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Stanislav Ulam has remarked:

It is remarkable how a few

characters scribbled on a

blackboard can change the

course of world history.



Feynman:

• I do not care how smart you are

• or how complicated your model is

• If it does not agree with experimental measure-

ments it is wrong!



© 1932 Nature Publishing Group



Nuclear BINDING ENERGY

Bethe-Bacher (-Weizäcker) (1936)

B(N,Z) =

+avA (Volume energy)

−asA2/3 (Surface energy)

−aC
Z2

A1/3
(Coulomb energy)

−aI
(N − Z)2

A
(Symmetry energy)

−δ(A) (Pairing energy)

Bethe and Bacher, Revs. Mod. Phys. 8 (1936) 82
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Bethe and Bacher,
Revs. Mod. Phys. 8 (1936) 82 ( in §33):

“There remains thus the nucleus containing 8 neu-
trons and 8 protons, i.e. , 16O, to test the shell struc-
ture” hypothesis by means of nuclear energies. It
seems in fact that there is ample evidence for a par-
ticular stability of 16O, and thus for the individual-
particle approximation.”

So, already in 1936, shell-structure, single-particle
models, and how they might modify a macroscopic
model were in mainstream discussions.



Hahn and Strassman conclusively identified

barium in the products after bombarding ura-

nium with neutrons

(Naturwiss. 27 (1939) 11)

Meitner and Frisch proposed that observa-

tions of barium in the reaction products were

due to nucleus deforming like a drop

(Nature 143 (1939) 239)

Frisch measured (the predicted) fragment high

kinetic energies

(Nature 143 (1939) 239)

Bohr and Wheeler Calculated

(Phys. Rev. 56 (1939) 426):

Nuclear POTENTIAL ENERGY

versus deformation
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B(N,Z) =

+avA (Volume energy)

−asA2/3Bs(β) (Surface energy)

−aC
Z2

A1/3
BC(β) (Coulomb energy)

−aI
(N − Z)2

A
(Symmetry energy)

−δ(A) (Pairing energy)



Nuclear Deformation Energy

Let the nuclear surface be described byr(�; �) = R0 [1 + �2P2(os �)℄
The surface energy lowest order Taylor expansion:Es = E0s (1 + 25�22)
The Coulomb energy lowest order Taylor expansionEC = E0C(1� 15�22)
The energy at deformation �2 relative to spherical shapeEdef(�2) = EC(�2) + Es(�2)� (E0C +E0s )
If Edef is negative then the system has no barrier wrt fissionEdef(�2) = 25�22E0s � 15�22E0C < 0

1 < E0C2E0s = x



The surface energy for a sphereE0s = 17:80A2=3
The Coulomb energy for a sphereE0C = 0:7103 Z2A1=3
The fissility parameter x:x = Z250:13A

Z A x
50 124 0.402

82 208 0.645

92 138 0.709

100 252 0.792

114 298 0.870

125 328 0.950

130 335 1.006



Swiatecki (and others) observed that experimen-
tal actinide spontaneous-fission half-lives differed sub-
stantially from what could be explained from smoothly
varying (with neutron number and proton number)
liquid drop barriers.
He correlated the differences with differences be-
tween liquid-drop ground state masses and mea-
sured masses and found that such ground-state “shell
structure” could account for the observed behavior
of actinide spontaneous fission half-lives.
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Figure 25
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Q2

45 Q2 ~  Elongation (fission direction) 

35 αg ~  (M1-M2)/(M1+M2) Mass asymmetry

15 ε
f1

~  Left fragment deformation

ε
f1

ε
f2

15 ε
f2

~  Right fragment deformation

15
⊗

⊗

⊗

⊗

d ~  Neck 

d

Five Essential Fission Shape Coordinates

M1 M2

⇒   5 315 625 grid points − 306 300 unphysical points

⇒   5 009 325 physical grid points
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Dam construction flips water to flow across additional saddle 

Retaining wall prevents backflow 

Immersion Strategies 

Energy:     E(I,J,K,L,N) 

Wetness: IW(I,J,K,L,N) (Wet=1,Dry=0) 
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5D FISSION POTENTIAL ENERGY SURFACE STRUCTURE

