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The ultimate inner shell transition metal spectra

Copper is the most investigated X-ray source and target, the most studied with X-rays, one of the metals of 
the ancients. One of the most studied materials in history. Whereas hydrogen has defined and led to 
quantum mechanics, relativistic quantum mechanics and quantum electro-dynamics, and silicon has been 
developed as the core of the chip and nanotech industry, copper is one of the most stable and useful of 
transition metals. So, we should understand it. Really well! So, we should be able to tell a Story of Copper. 
This presentation will be such a story. However, the ending is complex, the physics is complex, and indeed 
we do not understand the X-ray spectra of copper yet, nor of any other material less well studied. There is a 
great and bright future for research and science for copper. We will present past and future challenges with 
copper and with inner shell X-ray spectra.
 
My first interactions with Ian Grant were during my doctorate with Josh Silver 1985-1990.
Some decades of this work on copper were with Ian, with publications in 2009 through 2023
14 publications co-authored with Ian. 
With four research students: A L C Hayward, J A Lowe, T V B Nguyen, T L H Pham
 
On five main topics:

Cu Kα, Kβ
Ti Kα
Oxygen IR, UV
Self-energy: Welton Approximation for QED, the LCG method [Lowe Chantler Grant]
Convergence of the Breit interaction



A Story of Copper

Jun	2025	CT	Chantler	CompAS	Lund

The most investigated X-ray source and target, the most studied with X-rays, one of the 
metals of the ancients. One of the most studied materials in history. 

Hydrogen: quantum mechanics, relativistic quantum mechanics and quantum electro-
dynamics; silicon: core of the chip and nanotech industry; copper: one of the most 
stable and useful of transition metals. 

The ending is complex, the physics is complex, and we do not understand the X-ray 
spectra of copper yet, nor of any other material less well studied. There is a great and 
bright future for research and science for copper. We will present past and future 
challenges with copper and with X-ray spectra.
Copper Z=29, Latin cuprum “from the island of Cyprus.” Man's oldest metal, >10,000 years. 
Copper pendant in northern Iraq dated to 8,700 BC. [Gold, Electrum]
High conductivity, thermal and electrical. Coinage metal, tools.

Copper age: end of Neolithic, New Stone Age. 
Beginning of Metallurgy: in Mesopotamia as copper was used to make molds 4000 BC
Brass (Cu, 45% Zinc): 5000 BC
Bronze age (Cu, tin Sn, +) : 3500 BC - 1200 BC 
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Chemistry: Oxidation state 0 (metals, alloys); +1 (Cuprous oxides etc.); +2 (Cupric oxides, etc.)
IR spectra, UV-Vis spectra, NMR [Valence levels, band structure]
Visible, optical properties … [band structure, relativistic QM, d electron eigenvalues]

Physics: Group 11A Note Mendeleev [1869], Moseley [1913] K, L + new elements since
Edges: de Broglie [1913]
Ground state [Ar]3d104s1 2S1/2 
Quantum Mechanics [Heisenberg, Schrödinger, Dirac, Feynman, 1930s] 

u Copper anodes and X-ray spectra are well-defined 

u The quality of experimental Copper Kα characteristic spectra is 
unmatched in the literature 

u Important calibration tool 

u Yet to be adequately theoretically explained! 
Copper isotopes, nuclear processes, gamma-spectra … see later talks from Canada
X-ray Diffraction, Neutron Diffraction [Crystal, space group, atomic sites]
• Space group: Fm-3m.
• Space group number: 225.
• Structure: ccp (cubic close-packed)
• Cell parameters: a: 361.49 pm. b: 361.49 pm. c: 361.49 pm. α: 90.000° β: 90.000° γ: 90.000°
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K-edge: 8980.476(20) eV Kα20 8027.8416(26) eV Kα10 8047.8227(26) eV Kβ10 8905.413(38) eV
LI, LII, LIII, M - edges: [PS you might use the little orange book, but the numbers are often incorrect]
So what do we know about the Relativistic Quantum Mechanics of Copper, and Why do we care?
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Classic	[X-ray]	spectra	of	copper:	X-ray	Absorption	Spectra.		
K	edge.	1s	8.979	keV	
L	edges.	LI	2s1/2	LII	2p1/2	LIII	2p3/2	1096	-	932	eV	Soft	X-ray	regime	e.g.	Bianconi	1988	Xu	2013	
M	edges.	MI	3s1/2	MII	3p1/2	MIII	3p3/2		122.5	eV	-	75	eV.	Soft	X-ray	or	VUV	regime.	MIV	3d3/2	MV	3d5/2	
N	-	conduction	band	for	copper	metal	4s1/2	

XAS	Compilations	Hubbell[1995]	[sparse]	Chantler	theory	[1995,	2000]	

[double	crystal	monochromators]	[curved	crystal,	Johann]	

Characteristic	Spectra		
e.g.	Moseley	1914	Siegbahn1931	Parratt1936	BremerSorum1979	Sorum1987	Sauder1997	Deutsch+	
1995-2004	Mendenhall+	2017	
Compilations	Bearden-Burr[1967]	Desclaux[1973]	Deslattes	[2003]	
Note	C	T	Chantler,	L	F	Smale,	L	T	Hudson,	ITC	C,	4th	edition,	Section	4.2.2	X-ray	Energies	[2025]	

Cu Kα20 8027.8416(26) eV Kα10 8047.8227(26) eV Kβ10 8905.413(38) eV
Cu	Kα1,2	1s-2p	Cu	Kβ1,3	1s-3p	Cu	Kα3,4	Cu	Kβ2,5	Cu	Kα	hypersatellite	
Cu	Lα1,2	2s-3p	Soft	X-ray	regime	
Cu	Lβ1,3	2s-4p

First	X-ray	spectra	of	copper	1913	-	1948+
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X-ray Extended Range Technique: Determine 
[µ/ρ] accurately & quantify systematics

Fluorescence & scattering 
contributions 

Rad.Phys.& Chem. 61, 2001 
J.Phys.B37, 2004

Sample thickness 
Meas.Sci.&Technol.15, 2004 

RSI 75, 2004

Optimisation of 
statistical level 

X-Ray Spect 29, 2000

Harmonic 
components 

X-Ray Spect 32, 2003

X-Ray 
Bandwidth 

PRA69, 2004

CT Chantler, 
Rad. Phys. 
Chem. 79 (2010)  
117-123 



Witte et al., Rad. Phys. 
Chem. 75 (2006) 1582 

NO	fimng	parameter:	accurate	experiment	and	accurate	theory	CAN	agree!	FDMX

FDMX: Solid State Structure  - Copper



Question: Is it POSSIBLE or USEFUL to have any consistent 
experiment & beam-line independent method to 0.2% accuracy?

