l Class 2: Interpreting RBMs
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l Plan for the lecturers

¢ Class 2: Interpretability. How can we learn from trained networks?



e—EQ (:n)

l Summary pe(z)= Z

 Application 1: Interpretation of the energy function: E (x)

- Intro: General applications of inverse statistical mechanics
- Mapping the RBM to a multi-body interaction Ising model

- Inference of interaction networks

 Application 2: Exploring the inferred probability distribution function: p (x)

- Probe perturbately the free-enery landscape using statistical physics
- Use the training dynamics to reveal relational trees between data:

* Hierarchical clustering

 Unsupervised classification 3176



l Interpreting the energy function
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Nguyen, H. C., Zecchina, R., & Berg, J.

l Inverse Ising problem (2017) Advances in Physics

Dataset
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Nguyen, H. C., Zecchina, R., & Berg, J.

l Inverse Ising problem (2017) Advances in Physics

Am | able to infer which was the
Interaction model that generated it?

E;n(S) ==Y Ji;88 — > hiS;
1] )

Dataset




Nguyen, H. C., Zecchina, R., & Berg, J.

l Inverse Ising problem (2017) Advances n Physis

Am | able to infer which was the
Interaction model that generated it?

- Erp(8) == 785 = h;

BT 35,5y SiSi BJij = Jij  hi=0
Solution
IS unique !




l Inverse Ising problem

Nguyen, H. C., Zecchina, R., & Berg, J.
(2017) Advances in Physics

Am | able to infer which was the
Interaction model that generated it?

o En(8) == 7,858 Y hsS;
B3 5y SiS; Bdij =Jdi;  h; =0
Solution
IS unique !/ : ]
Fixed point
Z. . Jz S —|—Z ]’L S <Ssz>pJ,h — <SiSj>pdata
prn(S) = ey

<Si>pJ,h — <Si>pdata




Nguyen, H. C., Zecchina, R., & Berg, J.

l Inverse Ising problem (2017) Advances n Physis

Am | able to infer which was the
Interaction model that generated it?

E,]h(S) = — v J,,-,,-Sq-Sf; — YThzsz

BJij # Jij  hi £ 0
Solution
M
1 is uni a
We only  pp(x) = i Z 0 (w - w(m)) 's unique * Fixed point

Know the data m—1
pjh(S) — iezij JijSi+>. hiS; <Sz'Sj>pJ’h = (59,5, ~

Z <Si>pJ,h - <SZ PD




Applications I: reconstruction of neural
connections

ngurons
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Applications II: Inverse Potts
Direct coupling analysis (DCA)

N, Ng
EJh Y S‘ Jq%l’QQ(ga:i,qlcsSi,qz o Zzhgéxz,q Ly = {17 . 7Q}

1,j=1q1,2=1 1=1 g=1
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Model the “true”
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Applications II: Inverse Potts
Direct coupling analysis (DCA)

N, Ng
EJ,h(w) S‘ S‘ ‘]iqjl,q25xi7Q155i7QQ _ Z Z hg(swi,q Li = {17 ) Q}

a] 1q172— 1=1 q:]-

Structure prediction

Model the “true”

variable conserved

active

site residue residue fitneSS /andscape
200, 10 100, 18] 10y
evolution RIDHRLEKHNDT
contact FLNGRLRHDDT
—” HERQITGHEHL R icti
KYRTRLTUDDL . Statistical sequence
RRAME:EVGHNLEKA asle H
TQKEG-LAHNGHG Iandscape
¢ Cocco, Feinauer, Figliuzzi, Monasson. Weigt, Rep. Prog. Phys. 81 (2018) 032601

coevolving
residues
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Ex. Inverse Potts
Direct coupling analysis (DCA)

