</latexit>

fltd

 

<latexit sha1_base64="HQmDRw8xW39K2z1nNIVrLB4Ql10=">AAAB/XicbVDLSsNAFJ34rPUVHzs3wSJ0VRIf6LLUjcsK9gFNCJPJJB06eTBzI9YQ/BU3LhRx63+482+ctllo64ELh3Pu5d57vJQzCab5rS0tr6yurVc2qptb2zu7+t5+VyaZILRDEp6Ivocl5SymHWDAaT8VFEcepz1vdD3xe/dUSJbEdzBOqRPhMGYBIxiU5OqHgZvbQB8g5+AXhd1iYVh39ZrZMKcwFolVkhoq0Xb1L9tPSBbRGAjHUg4sMwUnxwIY4bSo2pmkKSYjHNKBojGOqHTy6fWFcaIU3wgSoSoGY6r+nshxJOU48lRnhGEo572J+J83yCC4cnIWpxnQmMwWBRk3IDEmURg+E5QAHyuCiWDqVoMMscAEVGBVFYI1//Ii6Z42rLPGxe15rdkq46igI3SM6shCl6iJblAbdRBBj+gZvaI37Ul70d61j1nrklbOHKA/0D5/AP1DlZE=</latexit>

!

<latexit sha1_base64="7mLmjOaLy9BsGSxl4P3P6b6rEPM=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoOgl7DrAz2GePEYwTwgWcLsZHYzZnZmmZkVwpJ/8OJBEa/+jzf/xkmyB00saCiquunuChLOtHHdb6ewsrq2vlHcLG1t7+zulfcPWlqmitAmkVyqToA15UzQpmGG006iKI4DTtvB6Hbqt5+o0kyKBzNOqB/jSLCQEWys1OrVWRSd9csVt+rOgJaJl5MK5Gj0y1+9gSRpTIUhHGvd9dzE+BlWhhFOJ6VeqmmCyQhHtGupwDHVfja7doJOrDJAoVS2hEEz9fdEhmOtx3FgO2NshnrRm4r/ed3UhDd+xkSSGirIfFGYcmQkmr6OBkxRYvjYEkwUs7ciMsQKE2MDKtkQvMWXl0nrvOpdVK/uLyu1eh5HEY7gGE7Bg2uowR00oAkEHuEZXuHNkc6L8+58zFsLTj5zCH/gfP4A9Y6Ouw==</latexit>

�
fltd

� �
<latexit sha1_base64="QGDajBqEMWC9UTLV2oB2zN/CNeA=">AAACEXicbVDLSgMxFM34rPU16tJNsAh1U2Z8oMuiG5cV7AM6pWQymTY08yC5I5ZhfsGNv+LGhSJu3bnzb8y0I2jrCYHDOeeS3OPGgiuwrC9jYXFpeWW1tFZe39jc2jZ3dlsqSiRlTRqJSHZcopjgIWsCB8E6sWQkcAVru6Or3G/fMal4FN7COGa9gAxC7nNKQEt9s4odlw+O/H7qALuHVICXZbmkjZ+TB3DfrFg1awI8T+yCVFCBRt/8dLyIJgELgQqiVNe2YuilRAKngmVlJ1EsJnREBqyraUgCpnrpZKMMH2rFw34k9Q0BT9TfEykJlBoHrk4GBIZq1svF/7xuAv5FL+VhnAAL6fQhPxEYIpzXgz0uGQUx1oRQyfVfMR0SSSjoEsu6BHt25XnSOq7ZJ7Wzm9NK/bKoo4T20QGqIhudozq6Rg3URBQ9oCf0gl6NR+PZeDPep9EFo5jZQ39gfHwD+ceb0A==</latexit>

!
fltd

 

<latexit sha1_base64="Mkw7d7hxLMk1U6YCUmJ5BDwI+dc=">AAACBHicbVDLSsNAFJ3UV62vqstuBotQNyXxgS5L3bisYB/QljCZTNKhkwczN2IJWbjxV9y4UMStH+HOv3GadqGtBy4czrmXe+9xYsEVmOa3UVhZXVvfKG6WtrZ3dvfK+wcdFSWSsjaNRCR7DlFM8JC1gYNgvVgyEjiCdZ3x9dTv3jOpeBTewSRmw4D4Ifc4JaAlu1wZNLnvn3h2OgD2AKkAN8tyrYbtctWsmznwMrHmpIrmaNnlr4Eb0SRgIVBBlOpbZgzDlEjgVLCsNEgUiwkdE5/1NQ1JwNQwzZ/I8LFWXOxFUlcIOFd/T6QkUGoSOLozIDBSi95U/M/rJ+BdDVMexgmwkM4WeYnAEOFpItjlklEQE00IlVzfiumISEJB51bSIViLLy+TzmndOqtf3J5XG815HEVUQUeohix0iRroBrVQG1H0iJ7RK3oznowX4934mLUWjPnMIfoD4/MHboCX9Q==</latexit>

!

<latexit sha1_base64="7mLmjOaLy9BsGSxl4P3P6b6rEPM=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoOgl7DrAz2GePEYwTwgWcLsZHYzZnZmmZkVwpJ/8OJBEa/+jzf/xkmyB00saCiquunuChLOtHHdb6ewsrq2vlHcLG1t7+zulfcPWlqmitAmkVyqToA15UzQpmGG006iKI4DTtvB6Hbqt5+o0kyKBzNOqB/jSLCQEWys1OrVWRSd9csVt+rOgJaJl5MK5Gj0y1+9gSRpTIUhHGvd9dzE+BlWhhFOJ6VeqmmCyQhHtGupwDHVfja7doJOrDJAoVS2hEEz9fdEhmOtx3FgO2NshnrRm4r/ed3UhDd+xkSSGirIfFGYcmQkmr6OBkxRYvjYEkwUs7ciMsQKE2MDKtkQvMWXl0nrvOpdVK/uLyu1eh5HEY7gGE7Bg2uowR00oAkEHuEZXuHNkc6L8+58zFsLTj5zCH/gfP4A9Y6Ouw==</latexit>

=<latexit sha1_base64="wmqm1Zp1A2MDDclPjP9nODsI2BA=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKez6QC9C0IvHBMwDkiXMTjrJmNnZZWZWCEu+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K4gF18Z1v53cyura+kZ+s7C1vbO7V9w/aOgoUQzrLBKRagVUo+AS64Ybga1YIQ0Dgc1gdDf1m0+oNI/kgxnH6Id0IHmfM2qsVLvpFktu2Z2BLBMvIyXIUO0Wvzq9iCUhSsME1brtubHxU6oMZwInhU6iMaZsRAfYtlTSELWfzg6dkBOr9Eg/UrakITP190RKQ63HYWA7Q2qGetGbiv957cT0r/2UyzgxKNl8UT8RxERk+jXpcYXMiLEllClubyVsSBVlxmZTsCF4iy8vk8ZZ2TsvX9YuSpXbLI48HMExnIIHV1CBe6hCHRggPMMrvDmPzovz7nzMW3NONnMIf+B8/gCPEYzI</latexit> 1

2Ee232Ee562Ee58(Ee23 + Ee56 + Ee58 � Ee12 � Ee45)
<latexit sha1_base64="qID3iC84m2CV8Sc8QpBmZFBo7dk="></latexit>

fltd

 

<latexit sha1_base64="HQmDRw8xW39K2z1nNIVrLB4Ql10=">AAAB/XicbVDLSsNAFJ34rPUVHzs3wSJ0VRIf6LLUjcsK9gFNCJPJJB06eTBzI9YQ/BU3LhRx63+482+ctllo64ELh3Pu5d57vJQzCab5rS0tr6yurVc2qptb2zu7+t5+VyaZILRDEp6Ivocl5SymHWDAaT8VFEcepz1vdD3xe/dUSJbEdzBOqRPhMGYBIxiU5OqHgZvbQB8g5+AXhd1iYVh39ZrZMKcwFolVkhoq0Xb1L9tPSBbRGAjHUg4sMwUnxwIY4bSo2pmkKSYjHNKBojGOqHTy6fWFcaIU3wgSoSoGY6r+nshxJOU48lRnhGEo572J+J83yCC4cnIWpxnQmMwWBRk3IDEmURg+E5QAHyuCiWDqVoMMscAEVGBVFYI1//Ii6Z42rLPGxe15rdkq46igI3SM6shCl6iJblAbdRBBj+gZvaI37Ul70d61j1nrklbOHKA/0D5/AP1DlZE=</latexit>

!