JL Glover, CT Chantler, Z Barnea, NA Rae, CQ Tran, DC Creagh, 
D Paterson, BB Dhal, Phys. Rev. A78 (2008) 052902 

Copper:



• CQ	Tran,	CT	Chantler,	Z	Barnea,	Physical	Review	LeUs	90	(2003)	257401-1-4		

• JD	Bourke,	CT	Chantler,	Measurements	of	Electron	InelasGc	Mean	Free	Paths	in	Materials,	Phys.	Rev.	
LeUers	104	(2010)	206601-1-4

Atomic and Solid State Physics Working Together
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Copper

	 Measurement	with	Uncertainty



Developing theory for XAFS: 
Copper - plot of [μ/ρ] vs E

J. J. Kas, J. J. Rehr, J. L. 
Glover, C. T. Chantler, 
Comparison of Theoretical 
and Experimental Cu and 
Mo K-edge XAS, NIM A619 
(2010) 28-32



Dynamic Bonding from XAFS: 
Copper plot of the Fourier transform χ(r) vs r

J. J. Kas, J. J. Rehr, J. L. 
Glover, C. T. Chantler, 
Comparison of Theoretical 
and Experimental Cu and 
Mo K-edge XAS, NIM A619 
(2010) 28-32

The	first	Encyclopaedia	on	XAFS:	International	Tables	for	
Crystallography	Volume	I:	XAS,	Eds	Chantler	Bunker	Boccherini	
2024	>	500	cites
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	 Measurement	of	plasmon-coupling

• JD Bourke, CT Chantler, Measurements of Electron Inelastic Mean Free Paths in 
Materials, Phys. Rev. Letts 104 (2010) 206601-1-4

Copper

• Established theories appeared to overestimate the IMFP below 120 eV
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• NEW	Plasmon	coupling	theory	(2014)	–	calculate	γ	using	the	
loss	spectrum	itself

* JD Bourke, CT Chantler J. Phys. Chem. Lett. 6 (2015) 314-319
• First physical, uniquely constrained optical data 

model since the Penn algorithm [1987]	
• Self consistent from successive iterations – 

broadening comes from coupling between 
excitation channels

	 MEASUREMENT	OF	PLASMON-COUPLING
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• Broadening contributes a substantial reduction in 
IMFP from a fully lossless Lindhard model	

• The reduction has a strong impact from excitations 
below the plasma frequency

• Agreement with experiment is improved 
greatly across all energies 

• New predictions for low energy electron 
transport in any matter. Major differences 
below 200 - 300 eV, LEED, EELS, Monte 
Carlo, detector design

Bourke,	Chantler	J	Phys	Chem	A	118	(2014)	909

C	T	Chantler,	J	D	Bourke,	Low-energy	electron	properGes:	Electron	inelasGc	mean	free	path,	energy	loss	funcGon	and	the	dielectric	funcGon.	Recent	measurement	and	
the	plasmon-coupling	theory.	Ultramicroscopy	201	Mar	(2019)	38-48

	 Measurement	of	plasmon-coupling



A Story of Copper

Jun	2025	CT	Chantler	CompAS	Lund

 [C Q Tran et al.] the new field of 
Complex	Atomic	Fine	Structure measurement
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1. X-ray	Absorption	and	Fluorescence	Spectra.	Experiment.		
2. X-ray	Absorption	and	Fluorescence	Spectra.	Theory.	
3. X-ray	Characteristic	Spectra.	Experiment.	
4. X-ray	Characteristic	Spectra.	Theory.

H. G. J. Moseley, The London, Edinburgh and Dublin philosophical magazine 27(160) (1914) 703–713

First	characteristic	spectra	of	copper	
[X-ray]	[K,	L]	1914	-	1948+
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Why	study	Characteristic	radiation?
● Characteristic	radiation	provides	a	monochromatic,	high	intensity	source	of	known	energy,	used	in:	
○ Astrophysics	–	e.g.	for	identifying	the	processes	of	star	formation	and	properties	of	black	holes.	(Winkler,	

The	Astro.	Journal	1981),	(Nguyen	et	al.,	MNRAS	2014),	(Wilkins	et	al.,	Nature	2021)		
○ Mining	Industry	-	Monitoring	and	process	of	metal	ores	(Tickner	et	al.	2015	,	Rad.	Phys.	Chem.	2015)		
○ Environmental	applications	-	measuring	microplastics	and	marine	pollutants	(Turner	et	al.,	Talanta	2016),	

sorting	of	electronic	waste	(Bonifazi	et	al.,	Recycling	2021).	
○ Medical	research	-	advancement	of	medical	radioisotopes	(Lee	et	al.	Comp.	&	Math.	Meth.	in	Med.	2012)	
○ Calibration	standard	in	X-ray	fluorescence	and	many	fields		–	transferable	standards	for	Cu	Kα	is	critical.		

● Characteristic	radiation	is	a	major	international	field	of	research,	allowing	us	to	test	and	
understand	fundamental	physical	processes:	
○ Shake	off	process	
○ Auger	and	Coster-Kronig	transitions	
○ Radiative	Auger	emission	

● Research	into	Characteristic	radiation	also	allows:	
○ Accurate	test	for	multi-configuration	Dirac-Fock	theory.	(Pham	et	al.	J.	Phys.	B	2016)		
○ High	accuracy	tests	of	QED	-	Anomalous	He-like	Ti	spectra	(Payne	et	al.	J.	Phys.	B	2014)	
○ Determination	of	peak	energies	to	the	ppm	level	(Dean	et	al.,	J	Phys.	B	2019)	
○ Measuring	hole	widths,	binding	energies,	fluorescence	yields	and	intensity	ratios		
○ 	Ab	initio	calculations	of	complex,	many-body	systems	(Nguyen	et	al.,	Phys.	Rev.	A	2022)	
○ Comparison	of	computational	methods	and	software.
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CHARACTERISTIC	SPECTRA:	A	"SIMPLE"	PROBLEM

Relativity
Open Shells

Vacuum Polarisation Self Energy

QED
Molecules

Finite Nuclear Size

Correlation

Multiple Electrons

Magnetic Interactions



→ Relativistic	→	Dirac	equation:	

Calculating many-electron atom wavefunctions MCDHF 
Electron	correlation	→	multiconfiguration	Dirac	Hartree	Fock	method	(MCDHF).	

CSFs	are	obtained	by	taking	the	Slater	determinants	of	excited	state	electron	configurations.	eg.	,	the	helium	atom	wavefunction	is	
approximated:

The	number	of	possible	CSFs	is	infinite.	Therefore	we	must	limit	their	number	by	choosing	a	cut-off	subshell.		

The	subshells	for	which	excitations	are	allowed	(into	and	out	of)	form	what	we	call	the	Active	Set.	e.g.:	

Our	atomic	state	wavefunction	is	approximated	as	a	linear	combination	of	configuration	state	functions	(CSFs).			
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The Kα Spectrum 

E 

10 
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Theoretical Determination of Characteristic X-Ray Lines and the Copper K! Spectrum

C. T. Chantler* and A. C. L. Hayward
School of Physics, University of Melbourne, Melbourne, Australia

I. P. Grant
Mathematical Institute, Oxford University, Oxford, United Kingdom

(Received 9 May 2009; published 16 September 2009)

Core excitations above the K edge result in K! characteristic x-ray emission. Understanding these

spectra is crucial for high accuracies in investigations into QED, near-edge x-ray structure and advanced

crystallography. We address unresolved quantitative discrepancies between experiment and theory for

copper. These discrepancies arise from an incomplete treatment of electronic interactions. By finding

solutions to relativistic multiconfigurational Dirac-Fock equations accounting for correlation and ex-

change corrections, we obtain an accurate reproduction of the peak energies, excellent agreement of

theory with experiment for the line shapes, good convergence between gauges, and account for the K!
doublet ratio of 0:522! 0:003:1.

DOI: 10.1103/PhysRevLett.103.123002 PACS numbers: 32.30.Rj, 31.30.jf, 32.80.Hd

Spectroscopic lines resulting from atomic transitions
gave the first insights into atomic structure and quantum
mechanics [1]. Today, the most well tested theory in nature
[2–4], quantum electrodynamics (QED), is probed using
the same techniques. TheK! spectrum, a designation from
the early days of quantum mechanics, denotes the transi-
tion 2p ! 1s. For heavier atoms, the fine splitting between
the 2p states results in distinct peaks for the 2p1=2 ! 1s
(K!2) and 2p3=2 ! 1s (K!1) transitions.