Ny Mutation prediction
d1,4q2 \
EJ,]’L( S S J 5$7,,C_I168%,QQ : : Fo
1,j=1q1,2=1 i=1 9= | DCA model 4
© |
o
— HE - H H : H i HY ‘. - 3\ w
1 2 ] 1 -] 2 : 12 14 15 o, el .- r. : ) 1 ] = -“ - L2 .s o‘ -
dnd H R W HMCEE QN N I =
0 F H C <«
Structure prediction » B o
. variable conserved ol
agitllge residue residue o / — [qug 22002210 (((()]76?)
Rote! Jo! Jo'e! Yo o8 —— Dec. .
evolution FLNCRLRHDOT o | July 2020 (0.52)
contact o
> HERQ: TGHEXL ' ' ' ' ' '
KYRTRLTUDDL 1.0 0.8 0.6”0'.4 0.2 0.0
RRAMEVGHNLKA Specificity
TQKE:LAHNEKG
*W Cocco, Feinauer, Figliuzzi, Monasson. Weigt, Rep. Prog. Phys. 81 (2018) 032601

residues Rodriguez-Rivas, J., Croce, G., Muscat, M., & Weigt, M. 13776

Proceedings of the National Academy of Sciences, (2022).



l Pairwise models : The Boltzmann machine

Ejn(x) = Z Jij T — Zh X;

J

Simple and easy to interpret, but are strongly limited...

14776



l Pairwise models : The Boltzmann machine

Hinton and Sejnowski (1983)

Ejn(x Z Jij i — Z hix;

. _ o BM inferred pairwise
Simple and easy to interpret, but are strongly limited... coupling matrix

HEAREOSSHRANHEERT eaming
A[S[0]5]717 4]V [o0[3]0]k]2]] 94 _
/1310/20[17|%|8]3]0/3[2]3 2|1
8 44l 0o/ ] -




Generation

I Pairwise models : The Bolt

the BM

We need to encode higher order correlations ! 8338333333
B339

323333283750

Ejn(x J 21 hex 222033333233
Z R Z e LYY Yy Y Y Yy yYyYy.

aaaagaoaoapaa
R 883988

Simple and easy to interpret, but are strongly limited...

31810/36]4/513 17 45/313 ¢ 4 ¢ [N ”I”
V15[0[5[7[7 4\ [o]3 [0k [2[q 94 -

1136 8[0[n]7]%[8]3]013[7[3[>[1 o N e
5 4[4[ 12[a€[ 1] 110/ Cels[0 1] - N I;




l Encoding high-order correlations

HEAREOSHRDHEEIRIE fi = (x;)
V51015919 4]V |o]3]0]k|2]]/9 4 g t/data
/1310/8]0]1 7|L/8]3]0/3]9]3 2|1 fii
BEINEEEINNNEELONN 2

— <$i$j > data

fijke = (i 2k) 40

firovin =Ty - Ti)) ) data

# parameters diverge too fast...

Zh T; — Z J(2)332333 Z jkx%mja:k — Z ]klaj T

17k 17kl




l Encoding high-order correlations

f- — (U;

( ()

But in real data the < >data
interactions are sparse fij — < xi$j>data

Only some n-tuples of o = {rir.T
variables are correlated fzg k < ivg ok >data

fil...an — <£U7;1 e xin>data

# parameters diverge too fast...

E(:B) - Z hzxz — Z Jz(f)xzxj — Z Z(jglzatza:jxk — Z q;(;l]zlxixjxkxl + ..

.

iJ ijk ijkl




l Alternative solution: add hidden variables

T =41 H(S1,52,7) = —7(w1S1 + w2S2)
w2

o—H(S1,82)

Sz' — +1 Marginal p(51, 5'2) —

probability 7

H = —log Z eT(wiSitw2Sz) — log 2 cosh [wy 51 + w259

T==x1
= —J5152 —J
The e
encoding is cosh(wq + wo
not unique ! = ( ) =e* | J>0 19776
cosh (wy — wsy)




l Alternative solution: add hidden variables

= 41 H(S1,S2,7) = —wr(S1 + 55)
w

Z

€

. — -+ Marginal _
Si = *1 pr%rt)gf;rl:])ﬁity p (Sl’ S2) o

H = — log Z ewT(Sl+S2) = — IOgQCOSh [w(Sl + SZ)]