FOR Z = 94 A =240

INTERIOR MINIMA DEEPER THAN 0.20 MeV

FINAL POINT IS LOWEST POINT AT LARGEST Q2

11 2 11 11 2 0.127

4 1 5 1 30 -2.111

45 1 3 11 8 -41.780

SADDLES BETWEEN ALL PAIRS OF MINIMA ABOVE

11 2 11 11 2 0.127 Entry

8 9 3 3 2 4.021 Saddle

4 1 5 1 30 -2.111 Exit

11 2 11 11 2 0.127 Entry

16 11 10 13 14 2.839 Saddle

45 1 3 11 8 -41.780 Exit

4 1 5 1 30 -2.111 Entry

8 9 3 3 2 4.021 Saddle

45 1 3 11 8 -41.780 Exit



5D FISSION POTENTIAL ENERGY SURFACE VALLEYS FOR Z = 94 A =240

Only Valleys deeper than 2.00 MeV are listed

I J K L N E Q2 MH ML EPS-F1 EPS-F2 No 3

32 1 3 1 7 -0.311 99.979 132.0 / 108.0 -0.100 -0.200 1

32 12 6 7 2 -2.763 99.979 120.0 / 120.0 0.150 0.175 2

32 6 3 9 9 -5.531 99.979 136.8 / 103.2 -0.100 0.225 3

Ridges

(1,2) 2.21 ( 2.52) Ridge indices--> 32 2 3 1 8

(1,3) 2.21 ( 2.52) Ridge indices--> 32 2 3 1 8

(2,3) -0.42 ( 2.34) Ridge indices--> 32 9 5 11 7

I J K L N E Q2 MH ML EPS-F1 EPS-F2 No 3

31 1 2 7 34 8.980 92.998 196.8 / 43.2 -0.150 0.175 1

31 13 11 9 3 -2.210 92.998 122.4 / 117.6 0.275 0.225 2

31 7 3 12 8 -4.636 92.998 134.4 / 105.6 -0.100 0.300 3

Ridges

(1,2) 13.66 ( 4.68) Ridge indices--> 31 1 7 5 27

(1,3) 13.66 ( 4.68) Ridge indices--> 31 1 7 5 27

(2,3) 0.87 ( 3.08) Ridge indices--> 31 10 6 11 7

I J K L N E Q2 MH ML EPS-F1 EPS-F2 No 3

30 1 2 2 34 9.089 86.121 196.8 / 43.2 -0.150 -0.150 1

30 13 11 10 3 -2.149 86.121 122.4 / 117.6 0.275 0.250 2

30 7 3 11 8 -3.642 86.121 134.4 / 105.6 -0.100 0.275 3

Ridges

(1,2) 17.71 ( 8.62) Ridge indices--> 30 2 7 7 28

(1,3) 17.71 ( 8.62) Ridge indices--> 30 2 7 7 28

(2,3) 1.97 ( 4.12) Ridge indices--> 30 11 6 11 6

I J K L N E Q2 MH ML EPS-F1 EPS-F2 No 2

29 13 5 5 2 -1.708 79.358 120.0 / 120.0 0.100 0.100 1

29 8 3 12 8 -2.613 79.358 134.4 / 105.6 -0.100 0.300 2

Ridges

(1,2) 3.08 ( 4.78) Ridge indices--> 29 11 7 9 8

I J K L N E Q2 MH ML EPS-F1 EPS-F2 No 2

28 13 5 4 5 -1.465 76.044 127.2 / 112.8 0.100 0.000 1

28 8 3 11 8 -2.011 76.044 134.4 / 105.6 -0.100 0.275 2

Ridges

(1,2) 3.29 ( 4.76) Ridge indices--> 28 11 6 12 6



I J K L N E Q2 MH ML EPS-F1 EPS-F2 No 2

27 13 4 4 2 -1.108 72.729 120.0 / 120.0 0.000 0.000 1

27 8 4 12 9 -1.232 72.729 136.8 / 103.2 0.000 0.300 2

Ridges

(1,2) 3.15 ( 4.26) Ridge indices--> 27 11 4 10 10

I J K L N E Q2 MH ML EPS-F1 EPS-F2 No 2

26 13 5 5 2 -0.326 69.490 120.0 / 120.0 0.100 0.100 1

26 8 4 12 9 -0.574 69.490 136.8 / 103.2 0.000 0.300 2

Ridges

(1,2) 3.11 ( 3.44) Ridge indices--> 26 11 6 12 7

I J K L N E Q2 MH ML EPS-F1 EPS-F2 No 2

25 13 5 6 2 0.868 66.251 120.0 / 120.0 0.100 0.150 1

25 9 3 9 9 -0.040 66.251 136.8 / 103.2 -0.100 0.225 2

Ridges

(1,2) 3.03 ( 2.16) Ridge indices--> 25 11 4 8 11

I J K L N E Q2 MH ML EPS-F1 EPS-F2 No 1

24 9 4 9 11 0.493 63.129 141.6 / 98.4 0.000 0.225 1

I J K L N E Q2 MH ML EPS-F1 EPS-F2 No 1

