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Introduction

What is entanglement entropy?

m Preliminaries:

Hilbert space: H , statevector: [¢¥) € H

Density matrix:
p=3 Pl , [y eH Vi, Xpi=1
tr(p) =1

pure state: p = [9) (|

> % =p(projector) > tr(p?) =1

mixed state: p = >, pj [vi) (Wil

> p? # p (not projector) = tr(p?) <1
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= no entanglement
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What is entanglement entropy?

m Reduced density matrix:

pA = tre(paB) = D i 8m@glm) alk|

[tr(pi)<1 = entanglement] = [tr(pi):1 = no entanglement

m Entanglement measures:

> | Purity:  tr(p3)

- | Rényi entropies: Hs(A) = 731—1 logtr(pg) ., s=2,3,...

S
- | Entanglement entropy:  Sge(A) = — limg_1 alo%;(p“) = limg_,1 W = limg_y1 Hs(A)



Introduction

What is entanglement entropy?

m Reduced density matrix:

pA = tre(paB) = D i 8m@glm) alk|

[tr(pi)<1 = entanglement] = [tr(pi):1 = no entanglement

m Entanglement measures:

> [por ()

> l Rényi entropies:  Hs(A) = — 15 logtr(pg) . $=2,3,...

- | Entanglement entropy:  Sge(A) = — tr(pa log(pa)) (Von Neumann entropy)
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Entanglement entropy on the lattice [P. Calabrese, J. Cardy (2004)]
m SU(N) gauge theory on NS~ x N, lattice

Partition function:  Z(N¢, Ns) = [ D[U] e—SalU]
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Entanglement entropy on the lattice [P. Calabrese, J. Cardy (2004)]
m SU(N) gauge theory on NS~ x N, lattice
Partition function: Z(N¢, Ns) = [ D[U] e~SalV]

- Density matrix element:

(W1lplp2) = /D[U] e SalVl = L

U(x,Np)=v2(x)
U(x, 0)=11(x) U

N,


https://doi.org/10.1088/1742-5468/2004/06/P06002

Entanglement entropy on the lattice

Entanglement entropy on the lattice [P. Calabrese, J. Cardy (2004)]
m SU(N) gauge theory on NS~ x N, lattice
Partition function: Z(N¢, Ns) = [ D[U] e~SalV]

- Divide lattice into two parts (A, B)

]

N,


https://doi.org/10.1088/1742-5468/2004/06/P06002

Entanglement entropy on the lattice

Entanglement entropy on the lattice [P. Calabrese, J. Cardy (2004)]
m SU(N) gauge theory on NS~ x N, lattice
Partition function: Z(N¢, Ns) = [ D[U] e~SalV]

- Divide lattice into two parts (A, B)
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T RO
(a1 |palibaz) = I

]

Ny



https://doi.org/10.1088/1742-5468/2004/06/P06002

Entanglement entropy on the lattice

Entanglement entropy on the lattice [P. Calabrese, J. Cardy (2004)]

m SU(N) gauge theory on NS~ x N, lattice
Partition function: Z(N¢, Ns) = [ D[U] e~SalV]
- Divide lattice into two parts (A, B)

- Reduced density matrix p4 for part A

g Who

(Va1|palvaz) = ¥

- Entanglement entropy:

See = —tra(pa log pa) (how ?)

]
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Entanglement entropy on the lattice [P. Calabrese, J.
m SU(N) gauge theory on NS~ x N, lattice

Partition function: Z(N¢, Ns) = [ D[U] e~SalV]

- Divide lattice into two parts (A, B)

- Reduced density matrix p4 for part A

g Who

(Va1|palvaz) = ¥

- Replica method for s-th Rényi entropy:

Cardy (2004)] N,

1 1 Z(1, 8, Nt, Ns)

Hs(1, Nt, Ng) = log tr(pR) =

with "cut partition function" Z¢(/, s, Nt, Ns)
— Z(I=0,s,Ni, Ns) = Z5(N,Ns) Vs €N
—  Zo(I = Ns, s, Ni, Ns) = Z(sNi, Ns) Vs eN

1—s 15 87 Z5(N;, Ns)

v
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Entanglement entropy on the lattice [P. Calabrese, J. Cardy (2004)]
- Entanglement entropy (EE):

lim dlogtr(ps)

See(/, Nt, Ns) = = lim 58
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- Entanglement entropy (EE):

o1 :
. Ologtr(py)