T==1 = —JS1Sy — J
S =1
=|cosh 2w = %/ J >0 G2k+1 _ ¢




l Alternative solution: add hidden variables
H(Sl, 52,7') = —T(w1$1 + we Sy + (9) + h1S1 + haSo

There are even more ways to encode the same
interaction if you consider biases...
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l Alternative solution: add hidden variables

H(Sl, Ss, T) = —T(wlsl + woSo + w3S3 + w4S4)

W4y

H(Sl, Sy, 93, 54) = — log 2 cosh [wlSl + w989 + w3 S3 + w4S4]
= —J%) 819,858, — 28180 — 728,85 — 7P 818, — J2 6,85 — I 88, — 2SS, + C

In order to encode an interaction model with at most k-body interactions we need O(N,) hidden

nodes, with N, the number of non-zero J¥ couplings (# parameters O(N,)N) << O(N¥)
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l The Restricted Boltzmann Machine

-Smolensky, P. (1986)

TR
Visible : data ;! X1 Lo I3 T4 Iy

Hidden : “Neurons” — features extracted

Universal approximator ! Le Roux and Bengio. Neural computation (2008)
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l The Restricted Boltzmann Machine

-Smolensky, P. (1986)

B3 Samples generated with L] X9 X3 T4 Is

the RBM

Universal approximator !

Le Roux and Bengio. Neural computation (2008)
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l The Restricted Boltzmann Machine

-Smolensky, P. (1986)

B3 Samples generated with L] X9 X3 T4 Is

the RBM

The RBM is much more expressive than

the BM, but can we
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make it just as interpretable?




- Zaimea T anaz _ Z HCLTCL Oj’ Ti_ < {321}
1a ) a

Both Ising variables

HRBM ——lOg Ze £o(o.T) —_Z 104 — Zlog cosh ( a""Z Wia0i> +C

l The RBM as a model for interacting spins
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= _Zgimea—ZniUi_ZgaTa 0j, Ti © {1}
ia i a Both Ising variables
HRBM _—108; Ze £o(e.7) ——Z 1,0 — Zlog cosh ( a‘l_z Wm%) +C

- Z H; 795 — Z JJ(1.7)'20-«710-.72 - Z J5132]30]10j20j3 T

J1>72 J1>J2>73

l The RBM as a model for interacting spins

27176



80(07 T) — Z O;WiqTaq — anaz — Z HaTa
1a ) a

Scil SciPost Phys. 16, 095 (2024)

Inferring effective couplings with restricted Boltzmann machines

oHeolZ Cvy ilFl.ll‘ﬂEh.l‘lEl'z,

1

Alfonso De Jestis Navas Gémez!* and Beatriz Seoane?

l The RBM as a model for interacting spins
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l From the RBM to a generalized Ising model
H(o) = — anai — Zlog cosh (Z W;iq0j + Ca> .
j a j
- — anaj — ZH(S%'U; Zlncosh (Z wjaaé- + Ca) .
j o a j
- — anaj — 2% ZH (1 + ajag) Zlncosh (Z wja03- + Ca) .
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l From the RBM to a generalized Ising model
H(o) = — anai — Zlog cosh (Z W;iq0j + Ca> .
J a J
- — anaj — ZH(S%'U; Zlncosh (Z wjaag- + Ca) .
J o’ J a J
= — anaj — 2% ZH (1 + O'jO'é—) Zlncosh (Z wja0; + Ca) .

(1+o0107)(1+o0205)---(1+ UNUUEVU) =1+ ZO'jO';' + 01020105 + - -+ + 010203010505 + - - -
J

_ E Hjo, E | (2) & 5. E )
— HJO-] - Jj1j20-310-32 - J]leJBO-,]lO-J20-,73 -
J

— = 30/76
J1>732 J1>732>73



Given an o
RBM, we know HJ =

l From the RBM to a generalized Ising model
which effective

1
+ S Z Z 0;- In cosh Z wikoy, + G
o/ 1 k
Ising Model it () 1
n / / /
corespondsto. -y = oN, Z Z o -..0; Incosh E Wiko, + G
o/ 1 k
1
= — anaj ~ N, Z H (1 + O'jO';-) Zlncosh Z’wjaq; + Ca
j o/ J a J
(1+o0107)(1+o0205)---(1+ UNvaﬁvv) =1+ ZO-jO';' + 01020105 + - -+ + 010203010505 + - - -
J