23 9 4 11 10 0.977 60.007 139.2 / 100.8 0.000 0.275 1

I J K L N E Q2 MH ML EPS-F1 EPS-F2 No 1

22 9 4 13 8 1.216 57.176 134.4 / 105.6 0.000 0.350 1

I J K L N E Q2 MH ML EPS-F1 EPS-F2 No 1

21 9 4 14 6 1.288 54.346 129.6 / 110.4 0.000 0.400 1

I J K L N E Q2 MH ML EPS-F1 EPS-F2 No 1

20 10 4 10 10 1.467 51.791 139.2 / 100.8 0.000 0.250 1

I J K L N E Q2 MH ML EPS-F1 EPS-F2 No 1

19 10 4 10 10 1.874 49.235 139.2 / 100.8 0.000 0.250 1

I J K L N E Q2 MH ML EPS-F1 EPS-F2 No 1

18 10 5 8 13 2.318 46.914 146.4 / 93.6 0.100 0.200 1

I J K L N E Q2 MH ML EPS-F1 EPS-F2 No 1

17 10 6 9 14 2.744 44.592 148.8 / 91.2 0.150 0.225 1

I J K L N E Q2 MH ML EPS-F1 EPS-F2 No 1

16 11 12 14 13 2.809 42.471 146.4 / 93.6 0.300 0.400 1

I J K L N E Q2 MH ML EPS-F1 EPS-F2 No 1

15 12 14 15 10 2.718 40.349 139.2 / 100.8 0.400 0.500 1



 
Fission Barrier and Associated Shapes for 232Th 
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Calculated Fission-Barrier Heights 
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JR:	  NPF	  2010	  

Brownian	  shape	  mo.on	  

Nuclear	  deforma5on	  energy:	  	  Edef(i,j,k,l,m)	  

Q2

45 Q2 ~  Elongation (fission direction) 

35 !g ~  (M1-M2)/(M1+M2) Mass asymmetry

15 "
f1

~  Left fragment deformation

"
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"
f2

15 "
f2

~  Right fragment deformation
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d ~  Neck 

d

Five Essential Fission Shape Coordinates

M1 M2

$  5 315 625 grid points % 306 300 unphysical points

$  5 009 325 physical grid points

Bias	  poten5al:	  	  Vbias(i)	  =	  V0	  (Q0/Q2)
2	  

Scission:	  	  Cri5cal	  neck	  radius	  c0	  ≈	  2.5	  fm	  

Level	  density	  parameter:	  	  aA	  =	  A/(8	  MeV)	  

Temperature	  T:	  	  E*-‐	  Edef	  =	  aAT
2	  

Metropolis	  walk:	  	  

P.	  Möller	  et	  al,	  Nature	  409	  (2001)	  785	  

i	  

j	  

k	  

l	  

m	  

=>	  	  V(χ)	  =	  Edef	  +	  Vbias	  

Change	  shape:	  	  χ	  	  －>	 	  χ’	  ?	  
V(χ’)	  <	  V(χ):	  	  move	  with	  P	  =	  1	  

V(χ’)	  >	  V(χ):	  	  move	  with	  P	  =	  exp(-‐ΔV/T)	  

χ	  

N.	  Metropolis	  et	  al,	  J	  Chem	  Phys	  26	  (1953)	  1087	  
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∆ = 1.0 
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exp. 
th.,1p1qp 
  
  
   
  

∆ = 1.0 
(n,f), E*=6.54 
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∆ = 1.0 
(n,f), E*=6.54 
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Method for Calculating E(Q2, d,ǫf1,ǫf2,Z1, N1)

• Calculate ESH,n(N1) for integer N1, save

• Calculate ESH,p(Z1) for integer Z1,

also save Emac(Z1, N(Z1))

• Total energy for (Zx, Nx) split is then

ESH,n(Nx)+ESH,p(Zx)+Emac(Zx, N(Zx))+Diff

• Diff obtained from separated fragment Macroscopic

energy difference, see

EPJA-051-2015-173.