<latexit sha1_base64="7mLmjOaLy9BsGSxl4P3P6b6rEPM=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoOgl7DrAz2GePEYwTwgWcLsZHYzZnZmmZkVwpJ/8OJBEa/+jzf/xkmyB00saCiquunuChLOtHHdb6ewsrq2vlHcLG1t7+zulfcPWlqmitAmkVyqToA15UzQpmGG006iKI4DTtvB6Hbqt5+o0kyKBzNOqB/jSLCQEWys1OrVWRSd9csVt+rOgJaJl5MK5Gj0y1+9gSRpTIUhHGvd9dzE+BlWhhFOJ6VeqmmCyQhHtGupwDHVfja7doJOrDJAoVS2hEEz9fdEhmOtx3FgO2NshnrRm4r/ed3UhDd+xkSSGirIfFGYcmQkmr6OBkxRYvjYEkwUs7ciMsQKE2MDKtkQvMWXl0nrvOpdVK/uLyu1eh5HEY7gGE7Bg2uowR00oAkEHuEZXuHNkc6L8+58zFsLTj5zCH/gfP4A9Y6Ouw==</latexit>⇡<latexit sha1_base64="VasfIM5v8Iao2f3wCyuNEivIxyI=">AAAB7nicbVDLSgMxFL1TX7W+qi7dBIvgqsz4QJdFNy4r2Ae0Q8mkmTY0k4QkI5ahH+HGhSJu/R53/o1pOwttPXDhcM693HtPpDgz1ve/vcLK6tr6RnGztLW9s7tX3j9oGplqQhtEcqnbETaUM0EblllO20pTnESctqLR7dRvPVJtmBQPdqxomOCBYDEj2Dqp1cVKafnUK1f8qj8DWiZBTiqQo94rf3X7kqQJFZZwbEwn8JUNM6wtI5xOSt3UUIXJCA9ox1GBE2rCbHbuBJ04pY9iqV0Ji2bq74kMJ8aMk8h1JtgOzaI3Ff/zOqmNr8OMCZVaKsh8UZxyZCWa/o76TFNi+dgRTDRztyIyxBoT6xIquRCCxZeXSfOsGpxXL+8vKrWbPI4iHMExnEIAV1CDO6hDAwiM4Ble4c1T3ov37n3MWwtePnMIf+B9/gCVpo+9</latexit>

Showing cancellations
Consider the internal particles in the boundary of the cut

Particles internal 
to the amplitude

Particles external 
to the amplitude
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Local Unitarity: a representation of differential cross-sections that is locally free of IR singularities at any order

=

Z  LY

i=1

d3~k

(2⇡)3

!
�(Ee12 + Ee45 + Ee78 �Q0)

2Ee122Ee452Ee78

fltd

 

<latexit sha1_base64="Cj5wSWBcRKiGIkcAEgoRP2ZSq5U="></latexit>

�
fltd

� �
<latexit sha1_base64="QGDajBqEMWC9UTLV2oB2zN/CNeA=">AAACEXicbVDLSgMxFM34rPU16tJNsAh1U2Z8oMuiG5cV7AM6pWQymTY08yC5I5ZhfsGNv+LGhSJu3bnzb8y0I2jrCYHDOeeS3OPGgiuwrC9jYXFpeWW1tFZe39jc2jZ3dlsqSiRlTRqJSHZcopjgIWsCB8E6sWQkcAVru6Or3G/fMal4FN7COGa9gAxC7nNKQEt9s4odlw+O/H7qALuHVICXZbmkjZ+TB3DfrFg1awI8T+yCVFCBRt/8dLyIJgELgQqiVNe2YuilRAKngmVlJ1EsJnREBqyraUgCpnrpZKMMH2rFw34k9Q0BT9TfEykJlBoHrk4GBIZq1svF/7xuAv5FL+VhnAAL6fQhPxEYIpzXgz0uGQUx1oRQyfVfMR0SSSjoEsu6BHt25XnSOq7ZJ7Wzm9NK/bKoo4T20QGqIhudozq6Rg3URBQ9oCf0gl6NR+PZeDPep9EFo5jZQ39gfHwD+ceb0A==</latexit>

!
fltd

 

<latexit sha1_base64="Mkw7d7hxLMk1U6YCUmJ5BDwI+dc=">AAACBHicbVDLSsNAFJ3UV62vqstuBotQNyXxgS5L3bisYB/QljCZTNKhkwczN2IJWbjxV9y4UMStH+HOv3GadqGtBy4czrmXe+9xYsEVmOa3UVhZXVvfKG6WtrZ3dvfK+wcdFSWSsjaNRCR7DlFM8JC1gYNgvVgyEjiCdZ3x9dTv3jOpeBTewSRmw4D4Ifc4JaAlu1wZNLnvn3h2OgD2AKkAN8tyrYbtctWsmznwMrHmpIrmaNnlr4Eb0SRgIVBBlOpbZgzDlEjgVLCsNEgUiwkdE5/1NQ1JwNQwzZ/I8LFWXOxFUlcIOFd/T6QkUGoSOLozIDBSi95U/M/rJ+BdDVMexgmwkM4WeYnAEOFpItjlklEQE00IlVzfiumISEJB51bSIViLLy+TzmndOqtf3J5XG815HEVUQUeohix0iRroBrVQG1H0iJ7RK3oznowX4934mLUWjPnMIfoD4/MHboCX9Q==</latexit>

!

<latexit sha1_base64="7mLmjOaLy9BsGSxl4P3P6b6rEPM=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoOgl7DrAz2GePEYwTwgWcLsZHYzZnZmmZkVwpJ/8OJBEa/+jzf/xkmyB00saCiquunuChLOtHHdb6ewsrq2vlHcLG1t7+zulfcPWlqmitAmkVyqToA15UzQpmGG006iKI4DTtvB6Hbqt5+o0kyKBzNOqB/jSLCQEWys1OrVWRSd9csVt+rOgJaJl5MK5Gj0y1+9gSRpTIUhHGvd9dzE+BlWhhFOJ6VeqmmCyQhHtGupwDHVfja7doJOrDJAoVS2hEEz9fdEhmOtx3FgO2NshnrRm4r/ed3UhDd+xkSSGirIfFGYcmQkmr6OBkxRYvjYEkwUs7ciMsQKE2MDKtkQvMWXl0nrvOpdVK/uLyu1eh5HEY7gGE7Bg2uowR00oAkEHuEZXuHNkc6L8+58zFsLTj5zCH/gfP4A9Y6Ouw==</latexit>

fltd

 

<latexit sha1_base64="HQmDRw8xW39K2z1nNIVrLB4Ql10=">AAAB/XicbVDLSsNAFJ34rPUVHzs3wSJ0VRIf6LLUjcsK9gFNCJPJJB06eTBzI9YQ/BU3LhRx63+482+ctllo64ELh3Pu5d57vJQzCab5rS0tr6yurVc2qptb2zu7+t5+VyaZILRDEp6Ivocl5SymHWDAaT8VFEcepz1vdD3xe/dUSJbEdzBOqRPhMGYBIxiU5OqHgZvbQB8g5+AXhd1iYVh39ZrZMKcwFolVkhoq0Xb1L9tPSBbRGAjHUg4sMwUnxwIY4bSo2pmkKSYjHNKBojGOqHTy6fWFcaIU3wgSoSoGY6r+nshxJOU48lRnhGEo572J+J83yCC4cnIWpxnQmMwWBRk3IDEmURg+E5QAHyuCiWDqVoMMscAEVGBVFYI1//Ii6Z42rLPGxe15rdkq46igI3SM6shCl6iJblAbdRBBj+gZvaI37Ul70d61j1nrklbOHKA/0D5/AP1DlZE=</latexit>

!