:j: 777 Z : 7172 2 J17 ]2 : : 717293 J17J27]3 31/76

J1>72 J1>7J2>73




l From the RBM to a generalized Ising model

Introduce the random variable
N, large

Ny
X(gjl +dn) = E wjuaaé-u Central limit theorem

p=n-+1

1
HJ:TI]+§;EXC(LJ) hfl

cosh (Ca + Wjq + Xc(aj)) _
cosh (Ca — Wjq + Xc(zj))
cosh <§a +Wj 0 + Wiya + Xi(jljz)) x cosh (Ca — (Wj,a + Wjya) + X(gjle)) .

cosh <Ca + (Wjia = Wsa) + Xéjljz)) x cosh (Ca — (Waj, — Waj,) + X§j1j2))

2 _ 1 N
lejz _ Z ZEX(SJUQ) |:1Il

R——




l Numerical controlled experiments

Horlgmal

""

: - 't' ., “”: b .|
_ %ﬁﬁ’éﬁ" %

Lm

Z hio; — Z J*(Q)Jzaj — Z J*](,f)azajak

17k

Generate equilibrium samples
With a known model
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. . : Decelle, Furtlehner, N
Pipeline of the numerical test ~ Decelle. Furiener, Navas

o W.b. h

l Infer the effective couplings out of

Generate a dataset of
generalized Ising model (GIM)
eqguilibrium samples

Lo Train an RBM using this dataset

the trained REM models

H{(W.b.h)..J."" (W.b.h)

NN Y
Ferromagnetic 2D Ising Model Disordered 2D Ising Model

) o,
Compare with the true " l._."'.-._-'l-. J
couplings used to -._1'-.::_ '-._L
generate the samples ey '-:-.:- gl
S
True .q::.‘.‘.'l.'.
*(2) T
g : o b,
i il T
J2 e E i
] T
RBM-inferred -3 —F=-02 -1 ] 1.1 =02 0.3




1D Ising model 3=0.2

M
(d) 3 10 E 10 B 100l Tree
ID Ising Model (L = 50, § = 0.2) Fields X 2-Body Couplings 3-Body Couplings
(a) | |
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= 1 I
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—0.05 4 H
100 4 0 o . . .
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0.2 fm—mmmmm = H J2 JB
(e) Coupling Matrices

Uncoupled sites

Coupled sites /
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l 1D Ismg + 3-body mteractlons

Couphng Matrix (A2 =0.31)

1.0 0 0.3
AJ® i,
0.8 4 —_— AJ® 10 - ..:E::: 8=0.2
— AH o) o
061 20
5 0
0.4 - 20 4 o
& 0.1
0.2 - 10 4
40 -3 =-0.2
‘m—-\wm
e 50 : . 0.3
10° 104 10° 0 20 40
it
(c) (d)
0.015 - — J@
0.20 Ok _—®
- § 0.010 1 e Tr110
7 0157 2 0005
= 51 U
i a
= 0.10 3 0.000 >~ S ]
3 g
g = —0.005 -
£ 0.05 =
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0.00 - —0.015
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l Previous attempts .

G. Cossu, L. Del Debbio, T. Giani, A.
Khamseh and M. Wilson, Phys. Rev. B (2019)

Frequency

Frequency

—_
(=)

1[}1] d

1D Tsing model (L =50, 8 = 0.2, M = 10%)

Couplings histogram

Coupling matrix
- -

R 0

3 Cossuet al’s Cossu et al.'s
1 Our method

l ) 10

20
30
40
Our method
0.2  —01 0.0 0.1 0.2 0.3 0.4 10 20 30 40
J2
2D Ising model (L = 7,8 = 0.2, M = 10%)
Couplings histogram Coupling matrix
—_————1 0 -
B Cossuet al's Cossu et al’s | -..'l.l
[ Our method . "
L J | u
10
20
30
H 40
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. N. Bulso and Y. Roud;,
Previous attem ptS Neural Computation (2021)