Calculated Primary Yield for 240Pu 
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C. Schmitt PLB 812 (2021) 136017
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Calc. (Nishio ν−(Z)) 
Calc. ((146-ν−)/94) 
Exp. (Ramos) 

240Pu Fission Fragments at E ∗ =10 MeV 
(Post-neutron emission) 

35 40 45 50 55 60 

Fragment Proton Number Z 

1.45 

1.50 

1.55 

1.60 

1.65 
M

e
a
n
 R

a
ti
o
 <

N
>

/Z
 



N/Z = 146/94 
E* =  6.54 MeV 
E* =  10.0 MeV 
E* =  20.0 MeV 

<N>/Z for 240Pu Fission Fragments from Y(Z,N) 
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(nth,f): Eex = Etot − Epot(gs) = 6.54 MeV Eex = Etot − Epot(10) = 9.73 MeV 
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CHARACTERIZATIONS OF STAGGERING

Tracy et al define a local odd-even staggering

measure δl−oe which specifically applied to

charge yields is written

δl−oe

(

Z +
3

2

)

=
(−1)Z

8
[lnY (Z +3)− lnY (Z)

−3(lnY (Z +2)− lnY (Z +1))]

A global measure δg−oe of odd-even stag-

gering in nuclear charge yields is defined as

δg−oe = 100×

1
∑

Z Y (Z)

∑

Z

(−1)ZY (Z)

1



240Pu (Calc., 1 or 2 tr) 

238U (Calc., 1 or 2 tr) 

240Pu (Calc., 1 tr) 

238U (Calc., 1 tr) 

240Pu (Calc.,1tr D=0.5) 
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240Pu 

238U 

240Pu (EPJ WoC 146 (2017) 04019) 

238U (EPJ WoC 146 (2017) 04019) 
   
   
  
   

From 5D Yields, Same U and Pu Damping functions 
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240Pu, E* = 10.5 MeV 

240Pu, E* =  8.5 MeV 

238U, E*= 7.6 MeV 

Local Odd-Even Staggering for 238U and 240Pu 
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E*th=11.50 MeV 
E*exp= 9.0-15.1 MeV 
  
  
  
  

240Pu 
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Measurement of mass and total kinetic energy distributions for the 12
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Fission fragment mass and total kinetic energy (TKE) distributions were measured for 12C +
175Lu system at

excitation energies down to 16.7 MeV above the saddle point. The overall mass and TKE distributions could be

fitted with single Gaussian functions. The observed width of the mass and TKE distributions agree well with the

systematics based on liquid drop (LD) behavior. The average TKE also shows parabolic dependence on fragment

mass, as expected from LD behavior. Small contributions due to microscopic corrections from Z ≈ 38 and 45

shells can be extracted, if the widths of the LD component are fixed from systematics. Contrary to the theoretical

predictions of substantial contributions from microscopic corrections, dominance of liquid drop behavior was

observed.

DOI: 10.1103/PhysRevC.106.014616

I. INTRODUCTION

Nuclear fission is one of the most intricate processes of

nuclear decay, where a heavy nucleus splits into two or more

lighter nuclei having similar masses, releasing large amount

of energy. The fission process was explained using the liquid

drop model (LDM), which considers the nucleus as an incom-

pressible macroscopic liquid drop [1,2]. However, the LDM

could not explain the predominant asymmetric mass split at

low excitation energy in the actinide region. The incorporation

of microscopic effects such as shell corrections to the macro-

scopic liquid drop (LD) paved the way to understanding the

observed mass asymmetry [3]. The potential energy landscape

with multiple valleys created by the microscopic corrections

was found to strongly influence the characteristics, e.g., mass

split, total kinetic energy (TKE), and neutron multiplicities

in low energy fission of actinides. The concept of different

fission modes, i.e., “superlong” (SL) symmetric fission mode

and asymmetric “standard” fission modes (S1 and S2) was

introduced [4].

Over the years, a vast knowledge base of fission of

actinides has been created and is still being enriched exper-

imentally as well as theoretically [5–7]. However, the low

energy fission of preactinide nuclei remained less explored,

as the increase in liquid drop fission barrier height with de-

creasing fissility drastically reduces fission probability at low

energies. It also was expected that the liquid drop (symmetric)

fission will dominate in the preactinide region. In 1980s, se-

ries of measurements were carried out by Itkis et al. [8–10]

by bombarding p and α particles on stable preactinide tar-

gets. Symmetric fission was indeed found to dominate in this

*Corresponding author: kmahata@barc.gov.in

region. It was demonstrated that the yields of asymmetric

components (S1 and S2), which are very dominant in the

actinide region, diminish with decreasing N and Z of the

fissioning nuclei and vanish at 201Tl. Flattening or a slight dip

in the mass distribution around half the mass of the fissioning

nucleus (ACN ) was also observed in most of the cases. It was

interpreted in terms of positive shell corrections at ACN/2 in

contrast to negative shell corrections for S1 and S2. Later, the

flattening of the mass distributions at ACN/2 was attributed to

two strongly deformed neutron shells in the nascent fragments

with neutron numbers N1 ≈ 52 and N2 ≈ 68 [11].