These diagram lines (Fig. 1) are the standard candles of
x-ray spectroscopy. Wavelength-dispersive experiments,
the cornerstone of high accuracies for most of the x-ray
regime, are almost exclusively defined by angles, which
must be calibrated to these peaks [5]. Alignment of experi-
mental data with physical parameters requires positions
and intensities of multiple peaks. Experiments usually
have numerous systematics to account for, such as non-
linear scaling, diffraction and slit broadening, and the
constraint of key parameters yields more critical and de-
finitive results [6,7].

Elementary statistical arguments suggest that the
K!2:K!1 integrated intensity ratio should be 0:5:1; in
reality this ratio increases slowly with atomic number Z
[8–11]. The simplest correct explanation is that the rate of
deexcitation of the 1s hole by capture of a 2p1=2 electron is
greater than that for capture of a 2p3=2 electron. Hence by
virtue of the faster decay rate, the linewidth of K!2 is
greater than that of K!1 [12,13]. The increase of the
intensity ratio with Z is supported by nonrelativistic
Hartree-Fock calculations [14] especially when shell cou-
pling is taken into account.

Relativistic effects become more pronounced as Z in-
creases in the transition metal region of the periodic table
[15] and fully relativistic theory should be used. Indicators
include the growth of intermediate coupling as Z increases

and the need to introduce energy offsets and dispersion
scales [15–17] when trying to reconcile theory and experi-
ment. Most earlier work modeled this by fitting spin-orbit
parameters to experimental splittings of diagram lines
[15,17]. Other studies indicated the need for relaxation
and rearrangement of the atom prior to emission [15,18].
The outermost 4s has usually been ignored [17,19–22].
The complex structure of K! lines, which are not a

simple sharp doublet, has been the source of much specu-
lation: explanations invoke both atomic and solid state
mechanisms [14,17]. Generally, the observed spectrum
has been fitted to a sum of line profiles whose individual
positions and strengths are determined solely by the fitting
process without recourse to ab initio models. Explanations
range from Kondo-like interaction of conduction electrons
with core-hole states [23], final-state interactions between
the core hole and the d shell [24], electrostatic interactions
of the 3d and 2p shells [25] to 3l shake-up processes
[13,19]. The first and last of these explanations have
yielded good fits to particular subsets of data.

FIG. 1. Dominant radiative transitions between subshells. A
statistical population would predict 0:5:1 for K!2=K!1, and 1:6
for K"=K!. Quoted experimental ratios from [8].

PRL 103, 123002 (2009) P HY S I CA L R EV I EW LE T T E R S
week ending

18 SEPTEMBER 2009

0031-9007=09=103(12)=123002(4) 123002-1 ! 2009 The American Physical Society
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PHYSICAL REVIEW A 82, 052505 (2010)

Multiconfiguration Dirac-Fock calculations in open-shell atoms: Convergence methods and satellite
spectra of the copper Kα photoemission spectrum

C. T. Chantler* and J. A. Lowe
School of Physics, University of Melbourne, Victoria 3101, Australia

I. P. Grant
Mathematical Institute, Oxford University, Oxford, United Kingdom

(Received 18 August 2010; published 8 November 2010)

The copper Kα photoemission spectra is one of the most widely studied. Recent Dirac-Fock calculations have
produced transition energies in good agreement with experiment, though they have relied on approximations that
may not be transferable to other complex atoms in which uncertainties in theoretical results are dominated by
poor convergence. Through a detailed examination of convergence issues in the copper spectrum, we consider
the accuracy obtainable with the multiconfiguration Dirac-Fock (MCDF) method, provide the first determination
of fine structure contributions to the spectrum, and demonstrate reliable techniques for modeling spectator states
with vacancies in the 3p, 3d , and 4s shells.

DOI: 10.1103/PhysRevA.82.052505 PACS number(s): 32.30.Rj, 31.30.J−, 32.80.Hd

I. INTRODUCTION

Plasma physics and astrophysics often interrogate spectra
from ionized species and species with open shells [1]. In
astrophysics, transition-metal x-ray spectra are commonly
used as diagnostics for black holes, neutron stars, and other
galactic phenomena [2], and the many-multiplet method used
to identify temporal variations of the fine structure constant
depends on transition-metal atomic-structure calculations [3].
Contaminants in fusion and tokamak research are commonly
transition-metal plasmas affecting performance [4], while
similar species in fission reactor technology can be important
in activation and lifetime estimates and hence in contaminant
radiation issues [5]. Characteristic radiation is used as a
diagnostic for laser-produced fast-ignition fusion [6] and in the
study of electron propagation near intense laser spots [7]. There
is also a need for improved understanding of the x-ray spectra
used in mammography in order to improve precision [8].

The structure of the photoemission lines of the transition
metals has been the subject of numerous investigations [9–12].
The Kα line is the most intense x-ray emission and refers to the
transition 1s−1 → 2p−1 (the notation 1s−1 refers to a vacancy
in the 1s shell). Separate peaks resulting from transitions to
2p−1

3
2

and 2p−1
1
2

are labeled Kα1 and Kα2.
The asymmetric Kα line shapes and satellite features

observed experimentally are indicative of processes other than
a single ionization event followed by a bound-bound transition.
Of the various explanations put forth to explain the Kα line
shape [10,13,14], the shake-off mechanism, in which a second
electron is ionized as well as the core electron, appears to be the
major contributor [15,16]. The relativistic multiconfiguration
Dirac-Fock (MCDF) method has been highly successful in
relatively simple atoms since the 1960s and 1970s, especially
for low-Z or highly ionized atoms, e.g., in [17,18]. Conversely,
very few studies of open-shell or highly excited atoms exist,
despite their wide application. There are several reasons for
this, including rapid growth of computation time, failure of

*chantler@unimelb.edu.au

convergence, and multiple near-degenerate eigenstates—the
problems are qualitatively and quantitatively different from
the closed-shell case.

II. CALCULATION

The MCDF method has been described widely [19]. Atomic
states are expanded into linear combinations of configuration
state functions (CSFs) of well-defined parity and angular
momentum,

"(#JM) =
∑

r

cr$(γr#JM), (1)

where $r are a set of Slater-determinant CSFs forming
an (incomplete) orthonormal basis and γr contains all the
quantum numbers necessary to distinguish states. The mixing
coefficients, cr , are determined by diagonalization of the
Dirac Hamiltonian, which occurs simultaneously with the
optimization of the radial wave functions. In the MCDF
implementation used herein QED and finite nuclear mass
effects are added perturbatively.

The standard approach is to use the (restricted) active space
method. A single or minimal set of reference CSF(s) serve as
a zeroth order basis, and higher-order corrections are included
by increasing the size of the CSF basis. The reference CSF
is often divided into the core and an active set of valence
shells, and the basis set is expanded by allowing single or
multiple excitations within the active set. Through systematic
enlargement of the active set, convergence can be monitored.