(dl) (b]_) Lattice Gas Model (Cl)

Fields 2-Body Couplings 3-Body Couplings

e -
1ot i O unecoupled sites 107
! .:_ coupled sites .
] 107 - ]
1 1
1 1
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. Hidden Layer
i i “-ﬁ:” i
l Beyond Ising spins i ‘
L5 Visible Layer

One can generalize to Potts variables

N, N, q N, q Ny, N,
S S S a § E a E
1=1 5=1 a=1 7=1a=1 1=1

J

Hrpn(v) = — DO bian, — > In Y exp (cihi +hiy > Wicgaavj>
a 7 h; J a

=Y " - Z 3 (b;‘ - Z /«;,EUW;;) Sav; — % 3 (Z e Wéc;z;) Saroy, - Oanos,
J a 7 7

3 k>1 J1y-e3Jk Q1y---,0k
39/76



Hidden Layer

l From Ising to Potts s

Visible Layer

We can use it to infer

Ji T (w,m, 0)

HreMm(v) = — Z Z 0% 0av; — Z In Z exp (cihi + h; Z Z Wi‘;(San)
J a ) h; 7 a

=Y " - Z 3 (b? - Z /f,El)W{;) Sav; — Y % | Z (Z P VA W;ﬁ> Saroy, - Oanos,
7 a 7 k 7

( k>1 Jlyeees Jk Q1,...,0
40/ 76



l Main difficulty: gauge symmetry

Ny N, ¢ Ny,
HRBM 'U h Zzzh cw‘7 _ Zzb;‘béavj - Zcihz
=1

1=1 5=1a=1 j=1a=1

: W-a’ — W-a- + Aij
Invariant
under the ba — ba + B,
transformation
C; — C; — Z Aij

J
The gauge transformation changes all orders of interaction !

And the zero sum gauge in the RBM is not equivalent to the zero sum gauge in the

effective Potts model 41776



PHYSICAL REVIEW E 108, 014110 (2023)

Unsupervised hierarchical clustering using the learning dynamics
of restricted Boltzmann machines

Aurélien Decelle ® and Beatriz Seoane
Departamento de Fisica Tedrica, Universidad Complutense de Madrid, 28040 Madrid, Spain
and Université Paris-Saclay, CNRS, INRIA Tau team, LISN, 91190 Gif-sur-Yverte, France

Lorenzo Rosset®”
Departamento de Fisica Tedrica, Universidad Complutense de Madrid, 28040 Madrid, Spain

Analyzing the free energy landscape
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Motivation

Cost per Human Genome

$100,000,000

$10,000,000

Moore’s Law
$1,000,000

‘ CImIHITTTTGmI ITAGAATTGTTATTTCTTAAAGCCTACACT
ATTTATAARAACTTTAAATCTTARCAATAAAGARTTTCGGATGTGR

$100,000

ATTAATATCAGITAATATTITCACGAATACTATATTITAAATATCCCCA
AATTATACGTCAATTATAAAGTGCTTATGATATAAAATTTATAGGGGT

AGCAGTCAARTACTATGGARATGGAAATCATAACTTTTGCCTGGTGCAC
CGICAGITAIGATACCTITACCTITITAGTATTGAARACGGACCACGTG
TAATGTGCGTITITAARTAGAACATCTGTTCGGTCCACACTCGGCT ARAT(
ATTACAECGCAAATTTATCTITGTAGACAAGCCAGGTGTGAGCCGATTT Af
GGARATITCGGAGTCGGAATGAGTATCGTTGGACTGGGAACTGGGARAAT G
CCTARGCCICAGCCITACTCATAGCAACCTGACCCTTGACCCTTT ACHK

Number of entries in UniProtkB/TrEMBL CCATTCCAGCAGGGGAGCAARAGGGGTAATGGTACACAT AGCTCACTC
® o0 250M 1 CTIARCGTCGTICCCCTICGTITITCCCCATTACCATGTGTATCGAGT GAGH