<latexit sha1_base64="7mLmjOaLy9BsGSxl4P3P6b6rEPM=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoOgl7DrAz2GePEYwTwgWcLsZHYzZnZmmZkVwpJ/8OJBEa/+jzf/xkmyB00saCiquunuChLOtHHdb6ewsrq2vlHcLG1t7+zulfcPWlqmitAmkVyqToA15UzQpmGG006iKI4DTtvB6Hbqt5+o0kyKBzNOqB/jSLCQEWys1OrVWRSd9csVt+rOgJaJl5MK5Gj0y1+9gSRpTIUhHGvd9dzE+BlWhhFOJ6VeqmmCyQhHtGupwDHVfja7doJOrDJAoVS2hEEz9fdEhmOtx3FgO2NshnrRm4r/ed3UhDd+xkSSGirIfFGYcmQkmr6OBkxRYvjYEkwUs7ciMsQKE2MDKtkQvMWXl0nrvOpdVK/uLyu1eh5HEY7gGE7Bg2uowR00oAkEHuEZXuHNkc6L8+58zFsLTj5zCH/gfP4A9Y6Ouw==</latexit>

1

2Ee232Ee562Ee58(Ee23 + Ee56 + Ee58 � Ee12 � Ee45)
<latexit sha1_base64="qID3iC84m2CV8Sc8QpBmZFBo7dk="></latexit>

fltd

 

<latexit sha1_base64="HQmDRw8xW39K2z1nNIVrLB4Ql10=">AAAB/XicbVDLSsNAFJ34rPUVHzs3wSJ0VRIf6LLUjcsK9gFNCJPJJB06eTBzI9YQ/BU3LhRx63+482+ctllo64ELh3Pu5d57vJQzCab5rS0tr6yurVc2qptb2zu7+t5+VyaZILRDEp6Ivocl5SymHWDAaT8VFEcepz1vdD3xe/dUSJbEdzBOqRPhMGYBIxiU5OqHgZvbQB8g5+AXhd1iYVh39ZrZMKcwFolVkhoq0Xb1L9tPSBbRGAjHUg4sMwUnxwIY4bSo2pmkKSYjHNKBojGOqHTy6fWFcaIU3wgSoSoGY6r+nshxJOU48lRnhGEo572J+J83yCC4cnIWpxnQmMwWBRk3IDEmURg+E5QAHyuCiWDqVoMMscAEVGBVFYI1//Ii6Z42rLPGxe15rdkq46igI3SM6shCl6iJblAbdRBBj+gZvaI37Ul70d61j1nrklbOHKA/0D5/AP1DlZE=</latexit>

!

<latexit sha1_base64="7mLmjOaLy9BsGSxl4P3P6b6rEPM=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoOgl7DrAz2GePEYwTwgWcLsZHYzZnZmmZkVwpJ/8OJBEa/+jzf/xkmyB00saCiquunuChLOtHHdb6ewsrq2vlHcLG1t7+zulfcPWlqmitAmkVyqToA15UzQpmGG006iKI4DTtvB6Hbqt5+o0kyKBzNOqB/jSLCQEWys1OrVWRSd9csVt+rOgJaJl5MK5Gj0y1+9gSRpTIUhHGvd9dzE+BlWhhFOJ6VeqmmCyQhHtGupwDHVfja7doJOrDJAoVS2hEEz9fdEhmOtx3FgO2NshnrRm4r/ed3UhDd+xkSSGirIfFGYcmQkmr6OBkxRYvjYEkwUs7ciMsQKE2MDKtkQvMWXl0nrvOpdVK/uLyu1eh5HEY7gGE7Bg2uowR00oAkEHuEZXuHNkc6L8+58zFsLTj5zCH/gfP4A9Y6Ouw==</latexit>
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Everything a part from the delta is manifestly the same. If we substitute

Ee12 + Ee45 � Ee23 � Ee56 � Ee58 = 0
<latexit sha1_base64="D8RR3QO4oIdoSnoF/USVmbYBs8E=">AAACIXicbZDLSsNAFIYnXmu9RV26CRZBEEvSi3YjFEVwWcFeoA1hMp20QycXZiZCCfMqbnwVNy4U6U58GadN8NL6w8DHf87hzPndiBIuTPNDW1peWV1bz23kN7e2d3b1vf0WD2OGcBOFNGQdF3JMSYCbggiKOxHD0Hcpbruj62m9/YAZJ2FwL8YRtn04CIhHEBTKcvTajZNgJ7FKUp6mWKlKeZZiqfyN1fMfrEl5aTp6wSyaMxmLYGVQAJkajj7p9UMU+zgQiELOu5YZCTuBTBBEscz3Yo4jiEZwgLsKA+hjbiezC6VxrJy+4YVMvUAYM/f3RAJ9zse+qzp9KIZ8vjY1/6t1Y+HV7IQEUSxwgNJFXkwNERrTuIw+YRgJOlYAESPqrwYaQgaRUKHmVQjW/MmL0CoVrXKxelcp1K+yOHLgEByBE2CBC1AHt6ABmgCBR/AMXsGb9qS9aO/aJG1d0rKZA/BH2ucX8NGiwg==</latexit>

�(Ee12 + Ee45 + Ee78 �Q0) ! �(Ee23 + Ee56 + Ee58 + Ee78 �Q0)
<latexit sha1_base64="H/1zY+iFSpc3RSoh5o6Rje/ufrU="></latexit>

⇡<latexit sha1_base64="VasfIM5v8Iao2f3wCyuNEivIxyI=">AAAB7nicbVDLSgMxFL1TX7W+qi7dBIvgqsz4QJdFNy4r2Ae0Q8mkmTY0k4QkI5ahH+HGhSJu/R53/o1pOwttPXDhcM693HtPpDgz1ve/vcLK6tr6RnGztLW9s7tX3j9oGplqQhtEcqnbETaUM0EblllO20pTnESctqLR7dRvPVJtmBQPdqxomOCBYDEj2Dqp1cVKafnUK1f8qj8DWiZBTiqQo94rf3X7kqQJFZZwbEwn8JUNM6wtI5xOSt3UUIXJCA9ox1GBE2rCbHbuBJ04pY9iqV0Ji2bq74kMJ8aMk8h1JtgOzaI3Ff/zOqmNr8OMCZVaKsh8UZxyZCWa/o76TFNi+dgRTDRztyIyxBoT6xIquRCCxZeXSfOsGpxXL+8vKrWbPI4iHMExnEIAV1CDO6hDAwiM4Ble4c1T3ov37n3MWwtePnMIf+B9/gCVpo+9</latexit>

Same singularity, opposite sign!