As the number of electrons and the number of active
shells increases, the size of the CSF basis increases rapidly.
Usually only single and double excitations from the reference
configuration are considered; however, the number of CSFs
in open-shell atoms still quickly escalates beyond practical
limits—expansion of the ground state of calcium to the n = 6
layer requires ∼5,000 CSFs, scandium requires ∼275,000,
and titanium requires ∼2,000,000. An ionized transition metal
with a spectator vacancy can have three or four open shells,
leading to CSF bases orders of magnitude larger again and with
thousands of near-degenerate energy eigenstates [20]. Copper,

1050-2947/2010/82(5)/052505(4) 052505-1 ©2010 The American Physical Society
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Ab initio determination of satellite intensities in transition-metal photoemission spectroscopy
using a multiconfiguration framework

J. A. Lowe and C. T. Chantler*

School of Physics, University of Melbourne, Australia

I. P. Grant
Mathematical Institute, Oxford University, Oxford, United Kingdom

(Received 8 March 2011; revised manuscript received 11 June 2011; published 30 June 2011)

Following atomic photoionization, the abrupt change in potential can lead to secondary ionization of an
outer-shell electron in a phenomenon known as shake-off, a process which gives rise to the asymmetric
Kα profile and satellite lines. Investigation of chemical effects and relativistic quantum mechanics requires
a theoretical determination of these satellite intensities; however, existing theoretical predictions are inconsistent
with experimental results by up to an order of magnitude. Previously theoretical modeling required up to 12 fitting
parameters to account for transition widths, energy corrections, spectator intensities, and spectator broadening.
Using a multiconfiguration atomic model to account for electron-electron correlation, we provide here the first
ab initio calculations of shake-off probabilities which are in agreement with experimental results (except for
copper), an important step toward a complete theoretical profile.

DOI: 10.1103/PhysRevA.83.060501 PACS number(s): 32.30.Rj, 31.30.J−, 32.80.Hd

Photoemission spectroscopy is a widely used technique for
investigation of atoms and molecules. These investigations
range from the structural evolution of nanopowders [1] to
orbital filling in organic matrices [2] to synchrotron inves-
tigations of the active centers of metalloproteins [3]. Not
only can the technique be used to identify atoms by means
of their characteristic radiation, but high-accuracy studies
can also produce information regarding the atom’s chemical
environment and local structure [4,5].

In typical experiments, a core or valence electron is ionized
by photon or electron impact. The ionized species then decay
to a lower energy state, emitting a photon in the process. Since
the initial and final energy states of the decaying electron
depend on the electronic environment, this process is sensitive
to changes in valence configuration or binding structure.
The resulting photoemission spectra display irregularities or
asymmetries that can then be understood through comparison
to theory [6].

In order to isolate chemical effects, an accurate description
of the atomic spectra must first be obtained. When the ionized
electron comes from a core subshell, additional electrons may
be excited or ionized in what are known as shake processes.
Atoms exposed to intense laser fields are prone to correlated
multiple ionizations, and the shake processes are some of the
key contributors [7–9]. Shake processes are also responsible
for the satellite peaks observed in x-ray photoemission spectra
and must be properly accounted for in high-accuracy x-ray
protein studies [10]. Furthermore, theoretical determination
of satellite intensities is crucial for the development of x-ray
calibration standards used in high-accuracy and fundamental
experiments, such as tests of QED [11–13]. Despite this wide
need for accurate determination of shake-off probabilities,
ab initio calculations show poor agreement with experimental
results, especially in complex atoms.

*chantler@unimelb.edu.au

A number of models have been put forth to explain the shake
processes. In the two-step model, either the outgoing ionized
electron or, in the case of electron ionization, the incoming
electron perturbs the atom, resulting in excitation or ejection of
an additional electron. In the shake model, the sudden removal
of an atomic electron leaves the atom in an excited state, and as
the electronic wave function relaxes there is a probability for
excitation or ionization. At the high energy limit (the sudden
approximation), the initial ionization takes place in a time
frame much shorter than orbital relaxation, and the shake-off
probability can be expressed as the overlap integral between
the initial- and final-state wave functions. For low energies,
there are numerous theoretical approaches [14–16], but all
require fitting parameters describing the probability of shake-
off in the sudden approximation limit.

There have been dozens of experimental and theoretical
investigations into the shake processes [17–29], and several
advanced relativistic quantum mechanical techniques have
been applied to characteristic diagram lines [30] or few-
electron scattering [31,32], though only Mukoyama [22]
and Kochur [24] have performed ab initio calculations for
the difficult transition metals. Due to both the experimental
and computational difficulties involved in identifying satellite
intensities empirically, there has been little comparison with
experimental results in open-shell atoms. Where experimental
data exist, agreement with theoretical results is poor; Kα
spectra from scandium, titanium, and copper have all exhibited
3d satellites of much greater intensity than those predicted
theoretically. Explanation of these discrepancies is the subject
of this paper.

Both Mukoyama and Kochur used single-configuration
wave functions in their calculations. Multiconfiguration meth-
ods (described below) have previously been applied in a
limited fashion to the noble gases [20], but until now the
methods have not been transferable to open-shell atoms, most
likely due to the difficulty of obtaining well-converged wave
functions in these systems. In the present work, we consider the

060501-11050-2947/2011/83(6)/060501(4) ©2011 American Physical Society
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The copper Kα spectrum contains asymmetries and satellite features due to secondary electron emission
during ionization. Theoretical attempts at determining the intensities of these features are highly discrepant
from experimental results. This discrepancy has been the subject of much discussion. In the present work we
show that widely applied fitting procedures produce satellite intensities which depend strongly on assumptions
regarding parametrization. We also show that recent high-accuracy satellite calculations can provide a copper
Kα spectrum in good agreement with experiment, thus resolving the discrepancy. This represents a major step
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and tests of quantum electrodynamics.
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I. INTRODUCTION

The copper characteristic emission spectrum has been a
topic of study for over half a century [1]. Copper x-ray lines
are used as calibration for many experiments, and the copper
photoemission spectrum is used in a variety of diffraction [2]
and plasma experiments [3]. An accurate analytic representa-
tion of the copper spectrum would be highly useful for such
experiments, as well as providing a test of many-body quantum
mechanics and quantum electrodynamics.

It has long been known that an atom bombarded with
electronic or photonic radiation produces “characteristic”
radiation [4]. At energies greater than the 1s-ionization
threshold (the K edge) the most intense radiation is the
Kα line, which arises from the 2p → 1s transition [5]. In
heavier elements, relativistic splitting of the 2p shell divides
the Kα line into distinguishable Kα1 and Kα2 lines, arising
from the 2p 3

2
→ 1s 1

2
and 2p 1

2
→ 1s 1

2
transitions, respectively.

Additional features known as satellite lines have also been
identified in early investigations.

Parratt [6] first proposed that the satellites arise due to
“shake-off,” a process in which an additional electron is ejected
into the continuum during the ionization process. A population
of atoms with both a core ionization and a shaken-off “specta-
tor vacancy” will produce a distorted or shifted photoemission
spectrum, which appears as satellites. Although alternative
explanations for the satellites have been proposed [7,8] the ad-
herence of the satellites to the adiabatic shake-off models (e.g.,
Refs. [9–11]) in the low-energy region provides strong evi-
dence in support of a pure shake-off phenomenon [12–14], as
do observations of the same satellite features in purely atomic
species [15].

In the high-energy limit, photoionization takes place on a
much shorter time scale than orbital relaxation. The outgoing
photoelectron can be considered to leave the atom without
perturbing the remaining electrons, which subsequently relax
due to the increased effective nuclear charge. Under this

*chantler@ph.unimelb.edu.au

approximation (the sudden approximation), shake-off occurs
as a monopole transition between the unrelaxed atomic wave
function and the fully relaxed wave function, where the final
wave function may have one or more electrons shaken off into
the continuum [16].

Numerous studies of the copper Kα and Kβ spectra have
found the 3d satellite to contribute 14–30%. Deutsch et al. [17]
were the first to measure the Kα satellite contributions and
considered numerous combinations of satellites in the 3s, 3p,
and 3d shells in their analysis. This work found a 3d satellite
contribution of 30%. Recent reanalyses of Deutsch et al.’s
[18,19] experimental data have found 3d satellite contributions
of 26% and 29%.