$10,000

National Human Genome
N I H Research Institute

genome.gov/sequencingcosts
$100

2001 2002 2003 2004 2005 2006 2007 2008 2009 2010 2011 2012 2013 2014 2015 2016 2017 2018 2019 2020 2021

200M 4 *++ GTGCATCTGACTCCTGAGGAGAAG *** DNA
++os  CACGTAGACTGAGGACTCCTCTTC s+

4
e 150M - \L (transcriptio
Qo

100M - .ot GUGCAUCUGACUCCUGAGGAGAAG .- RNA
50M 4 tWTtXT}T (translation
oM V-"+H-Lt-—T-PE E K- protein

T T T T T T T T
1996 2000 2004 2008 2012 2016 2020 2024




Motivation

Number of entries in UniProtkKB/Swiss-Prot

600k T T . . . .
500k + -
high quality | - . - : L
1 ki I ¥ i 3 H " it e N Iu
400k ---manually . M T i o b B
annotated il ( i meml L N YR
300k | : : Pl e i b \ i
CCTARATATTTTTGAAATTTAGAATTGTTATTTCTTAAAGCCTACACT
200k | l ATTTATAAAAACTTTAAATCTTAACAATAAAGAATTTCGGATGTGA
ATTAATATCAGTTAATATTTCACGAATACTATATTTTAAATATCCCCA
100k - | AARTTATAGTCAATTAT AAAGTGCTTATGATAT AAAATTTATAGGGGT
GCAGTCAATACTATGGAAATGGAAATCATAACTTTTGCCTGGTGCAC
0 . , , , , CETCAGTTATGATACCTTTACCTTTAGTATTGAAARACGGACCACGTG

TAATGTGCGTTTAART AGAACATCTGTTCGGTCCACACTCGGCT ARAT
A AL A~ T T 7C ACGCAAATTT ATCTTGT AGACAAGCCAGGTGTGAGCCGATTT Al

GGARATITCGGAGTCGGAATGAGTATCGTTGGACTGGGAACTGGGARAAT G
CCTAAGCCTICAGCCTITACTCATAGCAACCTGACCCTTGACCCTTTACK

GGRITGCAGCAGGGGAGCAARAAGGGGTAATGGTACACAT AGCTCACT C(

Number of entries in UniProtKB/TrEMBL

® ® . 250M + CTARCGTCGTICCCCTCGTITTITCCCCATTACCATGTGTATCGAGTGAGY
L]
* &) 200M | *++  GTGCATCTGACTCCTGAGGAGAAG *** pNA
, e+ CACGTAGACTGAGGACTCCTCTTC oo+
e 150M - \L (transcriptio
‘ol 100M 4 e+ GUGCAUCUGACUCCUGAGGAGAAG++» RNA
50M 4 \fw | t | T} | (translation
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l We need tools to automatically tag data

MNIST
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Human Genome dataset — mutations genome
A global reference for human genetic variation, Nature 526(7571),68 (2015),
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Class IIT CPD photolyase
Class [T CPD photolyase
Plant-like photoreceptor CRY
Animal photoreceptor CRY

CRY DASH

Continental Area
@ European
@ south Asian
@ EastAsian
@ American

@ African

{6-4) photolyase
Trans. regulators

Plant photoreceptor CRY
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Class I CPD photalyase

Population
@ reruvian in Lima, Peru
. Mexican Ancestry in Los Angeles, California, USA
. Colombian in Medellin, Colombia
O— Puerto Rican in Puerto Rico

() African Ancestry in Southwest USA



l We need tools to automatically tag data

MNIST

Pﬂnﬂmnﬂﬂ

‘  Many labels - supervised learning
|

|
* None or so few labels - unsupervised or (semi supervised) learning

() African Ancestry in Southwest USA



Evolutionary process

* None or so few labels - unsupervised or (semi supervised) learning

Detect families and subfamilies in the data — hierarchical clustering

e Curse of dimensionality

@ African

() African Ancestry in Southwest USA
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pp(x) ~ po(x) =