�(Ee23 + Ee56 + Ee58 + Ee78 �Q0)

2Ee232Ee562Ee582Ee78
<latexit sha1_base64="+CyD5RvmgCiLMPUKwqqgLMdufic="></latexit>

1

2Ee452Ee12(Ee12 + Ee45 � Ee23 � Ee56 � Ee58)
<latexit sha1_base64="p+SNRzA3/hoES/HCep+z4zw7sOo="></latexit>

⇡<latexit sha1_base64="VasfIM5v8Iao2f3wCyuNEivIxyI=">AAAB7nicbVDLSgMxFL1TX7W+qi7dBIvgqsz4QJdFNy4r2Ae0Q8mkmTY0k4QkI5ahH+HGhSJu/R53/o1pOwttPXDhcM693HtPpDgz1ve/vcLK6tr6RnGztLW9s7tX3j9oGplqQhtEcqnbETaUM0EblllO20pTnESctqLR7dRvPVJtmBQPdqxomOCBYDEj2Dqp1cVKafnUK1f8qj8DWiZBTiqQo94rf3X7kqQJFZZwbEwn8JUNM6wtI5xOSt3UUIXJCA9ox1GBE2rCbHbuBJ04pY9iqV0Ji2bq74kMJ8aMk8h1JtgOzaI3Ff/zOqmNr8OMCZVaKsh8UZxyZCWa/o76TFNi+dgRTDRztyIyxBoT6xIquRCCxZeXSfOsGpxXL+8vKrWbPI4iHMExnEIAV1CDO6hDAwiM4Ble4c1T3ov37n3MWwtePnMIf+B9/gCVpo+9</latexit>
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Causal flow or constructing a local representation

What we said up until now does not address how to construct the actual local 
representation, which requires solving the deltas!

Z
d~k

�(|~k|� 1)

|~k � ~p|� 1
+

�(|~k � ~p|� 1)

|~k|� 1
<latexit sha1_base64="K7kcUeJV95nFzg4kSXBOxsWYkB0="></latexit>

=

Z
dt

Z
d~kJ�

 
h(t)�(|�(t,~k)|� 1)

|�(t,~k)� ~p|� 1
+

h(t)�(|�(t,~k)� ~p|� 1)

|�(t,~k)|� 1

!

<latexit sha1_base64="09pH7pFlKzrmZMdI/vzl3wUo90A="></latexit>

=

Z
dt

Z
d~k

h(t)�(|~k|� 1)

|~k � ~p|� 1
+

h(t)�(|~k � ~p|� 1)

|~k|� 1
<latexit sha1_base64="lEsLRWZE7+p7CtkeY422Wclfuxw="></latexit>

1 =

Z
dth(t)

<latexit sha1_base64="8BgxZG175a2dilP57jO50uM0+6U=">AAAB9XicbVDJSgNBFHwTtxi3qEcvjUGIlzDjgl6EoBePEcwCyRh6ejpJk56F7jdKGPIfXjwo4tV/8ebf2EnmoIkFDUXVe7zq8mIpNNr2t5VbWl5ZXcuvFzY2t7Z3irt7DR0livE6i2SkWh7VXIqQ11Gg5K1YcRp4kje94c3Ebz5ypUUU3uMo5m5A+6HoCUbRSA/OVUeESHwkgzIed4slu2JPQRaJk5ESZKh1i18dP2JJwENkkmrdduwY3ZQqFEzycaGTaB5TNqR93jY0pAHXbjpNPSZHRvFJL1LmmQxT9fdGSgOtR4FnJgOKAz3vTcT/vHaCvUs3FWGcIA/Z7FAvkQQjMqmA+EJxhnJkCGVKmKyEDaiiDE1RBVOCM//lRdI4qTinlfO7s1L1OqsjDwdwCGVw4AKqcAs1qAMDBc/wCm/Wk/VivVsfs9Gcle3swx9Ynz/IipFn</latexit>
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kx
<latexit sha1_base64="Oh4XcsqEiQNyEJ5GU3V3nPoTQwQ=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKez6QI9BLx4jmgckS5id9CZDZmeXmVkxLPkELx4U8eoXefNvnCR70GhBQ1HVTXdXkAiujet+OYWl5ZXVteJ6aWNza3unvLvX1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoeuq3HlBpHst7M07Qj+hA8pAzaqx0N+o99soVt+rOQP4SLycVyFHvlT+7/ZilEUrDBNW647mJ8TOqDGcCJ6VuqjGhbEQH2LFU0gi1n81OnZAjq/RJGCtb0pCZ+nMio5HW4yiwnRE1Q73oTcX/vE5qwks/4zJJDUo2XxSmgpiYTP8mfa6QGTG2hDLF7a2EDamizNh0SjYEb/Hlv6R5UvVOq+e3Z5XaVR5HEQ7gEI7BgwuowQ3UoQEMBvAEL/DqCOfZeXPe560FJ5/Zh19wPr4BZcKN4Q==</latexit>

ky
<latexit sha1_base64="75+SFoY5rfk8oWPrGSiO9R6aluw=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKez6QI9BLx4jmgckS5id9CZDZmeXmVkhLPkELx4U8eoXefNvnCR70MSChqKqm+6uIBFcG9f9dgorq2vrG8XN0tb2zu5eef+gqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7dRvPaHSPJaPZpygH9GB5CFn1FjpYdQb98oVt+rOQJaJl5MK5Kj3yl/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiJVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14bWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyMmmeVb3z6uX9RaV2k8dRhCM4hlPw4ApqcAd1aACDATzDK7w5wnlx3p2PeWvByWcO4Q+czx9nRo3i</latexit>

|~p| < 1
<latexit sha1_base64="KUy+sDoXH4Fdwyx+sNxKB1m2KJQ=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKez6QA8egl48RjAP2CxhdtKbDJmdWWZmA2GTz/DiQRGvfo03/8ZJsgeNFjQUVd10d4UJZ9q47pdTWFldW98obpa2tnd298r7B00tU0WhQSWXqh0SDZwJaBhmOLQTBSQOObTC4d3Mb41AaSbFoxknEMSkL1jEKDFW8iedEdAsmU5uvG654lbdOfBf4uWkgnLUu+XPTk/SNAZhKCda+56bmCAjyjDKYVrqpBoSQoekD76lgsSgg2x+8hSfWKWHI6lsCYPn6s+JjMRaj+PQdsbEDPSyNxP/8/zURNdBxkSSGhB0sShKOTYSz/7HPaaAGj62hFDF7K2YDogi1NiUSjYEb/nlv6R5VvXOq5cPF5XabR5HER2hY3SKPHSFauge1VEDUSTRE3pBr45xnp03533RWnDymUP0C87HN2gekVY=</latexit>

⌘1 = |~k|� 1 = 0
<latexit sha1_base64="rru7sZEJdIPdO71eRNwdXgbPOi8=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5CRbBjSXxgW4KRTcuK9gHNCFMpjft0MkkzEwKNS3+ihsXirj1P9z5N04fC209cOFwzr3ce0+QMCqVbX8buaXlldW1/HphY3Nre8fc3avLOBUEaiRmsWgGWAKjHGqKKgbNRACOAgaNoHc79ht9EJLG/EENEvAi3OE0pAQrLfnmgQsK+0556PaBZL3R8NQp275ZtEv2BNYicWakiGao+uaX245JGgFXhGEpW46dKC/DQlHCYFRwUwkJJj3cgZamHEcgvWxy/cg61krbCmOhiytrov6eyHAk5SAKdGeEVVfOe2PxP6+VqvDayyhPUgWcTBeFKbNUbI2jsNpUAFFsoAkmgupbLdLFAhOlAyvoEJz5lxdJ/azknJcu7y+KlZtZHHl0iI7QCXLQFaqgO1RFNUTQI3pGr+jNeDJejHfjY9qaM2Yz++gPjM8fgoKUnQ==</latexit>