See(l, Nt, Ns) = 7sh—>1 58
dlog Zc(1, s, Nt, N,
:—(Iim 9log Ze(l, s, N, Ne) flogZ(N,,Ns)>
s—1 s

~ —logZ:(l,2,Nt,Ns) — (—2 log Z(N, Ns))

= —logtr(p3) = Ha(l, Ni, Ns)
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Entanglement entropy on the lattice [P. Calabrese, J. Cardy (2004)]

- Entanglement entropy (EE):

. Ologtr(p%
SEE(’, NtyNS) = 7sh_n>11 %

dlog Zo(l, 8, N, N
:—(Iim 9log Z(l, 5, Ni, Ns) flogZ(N,,Ns)>
s—1 s

~ | —logZ:(1,2,Nt,Ns) | — (—2 log Z(N, Ns))
—logtr(pz) = He(/, Ni, Ns)

v
- measure free energy difference
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Entanglement entropy on the lattice [P. Calabrese, J. Cardy (2004)]

- Entanglement entropy (EE):

N,
dlogtr(p) _—
I, Nt, Ng) = — lim —F2~ U
See(/, Nt, Ns) Jim s .

dlog Z(l, s, Ni, N —_— ,
— 7<Iim Olog Zo(l, s, Ni, Ns) log Z(N:, Ns)) N
s—1 as [

~

~ —log Zo(l,2, N, Ns) — (2 log Z(Ni, Ns)) T T T TR

2N,

= —logtr(p3) = Ha(l, Ni, Ns)

Ny

y A A N | .
- measure free energy difference L
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Entanglement entropy on the lattice [P. Calabrese, J. Cardy (2004)]

- Entanglement entropy (EE):

. Ologtr(p%
SEE(’, nyNS) = 7sh_n>11 %

0 0log Zs(1, s, Ni, Ns)
= — m ——— %
s—1 s

— log Z(N4, Ns))
~ —logZ:(l,2,Nt,Ns) — (—2 log Z(N, Ns))
= —logtr(p}) = Ho(l, Ni, Ns)

- measure free energy difference

Co

€2

|SBLAE\ = ¢ + (finite)

Issue: UV-divergent piece 1
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Entanglement entropy on the lattice [P. Calabrese, J. Cardy (2004)]

- Entanglement entropy (EE):

. Ologtr(p%
SEE(’, nyNS) = *sll_fn %

dlog Zo(l, 8, N, N
:—(Iim 9log Z(l, 5, Ni, Ns) flogZ(N,,Ns)>
s—1 s

~ —logZ:(l,2,Nt,Ns) — (—2 log Z(N, Ns))
—logtr(pz) = He(/, Ni, Ns)

- measure free energy difference

S C Cc
Issue: UV-divergent piece ﬁ = 6—2 % + (finite)

- Instead of EE, measure discrete derivative w.r.t. / > 0:

OSge(l', Ni, Ns) N
or P=I41/2

- IOch(I +1,2,N;, NS) - (_ IOgZC(I7 2, Ny, NS))
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i Olog Zc(1, s, Nt, Ns)
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s—1 s
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Entanglement entropy on the lattice [P. Calabrese, J. Cardy (2004)]

- Entanglement entropy (EE):

dlogtr(p)
I, Nt, Ns) = — lim ——~
See(/, Nt, Ns) Jim 98
0 log Z(1, s, Nt, N,
:—(Iim 9log Ze(l, s, N, Ne) flogZ(N,,Ns)>
s—1 os

~ —logZ:(l,2,N;,Ns) — (—2 logZ(Nt, Ns))

= —logtr(p3) = Ha(/, Ni, Ns)

- measure free energy difference

See Co Cc -
— = = = — finite
oA = @ o T (finte)

Issue: UV-divergent piece

- Instead of EE, measure discrete derivative w.r.t. / > 0:
OSee(!', N, Ns)
ar

~

I'=I+1/2 v

—lOch(l+1,27N[,Ns) - (_IOgZC(I727NUN5)) L'

N,
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m Measuring free energy differences:

-> [ — I+ 1isnon-local change — overlap problem
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m Approach from literature: [P. V. Buividovich, M. I. Polikarpov (2008)],[Y. Nakagawa et al. (2009)]
- interpolating partition function:
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m Measuring free energy differences:
-> [ — I+ 1isnon-local change — overlap problem
m Approach from literature: [P. V. Buividovich, M. I. Polikarpov (2008)],[Y. Nakagawa et al. (2009)]
- interpolating partition function:
Z (o) = /D[U] ep(~(1-0) S[U] ~a Su[U] ), witha e [0,1]

_ Olog Z ()

fora € [0, 1
oo o €[0,1]

> measure (Si1—S), =

= interpolate and integrate:

1 1
dlog Z*
o /daM _ /da<s,+1 —s).,
I'=1+1/2 Oax 5

OSee(!', Ni, Ns)
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m Measuring free energy differences:
-> [ — I+ 1isnon-local change — overlap problem

m Approach from literature: [P. V. Buividovich, M. I. Polikarpov (2008)],[Y. Nakagawa et al. (2009)]
- interpolating partition function:

Z'(a) = /D[U] ep(~(1—a) S[U] —a §u[U] ), witha € [0,1]

Olog Z*
> measure (S —S)), = —Ogai’(a) fora €0,1]
(63
- interpolate and integrate: s
1 1 I:
OSee(!', N, N. Olog Z* 2
M z—/daM:/da(S/+1—S/>a
ol I'=1+1/2 o efe! 5

Issue: huge free energy barrier — bad signal to noise ratio

4000

2000

-2000

-4000

0 0.2 0.4 0.6 0.8 1.0

a

data from [Y. Nakagawa et al. (2009)]
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m Measuring free energy differences:
-> [ — I+ 1isnon-local change — overlap problem

m Approach from literature: [P. V. Buividovich, M. I. Polikarpov (2008)],[Y. Nakagawa et al. (2009)]
- interpolating partition function:

Z'(a) = /D[U] exp(—(1 —a) S[U] —a Sui[U] ),witha €10,1]

Olog Z*
> measure (S —S)), = —L(a) fora € [0,1] 1000
9a 800
= interpolate and integrate:

T 600

0See(l', Ne, Ns) P odlogZi(a) | ]

ee(l", Nt, og 4 («

S, [Tl = [aatsi s,
I=i+1/2 5 5 200
Issue: huge free energy barrier — bad signal to noise ratio 0
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m Measuring free energy differences:

-> [ — I+ 1isnon-local change — overlap problem

Ni

m Approach from literature: [P. V. Buividovich, M. I. Polikarpov (2008)],[Y. Nakagawa et al. (2009)]

B, a ap

A 2N,

- interpolating partition function:

Zi(a) = /D[U] ep(~(1—a) S[U] —a §u[U] ), witha € [0,1]

Olog Z*
> measure (S —S)), = —%T’m) fora €0,1]
(63
- interpolate and integrate: N,
1
I", Nt, N, Odlog Z*
7{93&( ’, b Ns) ~ —/doziog /() = /da(3/+1 - S, N
ol I'=1+1/2 o efe! 5

[ Issue: huge free energy barrier — bad signal to noise ratio }

2 Z(a) imposes simultaneously BC4 and BCp on plaquettes Py, P if o # 0, 1. {f ..
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Entangling surface deformation

Free-energy plateau

m Why does the free energy initially not change?
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Entangling surface deformation

Free-energy plateau

m Why does the free energy initially not change?

Change of temp. BC over spatial link (xi — X2) < P4, P> swap their upper links.
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Free-energy plateau
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Change of temp. BC over spatial link (xi — x2) < P1, P> swap their upper links.
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- Trivial if to-be-swapped links can be gauge transformed individually.

->  When is this possible?

Only if either for x; or x> all adjacent spatial link have same BC.
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Entangling surface deformation

Avoiding remnant free energy barriers

m Tilt lattice with respect to principal directions of "torus”

- example for (2+1)d lattice:
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Entangling surface deformation

Avoiding remnant free energy barriers
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Entangling surface deformation

Avoiding remnant free energy barriers
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Avoiding remnant free energy barriers

m Tilt lattice with respect to principal directions of "torus”

- example for (2+1)d lattice:

(=2.71

00 0n

0000000000

o
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Avoiding remnant free energy barriers

m Tilt lattice with respect to principal directions of "torus
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Entangling surface deformation

Avoiding remnant free energy barriers
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Avoiding remnant free energy barriers
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Entangling surface deformation

Avoiding remnant free energy barriers
m Tilt lattice with respect to principal directions of "toru
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Entangling surface deformation