- * None or so few labels - unsupervised or (semi supervised) learning

Detect families and subfamilies in the data — hierarchical clustering

e Curse of dimensionality

@ African

() African Ancestry in Southwest USA




l Step 0: Principal Component Analysis

Human Genome dataset — mutations genome Population
A global reference for human genetic variation, Nature 526(7571),68 (2015), origin "

Mutation sites
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32 10100..0000 XV . ,
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%E M 0101 0100 x® ] Eigenvectors : U,
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l Step 0 : Principal Component Analysis

Human Genome dataset — mutations genome Population
A global reference for human genetic variation, Nature 526(7571),68 (2015), Origin '
mg) = Vq X <Z) PCA Human Genome

European
South Asian
BEast Asian
American
African
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l Step 0: Principal Component Analysis

: East Asian
Human Genome dataset — mutations
A global reference for human genetic variation, Nature 5z
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l Step 0: Principal Component Analysis

. East Asian
Human Genome dataset - mutations

A global reference for human genetic variation, Nature 5z

. . 30 1

mg) :TJ@'X(Z) 20 1
Z 10 European
Z 0

%
populations
0.0 0.2

52/76
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l Step 0: Principal Component Analysis

3/8]6/q/6/4]573
A 505774\




l Step 0: Principal Component Analysis

3/8]6/9/6/4/573

1510597 4] |

We need :

» Better decomposition (features) of the dataset

—100
* Finer probe of the probability distribution function

40



l Step 0 : Principal Component Analysis

We have a model for the probability
—Eo(x)

po(@) ~ po(e) = —

Aypqeqord ¢-0T%
o <o 2
o o

gr|
o
B

Can we probe the maxima?

a
o 2
Y  H=

K?Isua

We need :

* Better decomposition (features) of the dataset

—100
* Finer probe of the probability distribution function

40



Free energy landscape

6_ERBM(S)

A

p(S) =

N
g Number of states but so few contribute

7 — ZG_ERBM(S) _ ZQ(U)G_U _ ZGS(U)—U _ ZG—F(U) _ Ze—Nf(U)
U U

(S} U U
F=U-TS5 “Free energy”

The states with lower f(U) are those that dominate the measure
56 /76



l Free energy landscape

* We want to use this landscape to get a notion also to identify
groups of similar sequences

* We want to obtain f(M) as a function of the probability of having
variables v and h activated M={{f}, {m }}

« logZ =log Z e~ NF M) Find the Ms with lower f(M)
M

We can use
basins of
attraction to
cluster data points

O :data
ZL:minima

5717176



[ T. Plefka, J. Phys. A 15, 1971 (1982),
A. Georges and J. S. Yedidia, J. Phys. A 24, 2173 (1991)]

Approximate the free energy

* We use the Plefka expansion to approximate f(iM)

: @) (A Mg M| B (M)
f ( ) ﬁﬂ )+%3 03 /30 9 862 50
—quaq+2mub —qulogfq Zmulogmu (1—m,)log(l—m,) +62quq my + & Zmu m: Z - ZZUJ fq

58776



[ T. Plefka, J. Phys. A 15, 1971 (1982),
A. Georges and J. S. Yedidia, J. Phys. A 24, 2173 (1991)]

Approximate the free energy

* We use the Plefka expansion to approximate f(iM)

: @) (A M Ofs(M)| . B 0°fs(M)
f ( ) fO( )—l_ﬁ 86 5 0 9 862 50
—quaq%—Zmub —qulogfq Zmulogmu (1—m,)log(l—m,) +Bquwq my, + B Zmu m ; )2fE— ZZw fq.

* Minima Vf(M) =0 = set of self-consistent equations (TAP egs.)
4 )

C:Mﬁ“““mmh+;mmi(%P Njizﬂm@—ihmﬁ@_ :>

iq

Pl 1] softmay [af + Syl + Wt + S om,le+ 1] = e+ 1) G — w3 710, )
N ’ _

Solve iteratively

59/76
[ Thouless, Anderson, Palmer, Philos. Mag. 35, 593 (1977) ]



l Approximate the free energy

* Minima Vf(M) =0 = set of self-consistent equations (TAP egs.)