⌘2 = |~k � ~p|� 1 = 0
<latexit sha1_base64="kYgQijZmsaB4K0nN60YCUuqy7yU=">AAACBXicbVDLSsNAFJ3UV62vqktdBIvgpiWpim4KRTcuK9gHtCFMpjft0MkkzEwKJc3Gjb/ixoUibv0Hd/6N08dCWw9c7uGce5m5x4sYlcqyvo3Myura+kZ2M7e1vbO7l98/aMgwFgTqJGShaHlYAqMc6ooqBq1IAA48Bk1vcDvxm0MQkob8QY0icALc49SnBCstufnjDijslivjzhBIMkiL0x6l46Jdsdx8wSpZU5jLxJ6TApqj5ua/Ot2QxAFwRRiWsm1bkXISLBQlDNJcJ5YQYTLAPWhrynEA0kmmV6TmqVa6ph8KXVyZU/X3RoIDKUeBpycDrPpy0ZuI/3ntWPnXTkJ5FCvgZPaQHzNTheYkErNLBRDFRppgIqj+q0n6WGCidHA5HYK9ePIyaZRL9nnp8v6iUL2Zx5FFR+gEnSEbXaEqukM1VEcEPaJn9IrejCfjxXg3PmajGWO+c4j+wPj8AcnRmB0=</latexit>

9! t?i 2 R
<latexit sha1_base64="DgW/aYZn1uheeQVGQR5OnxBRd9E=">AAACCnicbVC7TsNAEDyHVwgvAyXNhQiJKrJ5CMoIGsqAyEOKTXS+XJJTzmfrbo2IrNQ0/AoNBQjR8gV0/A2XxAUkjLTSaGZXuztBLLgGx/m2cguLS8sr+dXC2vrG5pa9vVPXUaIoq9FIRKoZEM0El6wGHARrxoqRMBCsEQwux37jninNI3kLw5j5IelJ3uWUgJHadtFjD2aLLmIPw52ngag297j0QgL9IEhvRm275JSdCfA8cTNSQhmqbfvL60Q0CZkEKojWLdeJwU+JAk4FGxW8RLOY0AHpsZahkoRM++nklRE+MEoHdyNlSgKeqL8nUhJqPQwD0zm+UM96Y/E/r5VA99xPuYwTYJJOF3UTgSHC41xwhytGQQwNIVRxcyumfaIIBZNewYTgzr48T+pHZfe4fHp9UqpcZHHk0R7aR4fIRWeogq5QFdUQRY/oGb2iN+vJerHerY9pa87KZnbRH1ifP05hmqw=</latexit>

|�(t?1,~k)|� 1 = 0
<latexit sha1_base64="dhiqe+lkkXuezrgZjYww7OwZrBs=">AAACBnicbVDLSsNAFJ3UV62vqEsRgkWooCXxgW6EohuXFewDmhgm04kdOnkwc1MoaVdu/BU3LhRx6ze482+ctllo64ELh3Pu5d57vJgzCab5reXm5hcWl/LLhZXVtfUNfXOrLqNEEFojEY9E08OSchbSGjDgtBkLigOP04bXvR75jR4VkkXhHfRj6gT4IWQ+IxiU5Oq7AzvusBLc2xKwcK1Du0dJ2h0eDI6sS9PVi2bZHMOYJVZGiihD1dW/7HZEkoCGQDiWsmWZMTgpFsAIp8OCnUgaY9LFD7SlaIgDKp10/MbQ2FdK2/AjoSoEY6z+nkhxIGU/8FRngKEjp72R+J/XSsC/cFIWxgnQkEwW+Qk3IDJGmRhtJigB3lcEE8HUrQbpYIEJqOQKKgRr+uVZUj8uWyfls9vTYuUqiyOPdtAeKiELnaMKukFVVEMEPaJn9IretCftRXvXPiatOS2b2UZ/oH3+APeYmCY=</latexit>

|�(t?2,~k)� ~p|� 1 = 0
<latexit sha1_base64="1OtiCEmSI74kUuEBEetlbDsn3MQ=">AAACDnicbZDLSsNAFIYnXmu9VV26CZZCBVuSquhGKLpxWcFeoKllMp20QyfJMHNSKGmewI2v4saFIm5du/NtnF4W2vrDwMd/zuHM+V3BmQLL+jaWlldW19ZTG+nNre2d3czefk2FkSS0SkIeyoaLFeUsoFVgwGlDSIp9l9O6278Z1+sDKhULg3sYCtrycTdgHiMYtNXO5EaO6LE8PDgKsGyXTpwBJXE/OS5MQCSjgn1ltTNZq2hNZC6CPYMsmqnSznw5nZBEPg2AcKxU07YEtGIsgRFOk7QTKSow6eMubWoMsE9VK56ck5g57XRML5T6BWBO3N8TMfaVGvqu7vQx9NR8bWz+V2tG4F22YhaICGhApou8iJsQmuNszA6TlAAfasBEMv1Xk/SwxAR0gmkdgj1/8iLUSkX7tHh+d5YtX8/iSKFDdITyyEYXqIxuUQVVEUGP6Bm9ojfjyXgx3o2PaeuSMZs5QH9kfP4AWP6bpg==</latexit>

s.t.

Choose:(
@t�(t,~k) = (�(t,~k))

�(0,~k) = ~k
<latexit sha1_base64="V0qTCL6KOEv+u1tjYDy69JDoJHo="></latexit>

 ·r⌘i > 0 if ⌘i = 0
<latexit sha1_base64="nchXSb2XvnnnVdqcUWCiF8QpvK4=">AAACGXicbVDLSgNBEJz1bXxFPXoZDIKnsOsDvSiiF48KRoVsCL2TXh0yO7vM9IphyW948Ve8eFDEo578GydxD74KGoqqbrq7okxJS77/4Y2Mjo1PTE5NV2Zm5+YXqotL5zbNjcCGSFVqLiOwqKTGBklSeJkZhCRSeBF1jwb+xQ0aK1N9Rr0MWwlcaRlLAeSkdtUPu5BlEIpOSjzUECngIRK05b7PQ8JbKriMeb8U9/x2tebX/SH4XxKUpMZKnLSrb2EnFXmCmoQCa5uBn1GrAENSKOxXwtxiBqILV9h0VEOCtlUMP+vzNad0eJwaV5r4UP0+UUBibS+JXGcCdG1/ewPxP6+ZU7zbKqTOckItvhbFueKU8kFMvCMNClI9R0AY6W7l4hoMCHJhVlwIwe+X/5LzjXqwWd8+3aodHJZxTLEVtsrWWcB22AE7ZieswQS7Yw/siT17996j9+K9frWOeOXMMvsB7/0T7Eafmg==</latexit>

With:

    is the field used to contour deform 
around thresholds!