Galambosi et al.’s near-edge experiment found either a
26.2% shake-off contribution or a 13.5% shake-off contri-
bution and a 12.7% shake-up contribution [20]. However,
near-edge Kβ experimental results from Enkisch et al. [21]
found mainly shake-off behavior with a 3d contribution
of 29%.

Two further studies [22,23] did not fit theoretical energy
profiles to experimental results, but rather fit a series of
Lorentzians. Ito et al. [23] explicitly associated the Lorentzian
on the low-energy side of the main peak with the 3d satellite
feature, while Holzer et al. [22] did not. Nevertheless, both
experimental results are included in Table I for completeness,
as are the experimental results discussed previously.

In contrast, theoretical studies have all predicted a 3d
satellite intensity of 9%–15% [24–26] (Table I). Our recent
work [26] has shown that adopting a multiconfiguration
shake-off model improves the theoretical value only slightly
for copper. It is the purpose of this paper to resolve this
discrepancy.

Identification of the satellite contribution to the photoemis-
sion spectra is a difficult problem. Since the satellite emission
lines overlap the diagram emission lines, spectra must be
analyzed with the aid of atomic structure calculations. The
procedure is as follows.

(1) Atomic structure calculations are used to determine the
energies of the diagram and satellite lines.

032513-11050-2947/2012/85(3)/032513(5) ©2012 American Physical Society
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Abstract
High resolution x-ray spectroscopy has revealed a complex structure in the spectrum of
core-ionized elements. To date, theoretical reproductions must be fitted to experimental results
using fitting parameters to account for transition widths, energy corrections, spectator
intensities and spectator broadening—up to 12 or more parameters depending on complexity.
We provide here the first accurate reconstruction of the Kα spectra in titanium using only
instrumental broadening widths as free parameters. We also determine structural systematics
in observed shake processes in transition metals for the first time.

1. Introduction

The x-ray emission spectrum has long been a subject of
interest. Asymmetric peaks and the appearance of satellite
features hinted at complex atomic processes beyond a
simple bound–bound transition. High-intensity sources such
as synchrotrons can provide accurate experimental spectra,
however interpretation of this data requires equally accurate
theoretical deconvolutions. As well as being of interest
for fundamental atomic physics, the shape and relative
intensities of peaks are related to the molecular and solid-
state environment of the atom [1–4] as well as the means of
K-shell vacancy creation (for a comparison of photoionization
and electron capture, see e.g. [5]). In this paper the focus is on
photoionization of an isolated free atom.

An atom bombarded with electronic or photonic radiation
produces ‘characteristic’ radiation [6]. At energies greater than
the 1s-ionization threshold (the K edge), the most intense
radiation is the Kα line, which arises from the 2p → 1s
transition [7]. In heavier elements, relativistic splitting of the
2p shell divides the Kα line into distinguishable Kα1 and
Kα2 lines (also often referred to as the KL2 and KL3 lines

respectively), arising from the 2p 3
2

→ 1s 1
2

and 2p 1
2

→ 1s 1
2

transitions respectively. Additional features, known as satellite
lines, were also identified in early investigations. Although
the correct explanation for these features was offered early
on [8], definitive evidence supporting this explanation was
not available until computational atomic physics and high-
accuracy x-ray experiments [9].

Satellite transitions affect all core-level emission and
absorption experiments; satellite features can be seen in ultra-
intense x-ray experiments [10], plasma physics experiments
[11], x-ray absorption experiments [12] and many others.
Despite a long-standing need to understand these transitions,
due to the difficulty of atomic structure calculations in complex
atoms we have only recently been able to properly investigate
these processes theoretically, taking into account such effects
as relativity and electron–electron correlation [13, 14].

Following an inner shell ionization event, valence shell
electrons experience a change in potential due to the outgoing
electron, and due to the increased effective nuclear charge
they now experience. The changing potential can cause an
additional electron to be excited into a higher shell or the
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Multiply-ionized atoms in plasmas and astronomical systems are predominantly of intermediate atomic
numbers with open electron shells. The spectra seen in laboratory plasmas and astrophysical plasmas are
dominated by characteristic Kα1,2 photoemission lines. Modelling these transitions requires advanced
relativistic frameworks to begin to formulate solutions. We present a new approach to relativistic multi-
configuration determination of Kα1,2 diagram and satellite energies in titanium to a high level of
convergence, allowing accurate fitting of satellite contributions and the first agreement with profile to
negligible residuals. These developments also apply to exciting frontiers including temporal variation of
fundamental constants, theoretical chemistry and laboratory astrophysics.
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The need of astrophysics for tools with which to investigate
plasmas has developed the field of laboratory astrophysics, in part
to address questions like the variation of fundamental constants
such as α and c with time [1]. Likewise, atomic calculations are
necessary for complex plasma physics modelling, which is crucial
in fusion development, and in potential diagnostics of reactor de-
sign [2]. In these areas — as in fundamental atomic physics, X-ray
sources and condensed matter applications — the primary source
of information and insight is that due to characteristic radiation,
much of which arises from inner shell processes of open shell sys-
tems as exemplified by transition metals such as iron [3]. However,
open shell systems are particularly difficult to model, requiring ad-
vanced relativistic theory to even begin the problem. This Letter
addresses solutions to the problems posed by these difficult sys-
tems and demonstrates that new approaches to theory are now
shedding light on our laboratories and on the universe.

Numerous approaches have been used to calculate atomic data,
including Dirac–Fock combined with many-body perturbation the-
ory (MBPT) [4], energy dependent MBPT [5], relativistic config-
uration interaction (RCI) [6], and multi-configuration Dirac Fock
(MCDF). The MCDF method has been highly successful in sim-
ple atoms and valence shells since the sixties and seventies [7].
Different approaches have used alternate basis sets to orthogonal-
ize key symmetries or for computational efficiency, as illustrated
in Fig. 1. Nevertheless, inner-shell and multiple-open shell sys-
tems are far more challenging for existing methods to deal with
due to issues including rapid growth of computation time, fail-

* Corresponding author. Tel.: +61 3 8344 5437.
E-mail address: chantler@unimelb.edu.au (C.T. Chantler).

ure of convergence and multiple near-degenerate eigenstates. The
MCDF method, based on the variational principle, is intrinsically
difficult to manage for highly excited states. The Kα transition
(1s−1 → 2p−1) in the transition metals is a classic example of
one such problem. The Kα spectrum itself is used widely in as-
trophysics [8], plasma physics [9] and for chemical state character-
ization [10].

The structure of the Kα profile in the transition elements has
been the subject of many theoretical and experimental studies
[11–13]. These studies were motivated by its asymmetric shape, in-
dicative that processes are occurring other than the bound-bound
transition from which the transition takes its label. Several mecha-
nisms have been suggested for this asymmetry, including collective
excitations from the conduction band [14], final state interactions
[11] and shake processes [15]. It now appears that shake-off pro-
cesses, which generate species with one or more extra holes that
are passive when the 1s hole de-excites, are the major contributor
to the structure observed and hence that the solid-state spectra
may be dominated by atomic considerations [16].