Avoiding remnant free energy barriers
m Tilt lattice with respect to principal directions of "toru
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Entangling surface deformation

Avoiding remnant free energy barriers

m Tilt lattice with respect to principal directions of "torus”

= SU(5) in (3+1) dimensions (Vs = Ny N2 with Ny = 8, Ns = 7).
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Entangling surface deformation

Avoiding remnant free energy barriers

m Tilt lattice with respect to principal directions of "torus”

= SU(5) in (3+1) dimensions (Vs = Ny st with Ny = 8, Ns = 7).
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Entangling surface deformation
Avoiding remnant free energy barriers
m Tilt lattice with respect to principal directions of "torus”

= SU(5) in (3+1) dimensions:

comparison of boundary update methods: non-tilted lattice < tilted lattice
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Entangling surface deformation

Avoiding remnant free energy barriers

m Tilt lattice with respect to principal directions of "torus”
= SU(5) in (3+1) dimensions:

comparison of boundary update methods: non-tilted lattice «— tilted lattice «+— local derivative
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Remaining problems

Single link overlap problem
m BC swap over single non-perpendicular spatial link
becomes difficult for N > 3

p(B — A) ~ o Retr(P1 a+Po a)— 4 Retr(Py 5+P2 5)
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m modified SU(2) sub-group heat-bath update:
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SU(3) — Pacc ~ 0.2 r
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-> Worm-like update:
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Remaining problems

Worm-like BC update

0 pick permutation o € MN(1,...,s),seti=1

while true:
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Remaining problems
Worm-like BC update

0 pick permutation o € MN(1,...,s),seti=1

while true:

1 randomly choose §i = +1 andset i’ =i+ (6i —1)/2
if (/=1anddi <0)or(i=sanddi > 0): end worm
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Remaining problems

Worm-like BC update

0 pick permutation o € MN(1,...,s),seti=1

while true:
1 randomly choose §i = +1and set i’ =i+ (6i —1)/2
if (/=1anddi <0)or(i=sanddi > 0): end worm
2 randomly pick a link U from staple of P, ;1
3 compute one-link integral over U for BCg and BCa
(one-link int. with Cayley-Hamilton: [TR (2024)])
with probab. p(8i) = min(1, (Za/Zs)°%) : N
change BC for P,(;y and set i = i + §i
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Remaining problems

Worm-like BC update

0 pick permutation o € MN(1,...,s),seti=1

while true:
1 randomly choose §i = +1and set i’ =i+ (6i —1)/2
if (/=1anddi <0)or(i=sanddi > 0): end worm
2 randomly pick a link U from staple of P, ;1
3 compute one-link integral over U for BCg and BCa
(one-link int. with Cayley-Hamilton: [TR (2024)])
with probab. p(8i) = min(1, (Za/Zs)°%) : N
change BC for P,(;y and set i = i + §i
4 generate new value for U

(using heat-bath dist. w.r.t. current BC)
Ny
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Remaining problems
Worm-like BC update
0 pick permutation o € MN(1,...,s),seti=1
while true:

1 randomly choose §i = +1and set i’ =i+ (6i —1)/2
if (/=1anddi <0)or(i=sanddi > 0): end worm
2 randomly pick a link U from staple of P, ;1

3 compute one-link integral over U for BCg and BCa .

(one-link int. with Cayley-Hamilton: [TR (2024)])

with probab. p(8i) = min(1, (Za/Zs)°%) : N

change BC for P,(;y and set i = i + §i

4 generate new value for U

(using heat-bath dist. w.r.t. current BC)
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Remaining problems

Remnant "single cube" free energy barrier?

m For £ > 2 non-monotonic change in free energy during BC change for single spatial cube

- auto-correlation issue?

- can it be avoided?

—dF/dl / |6A|
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Conclusions & outlook

Conclusions
m Entangling surface deformation method with tilted lattice and/or local derivative essentially avoids free energy barriers in

determination of entanglement measures (Rényi and entropies) in SU(N) lattice gauge theories.
m Remnant "single cube" free energy barrier can show up for £ > 2.
m Worm-like update for temporal BC flip over spatial link results in higher acceptance rates.
Outlook
m Some ideas to overcome the "single cube" free energy barriers.
m Extended worm-like update over more than one spatial link at a time?

m Applications ...

Thank you!
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