<latexit sha1_base64="YOC/OQlJIVOVDKiPeKr34fz6EdM=">AAAB7XicbVDLSgMxFL1TX7W+qi7dBIvgqsz4QJdFNy4r2Ae0Q8mkmTY2k4QkI5Sh/+DGhSJu/R93/o1pOwttPXDhcM693HtPpDgz1ve/vcLK6tr6RnGztLW9s7tX3j9oGplqQhtEcqnbETaUM0EblllO20pTnESctqLR7dRvPVFtmBQPdqxomOCBYDEj2Dqp2R1hpXCvXPGr/gxomQQ5qUCOeq/81e1LkiZUWMKxMZ3AVzbMsLaMcDopdVNDFSYjPKAdRwVOqAmz2bUTdOKUPoqldiUsmqm/JzKcGDNOIteZYDs0i95U/M/rpDa+DjMmVGqpIPNFccqRlWj6OuozTYnlY0cw0czdisgQa0ysC6jkQggWX14mzbNqcF69vL+o1G7yOIpwBMdwCgFcQQ3uoA4NIPAIz/AKb570Xrx372PeWvDymUP4A+/zB5hwjyY=</latexit>

~k?
<latexit sha1_base64="nN1FmlRRYS9RWBmE4ibnh3UlbRU=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1gEVyXxgS6LblxWsA9oYplMbtqhkwczk0IJwY2/4saFIm79Cnf+jdO0C209cOFwzr1z5x4v4Uwqy/o2SkvLK6tr5fXKxubW9o65u9eScSooNGnMY9HxiATOImgqpjh0EgEk9Di0veHNxG+PQEgWR/dqnIAbkn7EAkaJ0lLPPHCKNzIBfo6dEdBsmD84UhHRM6tWzSqAF4k9I1U0Q6Nnfjl+TNMQIkU5kbJrW4lyMyIUoxzyipNKSAgdkj50NY1ICNLNivU5PtaKj4NY6IoULtTfExkJpRyHnu4MiRrIeW8i/ud1UxVcuRmLklRBRKeLgpRjFeNJHthnAqjiY00IFUz/FdMBEYQqnVpFh2DPn7xIWqc1+6x2cXderV/P4iijQ3SETpCNLlEd3aIGaiKKHtEzekVvxpPxYrwbH9PWkjGb2Ud/YHz+ACYJl+s=</latexit>

 = ~k � ~k?
<latexit sha1_base64="3+9tf5ujWoVUdttfvJAmOhRepEo=">AAACBXicbVDLSsNAFJ3UV62vqEtdBIvgxpL4QDdC0Y3LCvYBTSw300k7ZJIMM5NCCd248VfcuFDErf/gzr9x2mahrQcu93DOvczc43NGpbLtb6OwsLi0vFJcLa2tb2xumds7DZmkApM6TlgiWj5IwmhM6ooqRlpcEIh8Rpp+eDP2mwMiJE3iezXkxIugF9OAYlBa6pj7bgicw5U7IDgLR8d5f3ClAtExy3bFnsCaJ05OyihHrWN+ud0EpxGJFWYgZduxufIyEIpiRkYlN5WEAw6hR9qaxhAR6WWTK0bWoVa6VpAIXbGyJurvjQwiKYeRrycjUH05643F/7x2qoJLL6MxTxWJ8fShIGWWSqxxJFaXCoIVG2oCWFD9Vwv3QQBWOriSDsGZPXmeNE4qzmnl/O6sXL3O4yiiPXSAjpCDLlAV3aIaqiOMHtEzekVvxpPxYrwbH9PRgpHv7KI/MD5/ADeMmQs=</latexit>

Then 8~k
<latexit sha1_base64="F8Ye8GilyZG4pb+YWFXH2jiUGdw=">AAAB+HicbVDJSgNBFHwTtxiXjHr00hgET2HGBT0GvXiMYBbIDKGn85I06Vno7gnEIV/ixYMiXv0Ub/6NnWQOmljQUFS9x6uuIBFcacf5tgpr6xubW8Xt0s7u3n7ZPjhsqjiVDBssFrFsB1Sh4BE2NNcC24lEGgYCW8Hobua3xigVj6NHPUnQD+kg4n3OqDZS1y57/VhSIYg3RpaNpl274lSdOcgqcXNSgRz1rv3l9WKWhhhpJqhSHddJtJ9RqTkTOC15qcKEshEdYMfQiIao/GwefEpOjdIjJoF5kSZz9fdGRkOlJmFgJkOqh2rZm4n/eZ1U92/8jEdJqjFii0P9VBAdk1kLpMclMi0mhlAmuclK2JBKyrTpqmRKcJe/vEqa51X3onr1cFmp3eZ1FOEYTuAMXLiGGtxDHRrAIIVneIU368l6sd6tj8Vowcp3juAPrM8f5kOTQQ==</latexit>

Points on different thresholds are correlated, so that cancelling partners are 
evaluated at the same point when they need to cancel! 
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=

Z
dt

Z
d~kJ�

 
h(t)�(|�(t,~k)|� 1)

|�(t,~k)� ~p|� 1
+

h(t)�(|�(t,~k)� ~p|� 1)

|�(t,~k)|� 1

!

<latexit sha1_base64="09pH7pFlKzrmZMdI/vzl3wUo90A="></latexit>

=

Z
dt

Z
d~kJ�

 
h(t?1)

@t|�(t?1,~k)|(|�(t?1,~k)� ~p|� 1)
+

h(t?2)

@t|�(t?2,~k)� ~p|(|�(t?2,~k)|� 1)

!

<latexit sha1_base64="wLm54yoYmRQDSGmYKFaVwnz0hAA="></latexit>

Look at the singularities of the first term. It is exactly the equation defining t?2
<latexit sha1_base64="039mNWpriH99T2CgDH+WYEolTWM=">AAAB8HicbVDLTgJBEOzFF+IL9ehlIzHxRHZRo0eiF4+YyMPASmaHASbMzG5mek3Ihq/w4kFjvPo53vwbB9iDgpV0UqnqTndXGAtu0PO+ndzK6tr6Rn6zsLW9s7tX3D9omCjRlNVpJCLdColhgitWR46CtWLNiAwFa4ajm6nffGLa8Ejd4zhmgSQDxfucErTSAz52DBLdrXSLJa/szeAuEz8jJchQ6xa/Or2IJpIppIIY0/a9GIOUaORUsEmhkxgWEzoiA9a2VBHJTJDODp64J1bpuf1I21LoztTfEymRxoxlaDslwaFZ9Kbif147wf5VkHIVJ8gUnS/qJ8LFyJ1+7/a4ZhTF2BJCNbe3unRINKFoMyrYEPzFl5dJo1L2z8oXd+el6nUWRx6O4BhOwYdLqMIt1KAOFCQ8wyu8Odp5cd6dj3lrzslmDuEPnM8frIKQVA==</latexit>

t?1 = t?2
<latexit sha1_base64="qup0uzpHpG8Tb1c+bpzdHvK9kGs=">AAAB/HicbZDLSsNAFIYn9VbrLdqlm8EiuCpJVXQjFN24rGAv0MYwmU7aoZNJmDkRQqmv4saFIm59EHe+jdM2C239YeDjP+dwzvxBIrgGx/m2Ciura+sbxc3S1vbO7p69f9DScaooa9JYxKoTEM0El6wJHATrJIqRKBCsHYxupvX2I1Oax/IesoR5ERlIHnJKwFi+XQbffehpIOoK/NqcfLviVJ2Z8DK4OVRQroZvf/X6MU0jJoEKonXXdRLwxkQBp4JNSr1Us4TQERmwrkFJIqa98ez4CT42Th+HsTJPAp65vyfGJNI6iwLTGREY6sXa1Pyv1k0hvPTGXCYpMEnni8JUYIjxNAnc54pREJkBQhU3t2I6JIpQMHmVTAju4peXoVWruqfV87uzSv06j6OIDtEROkEuukB1dIsaqIkoytAzekVv1pP1Yr1bH/PWgpXPlNEfWZ8/ZfuUng==</latexit>

)
<latexit sha1_base64="NJkL7XqzX5CHino+C41Ca7UOiHA=">AAAB8nicbVDLSgNBEOyNrxhfUY9eFoPgKez6QI9BLx6jmAdsljA7mU2GzM4sM71KCPkMLx4U8erXePNvnCR70GhBQ1HVTXdXlApu0PO+nMLS8srqWnG9tLG5tb1T3t1rGpVpyhpUCaXbETFMcMkayFGwdqoZSSLBWtHweuq3Hpg2XMl7HKUsTEhf8phTglYKOne8P0CitXrslite1ZvB/Uv8nFQgR71b/uz0FM0SJpEKYkzgeymGY6KRU8EmpU5mWErokPRZYKkkCTPheHbyxD2ySs+NlbYl0Z2pPyfGJDFmlES2MyE4MIveVPzPCzKML8Mxl2mGTNL5ojgTLip3+r/b45pRFCNLCNXc3urSAdGEok2pZEPwF1/+S5onVf+0en57Vqld5XEU4QAO4Rh8uIAa3EAdGkBBwRO8wKuDzrPz5rzPWwtOPrMPv+B8fAOTX5F0</latexit>|�(t?1,~k)� ~p|� 1 = 0