Our work on titanium presented here is based on the MCDF
method, which is described widely [17]. Atomic states are ex-
panded into linear combinations of configuration state functions
(CSFs) of well defined parity and angular momentum,

Ψ (Π J M) =
∑

r

crΦ(γrΠ J M) (1)

where Φ(γrΠ J M) are linear combinations of Slater determinants,
built from orthonormal Dirac spinors, having parity and angular
momentum quantum numbers Π J M forming an orthonormal ba-
sis, and γr contains all the quantum numbers necessary to dis-

0375-9601/$ – see front matter  2010 Elsevier B.V. All rights reserved.
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ABSTRACT

The 557.7 nm green line and the 297.2 nm ultraviolet line in oxygen have been studied extensively due to
their importance in astrophysics and atmospheric science. Despite the enormous effort devoted to these two
prominent transition lines over 30 years, and in fact going back to 1934, the ratio of their transition probabilities
remains a subject of major discrepancies amongst various theoretical calculations for many decades. Moreover,
theoretical results are inconsistent with available laboratory results, as well as recent spacecraft measurements
of Earth’s airglow. This work presents new relativistic theoretical calculations of the transition probabilities of
these two photoemission lines from neutral oxygen using the multi-configuration Dirac–Hartree–Fock method. Our
calculations were performed in both length and velocity gauges in order to check for accuracy and consistency, with
agreement to 8%. Whilst remaining a challenging computation, these results directly bear upon interpretations of
plasma processes and ionization regimes in the universe.

Key words: atmospheric effects – atomic processes – line: identification – methods: analytical – radiation
mechanisms: general – techniques: spectroscopic
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1. INTRODUCTION

Oxygen is one of the most abundant elements in the universe,
and as a result exists in many astronomical objects. The oxygen
spectra observed contain emission lines from both the visible
and non-visible (infrared and ultraviolet). Two of the most
prominent lines observed in Earth’s aurorae and airglow are the
557.7 nm visible green line and the 297.2 nm ultraviolet line.
Moreover, the O i forbidden green line has also been identified
in planetary nebulae and meteors such as Perseid, Orionid,
and Lyrid (Halliday 1960). This allows further investigations
into meteor compositions and the chemical processes involved,
which is important for prebiotic studies (Jenniskens & Stenbaek-
Nielsen 2004). Furthermore, this green line is believed to
be the primary source of luminosity of the Leonid persistent
train, which enables the investigation of meteoric aerothermal
chemistry (Jenniskens et al. 2000). The auroral green line also
features prominently in many young, oxygen-rich supernova
remnants such as Cas A, G298 + 1.8, and N132D (Victor et al.
1994), as well as T Tauri stars (Pascucci et al. 2011).

Due to the correlation between forbidden line emission and
disk accretion in classical T Tauri stars (Hartigan et al. 1995),
information on mass-loss rate and mass accretion rate can also
be obtained using this auroral green line. Modeling of atomic
processes in comets such as the C/1996 B2 Hyakutake has also
been based on this green emission line (Bhardwaj & Raghuram
2012). However, these studies depend upon the transitions
following the relevant model which they are presenting, which
has not thus far been possible. A major achievement of recent
time is the detection of the 5577 auroral green line on Venus
(Slanger et al. 2001), which serves as a stepping stone toward
a better understanding of the dynamics of its upper atmosphere
(Witasse & Nagy 2006). The auroral green line is particularly
sensitive to solar and geomatic activities (Russell 1981), so the
intensity variation of this emission line can be used for studies
of solar flare (Kudryashev & Avakyan 2000), the atmospheric

system, and geophysical disturbances (Mikhalev 2011). Interest
in these particular transition lines, especially the auroral green
line, is not confined only to astrophysics and plasma physics,
but is also important in other areas such as climatology and
aeronomy (Semenov & Shefov 2005; Shefov et al. 2000;
Semenov et al. 2002; Mikhalev 2012).

Accurate determination of emission lines transition probabil-
ities is especially important, as it can lead to the deduction of the
underlying chemical reactions and therefore a better understand-
ing of the evolution of the associated entity. The auroral green
line has been a subject of debate for many decades, particularly
arising from the disagreement between theoretical calculations
and observations. This anomaly has been encountered in studies
of electron energy loss in oxygen plasmas (Victor et al. 1994),
oxygen UV airglow (Stegman & Murtagh 1988), quantum yields
in the nocturnal F-region (Bates 1992), and supernovae (Ryder
et al. 1993).

The 557.7 nm visible green line results from the electric
quadrupole (E2) transition 1s2 2s2 2p4(1S0–1D2), which is op-
tically forbidden. The 297.2 nm ultraviolet line is a magnetic
dipole (M1) transition 1s2 2s2 2p4(1S0–3P1). The intensity ra-
tio I557.7/I297.2 = A557.7/A297.2 of these two lines (or equiva-
lently, the transition probability ratio) has been calculated many
times previously by a range of authors but without agreement
(Table 1). Note that experiments can report either photon-
counting ratios corresponding to A557.7/A297.2 or energy-
deposition ratios (erg s−1, etc.) but that all data reported here
follows the photon-counting standard.

Two laboratory measurements were performed by McConkey
et al. (1966) and LeBlanc et al. (1966). Their results are
given in Table 2. The theoretical results do not agree with
each other, and do not agree well with those from available
laboratory measurements. The most recent measurements of this
intensity ratio are sourced from the Earth’s airglow (Table 3).
Interestingly, these recent measurements are quite consistent
with each other, and yet disagree strongly with those from
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ABSTRACT
This work presents new ab initio relativistic calculations using the multiconfiguration Dirac–
Hartree–Fock method of some O I and O III transition lines detected in B-type and Wolf–Rayet
stars. Our results are the first able to be presented in both the length and velocity gauges, with
excellent gauge convergence. Compared to previous experimental and theoretical uncertainties
of up to 50 per cent, our accuracies appear to be in the range of 0.33–5.60 per cent, with gauge
convergence up to 0.6 per cent. Similar impressive convergence of the calculated energies
is also shown. Two sets of theoretical computations are compared with earlier tabulated
measurements. Excellent agreement is obtained with one set of transitions but an interesting
and consistent discrepancy exists between the current work and the prior literature, deserving
of future experimental studies.

Key words: atomic data – atomic processes – line: identification – techniques: spectroscopic –
astronomical data bases: miscellaneous – ultraviolet: stars.

1 IN T RO D U C T I O N

The spectra of light elements have been investigated extensively
for many years due to their importance in astrophysical studies.
Of particular interest is oxygen, which is highly abundant and there-
fore can be observed in countless astrophysical entities, and as such,
it is widely used in many investigations on the formation of stars,
planets, and galaxies. The O I spectrum, for instance, contains the
forbidden green line which is prominent in numerous studies such
as solar and geomatic activities, aurora, meteors, and supernova
remnants (see for example, Chantler et al. 2013). The spectra of
oxygen ions such as O II and O III are also vital diagnostic tools in
many astrophysical investigations such as B-type stars and Wolf–
Rayet stars. Many studies on the abundances of oxygen in B-type
stars, for example, Gies & Lambert (1992) and Kilian (1992), have
not only provided deeper insight into the chemical evolution and
processes involved within these interesting bodies, but also facili-
tate investigations of solar models (Asplund et al. 2004; Scott et al.
2009) where there exists a deep conflict between observation and
helioseismological theory (Basu & Antia 2008).

Laboratory and theoretical atomic data are heavily relied upon
in many astrophysical investigations. Consequently, the accuracy
of these astrophysical calculations are affected by the uncertainties
within the available atomic data. Laboratory data can be restricted
due to the limitation presented by experimental conditions, which
often contribute further to the uncertainty. Therefore, it is diffi-

! E-mail: chantler@unimelb.edu.au

cult to underestimate the importance of theoretical atomic calcula-
tions. Many of the most advanced and well-known theoretical data
available, such as those of Froese-Fischer & Tachiev (2004) and
Froese-Fischer et al. (2009), were obtained through non-relativistic
means with a relativistic correction, namely the multiconfigura-
tion Hartree–Fock with a Breit–Pauli correction. Non-relativistic
calculations are often more stable with a faster convergence com-
pared to their fully relativistic equivalents; however, it has been
demonstrated that unprecedented high accuracy can be achieved
with copper (Chantler, Hayward & Grant 2009; Chantler, Lowe &
Grant 2010) and titanium (Chantler, Lowe & Grant 2012) using
fully relativistic calculations. The wide-ranging benefit of higher
accuracy greatly outweighs the many challenges that are attached
to relativistic calculation.