- I
C my [t + 1] « sigmoid [bu + EZ fi [tlwi, + (m“[t] - %) (Z (Zj et ) zZ VR ]) D
[t + 1] < softmax, [ag + Z my[t + 1w, + z(m“‘[t +1] - -mi[t 1) (i(wgﬂ)g ~ Z Ll )

N ’ _

Solve iteratively




* Minima V f(M

2 principal component

i
1 principal component

) =0 = set of self-consistent equations (TAP egs.)

Basin of attraction: class
Fixed point: “representative”
features

a N\
C =+ 1] - signoid [, + > fiud (m“[r ) (Z (Zf [t ) YA )]
ft + 1] « softmax, [af + 3 mpft+ 1wl > (my[t+ 1] — m2[t+1]) ( (wl,)? — 7 [t]u:i;;)_
\ ’ -

Solve iteratively

61/76



l Data has a hierarchical organization

| In order to be expressive enough, the RBM must
describe all possible levels of similarity

The closest fixed point might be too detailed to
be useful for a general classification

62/76



l Data has a hierarchical organization

In order to be expressive enough, the RBM must
describe all possible levels of similarity

The closest fixed point might be too detailed to
be useful for a general classification

I 2
How do we detect larger basins? €3/ 76



l The RBM learns in an hierarchical way

Save machines

+ + + + - training (age)

+440

More are more structure
added to the model

64 /76



l The RBM learns in an hierarchical way

The W encode the PCA
of the dataset: Pairwise correlations  Higher order correlations

Save maghines >
+ + ot training (age)
-ttt t trtrt >
More are more structure
added to the model
* Decelle, Fissore and Furtlehner, Spectral dynamics of learning in restricted boltzmann machines (2017) 65/76

* Decelle, & Furtlehner, Restricted Boltzmann machine: Recent advances and mean-field theory (2021)



Hierarchical
Clustering




Hierarchical
Clustering

BE e LN

®
o 900 [ ]
* ® g. {} : fixed points

initial conditions

5 99979909 =
+ ‘jﬁ 67 /76
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l Example: synthetic evolutionary data

@)
—
@
=

A) B)

Nv

0100...0000
0101..0100

1100..1000
0001..0101

2 principal component

e

1 principal component

68 /76



l Example: synthetic evolutionary data

A)

Nv
0100...0000
0101..0100
1100..1000
0001...0101

B)

O

2 principal component

a3

1 principal component

Build a tree
Using machines saved during

the training 69 / 76



l Synthetic data

Real tree

Reconstruction

70/76
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Hierarchical

Clustering
o:
@
MNIST data °
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Hierarchical R
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l Protein function classification

ProfileView classification ‘ \ ﬂ I " ' . .
B v e \ g \m\};_m,\}}.lt.1u“H.f.f!w_dg,,,,,/ CPF protein family
[ nery oUiRRAT| |"| |7

|

[ ] class 1 cPD photolyase

|:| Class || CPD photolyase
[ ] Plant-like photoreceptor CRY

|:| Animal photoreceptor CRY
[ ] crRyDAsH

[T (6-4) photolyase

|:| Trans. regulators

L] A

. Plant photoreceptor CRY
[] ciass 1 cPD photolyase

Experimental classification
@ 6-4 photolyase

. CPD photalyase

(O circadian

. Photoreceptar

@ ssDNA photolyase

1y g \ 74176



Hierarchical
Clustering

Automatically label

sequences based on a few
examples

//
Z
Subfamilies

GH30_1

@ cH30_10
GH30_2
GH30_3
GH30_4

=

Y Z

= 2

—
=
—
-

GH30_5

GH30_6
GH30_7
GH30_8
GH30_9

75/76



l Conclusions

* RBMs are both expressive and simple
* The are as interpretable as the Boltzmann Machines

* They can be used to infer multi-body interactions without
blowing the number of parameters

* We have mappings between the:

* Bernouilli-Bernoulli RBM — Generalized Ising model

* Bernouilli-Potts RBM —» Generalized Potts model (still
testing)

* We can use the RBM for hierarchical clustering 76176
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