<latexit sha1_base64="b0oNjlGplrIMwachu+DDd3UnOKk=">AAACDnicbZDLSsNAFIYn9VbrLerSTbAUKtiSeEE3QtGNywr2Ak0tk+m0HTpJhpmTQkn7BG58FTcuFHHr2p1v4zTtQlt/GPj4zzmcOb8nOFNg299Gaml5ZXUtvZ7Z2Nza3jF396oqjCShFRLyUNY9rChnAa0AA07rQlLse5zWvP7NpF4bUKlYGNzDUNCmj7sB6zCCQVstMzdyRY/loeU8uAqwPHYHlMT98VEhATEeFZwru2Vm7aKdyFoEZwZZNFO5ZX657ZBEPg2AcKxUw7EFNGMsgRFOxxk3UlRg0sdd2tAYYJ+qZpycM7Zy2mlbnVDqF4CVuL8nYuwrNfQ93elj6Kn52sT8r9aIoHPZjFkgIqABmS7qRNyC0JpkY7WZpAT4UAMmkum/WqSHJSagE8zoEJz5kxehelJ0Tovnd2fZ0vUsjjQ6QIcojxx0gUroFpVRBRH0iJ7RK3oznowX4934mLamjNnMPvoj4/MHVdybpQ==</latexit>

Furthermore

|�(t?1,~k)� ~p|� 1 = |�(t?2,~k)� ~p|� 1 + (t?1 � t?2)@t|�(t?2,~k)� ~p|+ o((t?1 � t?2))
<latexit sha1_base64="nj9EoBuI3B36zpeIXt0MCcUfiqA="></latexit>

= (t?1 � t?2)@t|�(t?2,~k)� ~p|+ o((t?1 � t?2))
<latexit sha1_base64="qyEsBeib7eAL0skSlfyvabJNKOg="></latexit>

which is a simple pole in the flow variable! Expanding carefully…

|�(t?1,~k)|� 1 = 0
<latexit sha1_base64="dhiqe+lkkXuezrgZjYww7OwZrBs=">AAACBnicbVDLSsNAFJ3UV62vqEsRgkWooCXxgW6EohuXFewDmhgm04kdOnkwc1MoaVdu/BU3LhRx6ze482+ctllo64ELh3Pu5d57vJgzCab5reXm5hcWl/LLhZXVtfUNfXOrLqNEEFojEY9E08OSchbSGjDgtBkLigOP04bXvR75jR4VkkXhHfRj6gT4IWQ+IxiU5Oq7AzvusBLc2xKwcK1Du0dJ2h0eDI6sS9PVi2bZHMOYJVZGiihD1dW/7HZEkoCGQDiWsmWZMTgpFsAIp8OCnUgaY9LFD7SlaIgDKp10/MbQ2FdK2/AjoSoEY6z+nkhxIGU/8FRngKEjp72R+J/XSsC/cFIWxgnQkEwW+Qk3IDJGmRhtJigB3lcEE8HUrQbpYIEJqOQKKgRr+uVZUj8uWyfls9vTYuUqiyOPdtAeKiELnaMKukFVVEMEPaJn9IretCftRXvXPiatOS2b2UZ/oH3+APeYmCY=</latexit>

|�(t?2,~k)� ~p|� 1 = 0
<latexit sha1_base64="1OtiCEmSI74kUuEBEetlbDsn3MQ=">AAACDnicbZDLSsNAFIYnXmu9VV26CZZCBVuSquhGKLpxWcFeoKllMp20QyfJMHNSKGmewI2v4saFIm5du/NtnF4W2vrDwMd/zuHM+V3BmQLL+jaWlldW19ZTG+nNre2d3czefk2FkSS0SkIeyoaLFeUsoFVgwGlDSIp9l9O6278Z1+sDKhULg3sYCtrycTdgHiMYtNXO5EaO6LE8PDgKsGyXTpwBJXE/OS5MQCSjgn1ltTNZq2hNZC6CPYMsmqnSznw5nZBEPg2AcKxU07YEtGIsgRFOk7QTKSow6eMubWoMsE9VK56ck5g57XRML5T6BWBO3N8TMfaVGvqu7vQx9NR8bWz+V2tG4F22YhaICGhApou8iJsQmuNszA6TlAAfasBEMv1Xk/SwxAR0gmkdgj1/8iLUSkX7tHh+d5YtX8/iSKFDdITyyEYXqIxuUQVVEUGP6Bm9ojfjyXgx3o2PaeuSMZs5QH9kfP4AWP6bpg==</latexit>

 

<latexit sha1_base64="ic0XsUyeApFZMaxNJR4dumV2MOw=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoOQU9j1gR5DvHiMYB6QLGF2MrsZMzuzzMwKYck/ePGgiFf/x5t/4yTZgyYWNBRV3XR3BQln2rjut1NYW9/Y3Cpul3Z29/YPyodHbS1TRWiLSC5VN8CaciZoyzDDaTdRFMcBp51gfDvzO09UaSbFg5kk1I9xJFjICDZWavcbLIqqg3LFrblzoFXi5aQCOZqD8ld/KEkaU2EIx1r3PDcxfoaVYYTTaamfappgMsYR7VkqcEy1n82vnaIzqwxRKJUtYdBc/T2R4VjrSRzYzhibkV72ZuJ/Xi814Y2fMZGkhgqyWBSmHBmJZq+jIVOUGD6xBBPF7K2IjLDCxNiASjYEb/nlVdI+r3kXtav7y0q9kcdRhBM4hSp4cA11uIMmtIDAIzzDK7w50nlx3p2PRWvByWeO4Q+czx/0Co66</latexit>

!

<latexit sha1_base64="7mLmjOaLy9BsGSxl4P3P6b6rEPM=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoOgl7DrAz2GePEYwTwgWcLsZHYzZnZmmZkVwpJ/8OJBEa/+jzf/xkmyB00saCiquunuChLOtHHdb6ewsrq2vlHcLG1t7+zulfcPWlqmitAmkVyqToA15UzQpmGG006iKI4DTtvB6Hbqt5+o0kyKBzNOqB/jSLCQEWys1OrVWRSd9csVt+rOgJaJl5MK5Gj0y1+9gSRpTIUhHGvd9dzE+BlWhhFOJ6VeqmmCyQhHtGupwDHVfja7doJOrDJAoVS2hEEz9fdEhmOtx3FgO2NshnrRm4r/ed3UhDd+xkSSGirIfFGYcmQkmr6OBkxRYvjYEkwUs7ciMsQKE2MDKtkQvMWXl0nrvOpdVK/uLyu1eh5HEY7gGE7Bg2uowR00oAkEHuEZXuHNkc6L8+58zFsLTj5zCH/gfP4A9Y6Ouw==</latexit>
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h(t?1)

@t|�(t?1,~k)|(|�(t
?
1,~k)� ~p|� 1)

=
h(t?2)

@t|�(t?1,~k)|@t|�(t
?
2,~k)� ~p|(t?1 � t?2)

+O((t?1 � t?2)
0)

<latexit sha1_base64="S03z2aOKjhoL274pkT0AUaS6rSs="></latexit>

h(t?2)

@t|�(t?2,~k)� ~p|(|�(t?2,~k)|� 1)
=

h(t?2)