Previous work utilizing the multiconfiguration relativistic
Hartree–Fock method (Cowan 1981), such as those of Campos
et al. (2005) and Malcheva et al. (2009), have primarily focused
on medium- to high-Z elements. Very little work has been done
on low-Z elements using relativistic methods, in part because of
the challenges of satisfactory convergence, and in part because ap-
proximate relativistic corrections to non-relativistic results are use-
ful and convenient. In this work, fully relativistic calculations are
performed on oxygen using the multiconfiguration Dirac–Hartree–
Fock (MCDHF) approach, as employed by the GRASP2K package
(Jönsson et al. 2007). This approach is used extensively throughout
the atomic physics community, and such work as Froese Fischer
et al. (2008) on Fe IV and Chantler et al. (2013) on O I forbidden
lines have proven its viability for transitions of astrophysical sig-
nificance. The focus of this work is on the O I and O III spectra.

C© 2014 The Authors
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c We develop a self-energy screening approximation suitable for multi-electron atoms.
c This approximation is tested in a number of few- and many-electron systems.
c We obtain superior agreement with experiment compared with existing approximations.
c An implementation of this approximation is provided for use with GRASP2K.
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Atomic structure calculations have reached levels of accuracy which require evaluation of many-
electron QED contributions. Since exact analytic solutions do not exist, a number of heuristics have
been used to approximate the screening of additional electrons. Herein we present an implementation
for the widely used GRASP atomic-structure code based on Welton’s concept of the electron self-
energy. We show that this implementation provides far superior agreement compared with a range of
other theoretical predictions, and that the discrepancy between the present implementation and that
previously used is of comparable magnitude to other sources of error in high-accuracy atomic
calculations. This improvement is essential for ongoing studies of complex atomic systems.

& 2013 Elsevier Ltd. All rights reserved.

1. Quantum electrodynamics and self-energy

Both classically and in quantum field theory, the electromag-
netic field of the electron can interact with the electron itself. In
both cases, this interaction results in an infinite energy associated
with the electron (Sakurai, 1967). In quantum field theory, this
interaction corresponds to an electron emitting a virtual photon,
which is then reabsorbed by the electron – the Feynman diagram
for this interaction is presented in Fig. 1. The energy associated
with the interaction between the electron and its own electro-
magnetic field is the self-energy of the electron.

This self-energy results in observable effects. Most famously it
is responsible for the Lamb shift (Lamb and Retherford, 1947;
Bethe, 1947). In order to obtain a finite numerical result, the
infinite portion of the integral is required to be removed by the
process of renormalisation, which can also include a finite energy
cut-off. Since the classical electromagnetic self-energy is thereby
removed or renormalised, this energy shift is a purely quantum-
mechanical phenomenon. It arises due to the interaction of the

electron with the quantised electromagnetic field. In quantum
field theory, these quantum fluctuations of the electromagnetic
field strength are also responsible for spontaneous emission.

Early self-energy corrections were carried out to first-order in
Za (Bethe, 1947). In the early 1970s, Mohr provided an atomic
self-energy formulation within the bound-state Furry formalism
in a suitable form for direct numerical evaluation, used to
evaluate the self-energy for ground-state hydrogenic atoms
(Mohr, 1974). Later work extended this to include n¼2 hydro-
genic systems (Mohr, 1983) and more recent studies have
evaluated hydrogenic self-energies for n¼3, 4, 5 (Mohr and
Kim, 1992; Indelicato et al., 1998; Le Bigot et al., 2001). There
have been no generalisations of the self-energy calculations to
arbitrary N-electron atomic systems.

Without exact solutions, atomic structure packages use an
approximation to the self-energy. This can be obtained by taking
the exact hydrogenic results of Mohr and successors and reducing
them by some screening factor to allow for multiple electron
interactions. These factors aim to represent some scaling from the
hydrogenic system to the system of interest, yet their form is of a
wide variety. From Mohr (1974) we have that EH

SE ¼ ða=pÞðZaÞ4
FðZaÞmec2. Approaches used to derive a multielectron self-energy
include using the mean radius to determine an effective Z for that
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The high level of accuracy achieved by atomic experiments in recent time has shone a spotlight on the need for
a similarly high level of accuracy in atomic structure calculations, and in particular, QED prediction. A method
of electron self-energy correction originally derived from the Welton idea by Lowe et al. (2013) (LCG-Welton
method) has now been fully incorporated into the popular atomic structural package, GRASP2K, which we have
introduced in this paper. A series of benchmark tests and results are presented, which enables the comparison
of the implementations of different versions of GRASP2K, and the implementations on different platforms or
operating systems. Test results presented in this paper demonstrate that these new implementations maintain
the overall consistency and stability of the program across various platforms, while at the same time improve
the accuracy of final energies. Our calculations for hydrogenic Ly𝜔1,2 transitions show excellent agreement
with experiment, to within less than 0.5 eV. On helium-like systems, our calculations show an improvement
from the previous GRASP2K screening method. The new results from electronic self-energy contribution using
the LCG-Welton method is more consistent with current standards in the literature, where they now fit within
experimental variability of up to 0.1 eV. An option for users to adjust the gauge factor in the electric component
of the transition rate has also been added to facilitate further investigation of this particular topic.

1. Introduction

We present a revised version of the relativistic configuration in-
teraction (RCI) program belonging to the GRASP2K v1.1 developed
by Jönsson et al. (2013). The changes relate particularly to the RCI
program, which is now called RCI4. A self-energy screening method
based on Welton’s idea is made the default technique of calcula-
tion. Whilst many other qualitatively different implementations of the
Welton idea have been made in the literature, and there have been
relativistic implementations (Indelicato and Mohr, 2001), this is the
first implementation in a GRASP2K version and is a new approach.
Non-default options are available for users to select other methods of
calculation, including the original GRASP screening method.

Self-energy screening following the concept introduced by Welton
(1948) was investigated in the GRASP2K v1.0 codes (Lowe et al.,
2013). In that work, a patch was prepared to permit use of the latest
available hydrogenic values, together with modifications to account
for finite-nuclear-size effects. The results of this implementation of
Welton’s idea show remarkable agreement with the latest advanced
full QED calculations for helium-like and many-electron systems (Lowe
et al., 2013), such as those of Artemyev et al. (2005) and Indelicato
and Mohr (2001).

ω Corresponding author.
E-mail address: chantler@unimelb.edu.au (C.T. Chantler).