Recent unexpected observation of almost exclusive asym-

metric fission in neutron-deficient 180Hg [12] at low energy

has put the focus back on this region. From the liquid

drop as well as spherical shell gaps perspective, splitting

into two symmetric doubly magic 90Zr fragments (N =

50, Z = 40) should have been the most favored. Several other

measurements [13–23] have firmly established the presence

of asymmetric fission in this region. However, it is still

not clear what drives the asymmetry in fission of preac-

tinides. Theoretical models based on different approaches,

e.g., Brownian shape motion on the macroscopic-microscopic

potential energy surface [24], the improved scission point

model [25], and the time independent microscopic model

[26], have interpreted these observations differently. The

macroscopic-microscopic model [27,28] attributed this to the

saddle asymmetry and predicted a region of asymmetry cen-

tered around 186Pt. Calculations based on the microscopic

energy density functional (EDF) framework [26,29] result

in shell gaps at N = 52–56 and Z = 34–38, 42–46 due to

quadrupole-octupole correlations. A recent systematic study

of the experimental results has demonstrated the dominance of

proton shells (Z ≈ 36) [29] in the light fragment in deciding

the asymmetric split in the preactinde region, in contrast to

2469-9985/2022/106(1)/014616(7) 014616-1 ©2022 American Physical Society
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FIG. 3. The experimental mass distributions (a)–(d) for the
12C +

175Lu reaction from the present measurement (filled circles)

and (e)–(f) for the p +
186Os reaction [10] (open circles) are plotted

with increasing excitation energy at the saddle point (Esad) from

bottom to top panels. The solid lines show the multi-Gaussian (MG)

fits to the data along with different fissioning modes corresponding

to macroscopic liquid drop component (violet shaded region) and

microscopic component due to Z ≈ 38 (yellow shaded region) and

Z ≈ 45 (red shaded region) shells. The dot-dashed line is the single

Gaussian (SG) fit to the data. The corresponding χ 2 and the number

of degrees of freedom (ndf) are also mentioned.

FIG. 4. The extracted mass widths from single Gaussian fits (σM )

are plotted as a function of temperature at the saddle point (T ) for

present measurement 12C +
175Lu (filled circles) and p +

186Os [10]

(open circles). The solid line is the description using Eq. (2).

statistical relation [39]

σ 2
MR = λT + κ

�

2

fis

�
. (2)

The temperature at the saddle (T ) and the 
2 average of

the fissioning nuclei 	
2
fis
 are tabulated in Table I along with

other relevant quantities. The fusion 
 distributions, calculated

using the CCFULL code [40] after fitting the fusion excitation

function for the 12C +
175Lu system [32], were used as an

input for the statistical model calculations using the code PACE

[41,42] to estimate the values of average angular momen-

tum 	
fis
, average square angular momentum 	
2
fis
, prefission

neutron multiplicity (νpre), and average energy removed by

prescission neutron emission (Eeva). The temperature at the

saddle point was calculated as T =
√

Esad/a with a = A/8.5.

The effective excitation energy of the fissioning nucleus

at saddle is calculated as Esad = E∗
CN − B f ,	
fis
 − �Eeva −

Erot. The average 
-dependent fission barrier heights B f ,	
fis

are calculated using B f ,	
fis
 = B f ,0 − �B f ,	
fis
, with B f ,0 the

value of fission barrier height at zero angular momentum

taken from Ref. [43]. The change in the fission barrier due to

rotation (�B f ) and the rotational energy at the equilibrium de-

formation (Erot) are taken from the rotating finite range model

(RFRM) [44]. Though the entrance channel mass asymmetry

parameters for p +
186Os (0.98) and the present system (0.87)

are very different, they are much larger than the Businaro-

Gallone critical mass asymmetry parameter (αBG = 0.81).

Thus both systems are expected to exhibit characteristics of

statistical decay of a fully equilibrated compound nucleus.

As shown in Fig. 4, experimental mass widths for p +
186Os

and the present system could be simultaneously fitted well

using the statistical relation given in Eq. (2), indicating

the absence of any significant entrance channel dependence.

The resulting parameters are λ = (3.12 ± 0.12) × 10−3 and

κ = (1.93 ± 0.24) × 10−6. These values are similar to the

values obtained for nearby systems 16O +
175Lu [18] and

16O + 186W [45]. The extracted value of the stiffness

014616-4
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