@t|�(t?2,~k)� ~p|@t|�(t?1,~k)|(t
?
2 � t?1)

+O((t?1 � t?2)
0)

<latexit sha1_base64="BMZxukLl7OOQpaqfjrpsXBKrcCg="></latexit>

h(t?2)

@t|�(t?2,~k)� ~p|(|�(t?2,~k)|� 1)
+

h(t?1)

@t|�(t?1,~k)|(|�(t
?
1,~k)� ~p|� 1)

= O((t?1 � t?2)
0)

<latexit sha1_base64="Z0uHYjE/6CFghhOMewABBO8wgFE="></latexit>

Expanding carefully the two term composing the integrand…

So that they combine to a finite quantity!!!
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•     is a natural parameter in which to expand to show cancellations 
• One single parameter to approach all limits (single/double collinear, soft collinear etc. ) 

• Parameter in which we solve the deltas          1d residue theorem along the flow!

t
<latexit sha1_base64="t6XaytdIsHwdU4AeCNDSjPNP5sM=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV0f6DHoxWMC5gHJEmYns8mY2dllplcIS77AiwdFvPpJ3vwbJ8keNLGgoajqprsrSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGd1O/9cS1EbF6wHHC/YgOlAgFo2ilOvZKZbfizkCWiZeTMuSo9Upf3X7M0ogrZJIa0/HcBP2MahRM8kmxmxqeUDaiA96xVNGIGz+bHTohp1bpkzDWthSSmfp7IqORMeMosJ0RxaFZ9Kbif14nxfDGz4RKUuSKzReFqSQYk+nXpC80ZyjHllCmhb2VsCHVlKHNpmhD8BZfXibN84p3UbmqX5art3kcBTiGEzgDD66hCvdQgwYw4PAMr/DmPDovzrvzMW9dcfKZI/gD5/MH4m2M/w==</latexit>

)
<latexit sha1_base64="NJkL7XqzX5CHino+C41Ca7UOiHA=">AAAB8nicbVDLSgNBEOyNrxhfUY9eFoPgKez6QI9BLx6jmAdsljA7mU2GzM4sM71KCPkMLx4U8erXePNvnCR70GhBQ1HVTXdXlApu0PO+nMLS8srqWnG9tLG5tb1T3t1rGpVpyhpUCaXbETFMcMkayFGwdqoZSSLBWtHweuq3Hpg2XMl7HKUsTEhf8phTglYKOne8P0CitXrslite1ZvB/Uv8nFQgR71b/uz0FM0SJpEKYkzgeymGY6KRU8EmpU5mWErokPRZYKkkCTPheHbyxD2ySs+NlbYl0Z2pPyfGJDFmlES2MyE4MIveVPzPCzKML8Mxl2mGTNL5ojgTLip3+r/b45pRFCNLCNXc3urSAdGEok2pZEPwF1/+S5onVf+0en57Vqld5XEU4QAO4Rh8uIAa3EAdGkBBwRO8wKuDzrPz5rzPWwtOPrMPv+B8fAOTX5F0</latexit>

IR safety

This same expansion can be performed for the interference diagrams

The major difference is the observable!

Requiring IR safety =)
<latexit sha1_base64="+a17BkN/x25h2rlfKi+MYSILzPs=">AAAB+HicbVDLSgNBEOyNrxgfWfXoZTAInsKuD/QY9OLBQwTzgGQJs5PZZMjszDIzq8QlX+LFgyJe/RRv/o2TZA8aLWgoqrrp7goTzrTxvC+nsLS8srpWXC9tbG5tl92d3aaWqSK0QSSXqh1iTTkTtGGY4bSdKIrjkNNWOLqa+q17qjST4s6MExrEeCBYxAg2Vuq55e6NFAPFBkODlZIPPbfiVb0Z0F/i56QCOeo997PblySNqTCEY607vpeYIMPKMMLppNRNNU0wGeEB7VgqcEx1kM0On6BDq/RRJJUtYdBM/TmR4VjrcRzazhiboV70puJ/Xic10UWQMZGkhgoyXxSlHBmJpimgPlOUGD62BBPF7K2IDLHCxNisSjYEf/Hlv6R5XPVPqme3p5XaZR5HEfbhAI7Ah3OowTXUoQEEUniCF3h1Hp1n5815n7cWnHxmD37B+fgGQlyTfQ==</latexit>

Os1(~k) = Os6(~k), 8~k 2 B✏(S)
<latexit sha1_base64="cwtY7HE/o9PybAOqx/FEJV/6ehk="></latexit>

Soft/collinear  
region

=)
<latexit sha1_base64="+a17BkN/x25h2rlfKi+MYSILzPs=">AAAB+HicbVDLSgNBEOyNrxgfWfXoZTAInsKuD/QY9OLBQwTzgGQJs5PZZMjszDIzq8QlX+LFgyJe/RRv/o2TZA8aLWgoqrrp7goTzrTxvC+nsLS8srpWXC9tbG5tl92d3aaWqSK0QSSXqh1iTTkTtGGY4bSdKIrjkNNWOLqa+q17qjST4s6MExrEeCBYxAg2Vuq55e6NFAPFBkODlZIPPbfiVb0Z0F/i56QCOeo997PblySNqTCEY607vpeYIMPKMMLppNRNNU0wGeEB7VgqcEx1kM0On6BDq/RRJJUtYdBM/TmR4VjrcRzazhiboV70puJ/Xic10UWQMZGkhgoyXxSlHBmJpimgPlOUGD62BBPF7K2IDLHCxNisSjYEf/Hlv6R5XPVPqme3p5XaZR5HEfbhAI7Ah3OowTXUoQEEUniCF3h1Hp1n5815n7cWnHxmD37B+fgGQlyTfQ==</latexit>

Experimental resolution of  
degenerate parton configurations!

   is a mathematically needed scale, 
gauging the volume of phase space in  
which the observables must coincide

✏
<latexit sha1_base64="7ApH5KhDDokWATg9CRmfpK+20QE=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKez6QI9BLx4jmAckS5id9CZDZmfXmVkhLPkJLx4U8ervePNvnCR70MSChqKqm+6uIBFcG9f9dgorq2vrG8XN0tb2zu5eef+gqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7dRvPaHSPJYPZpygH9GB5CFn1Fip3cVEcxHLXrniVt0ZyDLxclKBHPVe+avbj1kaoTRMUK07npsYP6PKcCZwUuqmGhPKRnSAHUsljVD72ezeCTmxSp+EsbIlDZmpvycyGmk9jgLbGVEz1IveVPzP66QmvPYzLpPUoGTzRWEqiInJ9HnS5wqZEWNLKFPc3krYkCrKjI2oZEPwFl9eJs2zqndevby/qNRu8jiKcATHcAoeXEEN7qAODWAg4Ble4c15dF6cd+dj3lpw8plD+APn8wdPFZAn</latexit>

Finite-sized  
neighbourhood
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Initial State Radiation

Interference diagrams that cancel at the 
location of a singularity correspond to 
varying final state multiplicities

• If we want ISR cancellations, we need to consider diagrams with more than 
two initial states or it is not IR-safe! 

• Furthermore, to cancel singularities that correlate initial and final states, 
we also need diagrams with disconnected amplitudes, contradicting LSZ

How do PDF renormalisation and resummation fit into this model? 
We’ll have to wait to know for sure…

The interference diagrams are now obtained by cutting vacuum graphs!
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A recap: 

• Loop-Tree Duality representation for the sunrise 

• Singularities of the sunrise  
• Physical thresholds as connected cuts 

• Constructing interference diagrams from the super-graph 
• Easy cancellations of IR singularities through local factorisation of 

amplitudes 
• The causal flow and hints at a general proof 

• IR-safety and observables 
• Initial state radiation
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