2. Self-energy approximation in many-electron atoms

The major change of this revision has been to develop and imple-
ment the LCG-Welton (Lowe–Chantler–Grant–Welton) approach for the
electron self-energy (Lowe et al., 2013) within the GRASP2K v1.1
package. Further, this updates the self-energy calculations to use the
latest available hydrogenic values (Mohr and Kim, 1992; Indelicato
et al., 1998; Le Bigot et al., 2001) and also accounts for finite-nuclear-
size effects. The Welton idea can be used in a variety of forms, with
very different predictions of QED self-energy expectation values and
shielding. If we consider an electron moving in a potential 𝜀 (𝛚), with
its motion due to fluctuations in the electromagnetic field as 𝜗𝛚, then
the mean-square radius of oscillation is

⌋(𝜗𝛚)2⌈ = 2
𝜛

𝜚
2

𝜍𝜑

⌉
𝜍
2

𝛻𝜑

{
∱

𝜕

𝜕0

ℵ𝜕

𝜕
, (1)

which diverges at both the upper and lower limit. The divergence at
the lower limit disappears for an electron in any sort of finite nuclear
potential, or with a finite low-frequency cut-off, whilst the upper limit
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Much discussion in relativistic atomic physics and quantum optics has related to the interaction of gauge and
perturbation of the Hamiltonian or Dirac operator. It has been commented that Lorentz and gauge independence
requires different forms of the perturbation operator in shifting from one gauge to another. Equally, it has been
commented that gauge convergence is not possible without different operator forms in different bases and without
the operator being embedded within the self-consistent kernel. We explore the logic and self-consistency of these
arguments, applied to the well-known Breit operator in an area of continuing discussion. We find that convergence
is now possible to a remarkable degree including a Breit interaction operator in a form consistent with the gauge
for length and velocity relativistic forms of the multipole operator, implemented at the configuration-interaction
level. Excellent convergence is obtained for Breit interaction energies, interaction mixing coefficients, interaction
transition probabilities and eigenenergies and transition probabilities in complex open shells (transition metal K
α transitions and shake satellites), and forbidden transitions.

DOI: 10.1103/PhysRevA.90.062504 PACS number(s): 32.30.Rj, 31.30.jc, 32.80.Hd

I. INTRODUCTION

Relativistic quantum mechanics has been a powerhouse
and mainstay for the development of science since Dirac
and Sommerfeld. As a cornerstone of atomic physics it
has led via quantum electrodynamics to one of the two
beautiful theories of our natural world [1]. Recently, this
has gained dramatic recognition in small-molecule inorganic
theoretical and quantum chemistry as a tool for molecular
dynamics. Transition energies, probabilities, and profiles have
been predicted with outstanding accuracy, especially for the
hydrogen atom [2–4].

In the VUV and x-ray regimes the dominant bound-bound
transitions are the characteristic inner-shell transitions of Kα
and Kβ for 1s − 2p and 1s − 3p transitions. Not only are these
the most recognizable features of the spectra, but also they
evince complex questions of relativistic quantum mechanics
which remain unresolved to date. If we begin with the Dirac
operator, we recognize early on that the three-body problem of
a helium nucleus with two electrons is a formidable challenge
and that a neutral or singly ionized system of medium atomic
number is an immense challenge to theoretical computation.
High-accuracy experimental data are a starting point, but com-
plex shake processes and transition probabilities lead to the
need for multiconfigurational Dirac-Hartree-Fock (MCDHF)
approaches to begin to address the interesting complexity of
the spectra, which, in a nonrelativistic perspective, can be
represented by two diagram lines (Kα1 and Kα2) at a ratio of
2:1. Not so in reality.

At the heart of the problem is the determination to
convergence and self-consistency of perhaps 1000 to 200 000
configuration state functions (CSFs), the effective and ex-
change potentials, and the treatment of correlations within
that framework. This has been a target of many people

*chantler@unimelb.edu.au

for many years, including I. P. Grant, C. Froese-Fischer,
P. Jonsson, and the GRASP atomic code package; for two-
electron systems it has been a particular concern of groups
such as those of G. W. F. Drake. Despite the long-standing
need to understand these transitions, due to the difficulty
of atomic structure calculations in complex atoms we have
only recently been able to properly investigate these processes
theoretically, taking into account such effects as relativity and
electron-electron correlation [5,6]. For complex, open-shell
atoms, these calculations are discrepant from experiment by
up to an order of magnitude. For example, Anagnostopoulos
found that the 3p satellite contributes 15% to the scandium
Kα spectrum, compared to Kochur’s ab initio calculation of
6.0% [7], and Mukoyama’s 7.8% [8]. The 3d satellite was
found experimentally to contribute 38%, compared to the 5.0%
predicted by the two previous sources. At present it is not clear
whether the theoretical values or the experimental analysis
needs further work, but a reasonable expectation is that both
need further investigation [9]. A recent paper has provided a
new approach to shake-off calculations [10]. Large, relativistic,
multiconfiguration calculations have been performed for the
3 d-transition metal series. These atomic models have been
used in a multiconfiguration shake-off calculation and have
provided new ab initio shake-off intensities which appear to
be in better agreement with experiment than anything prior
[9]. One of the first key observations within this framework is,
of course, the treatment of correlation and, ergo, the derivation
of the Moller or Breit interaction.

II. THE BREIT INTERACTION

In the MCDHF method, the atomic wave function becomes
a linear combination of solutions to the central-field problem
CSFs (symmetrized products of one-electron spinors) corre-
sponding to different electron configurations,

ψ =
∑

r

crψr , (1)

1050-2947/2014/90(6)/062504(8) 062504-1 ©2014 American Physical Society
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Abstract
We investigate the Kb characteristic radiation and the complex asymmetric structure of
photoemission lines of copper, which provides a benchmark for theoretical and experimental
studies of x-ray calibration series in transition metals. Ab initio multi-configuration Dirac–
Hartree–Fock (MCDHF) calculations have been performed to study the complex open-shell
many-electron problem in copper. The biorthogonalization technique permits determination of
transition intensities and Einstein A coefficients. The results from our MCDHF calculations
demonstrate excellent convergence in transition energies and intensities, as well as gauge
invariance to 0.6%. Shake processes caused by single and double spectator vacancies from 3d,
3p, 3s and 4s subshells have also been investigated extensively. MCDHF has been performed to
calculate energies and relative intensities of 3d, 3d2, 3p, 3s and 4s satellites, resulting in the total
number of configuration states exceeding 100 000 and more than 1500 transition components.
Our theoretical calculations of shake-off probabilities using the multi-configuration method in
the sudden limit have a high degree of internal consistency with the best available experimental
data for copper Kb . This supports the validity of relativistic atomic theory and sets a new
benchmark even for poorly resolved characteristic spectra using current techniques of analysis.

Keywords: copper Kβ, MCDHF, characteristic radiation, shake processes

(Some figures may appear in colour only in the online journal)

1. Introduction

Discrete photoemission lines arise from bound–bound elec-
tron transitions in atoms. The Kb process is the transition
from a 1s−1 state to a 3p−1 state followed by the spontaneous
emission of an x-ray photon [1]. The notation 1s−1 and 3p−1

refers to a vacancy in the 1s and 3p subshells respectively as
compared to the neutral atoms.

In order to determine the Kb spectrum, we perform
multi-configuration Dirac–Hartree–Fock (MCDHF)

calculations for the 3p−1 state. The electron configuration is
assumed to be initially in the canonical 3d104s1 (1s2 2s2 2p6

3s2 3p5 3d10 4s1) atomic ground state. In addition to the
1s−1 3p−1 diagram transition, there are also processes
known as shake-off and shake-up. Shake-off processes
involve a second electron ionization into the continuum. The
shake-up process involves an additional electron excited into
the higher bound state.

High-accuracy theoretical studies of Ka emission in
copper has been presented in recent literature. Chantler et al

Journal of Physics B: Atomic, Molecular and Optical Physics
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The characteristic radiation of copper Ka1,2,3,4

Hamish A. Melia, Christopher T. Chantler,* Lucas F. Smale and Alexis J. Illig

School of Physics, University of Melbourne, Australia. *Correspondence e-mail: chantler@unimelb.edu.au

A characterization of the Cu K!1,2 spectrum is presented, including the 2p
satellite line, K!3,4, the details of which are robust enough to be transferable to
other experiments. This is a step in the renewed attempts to resolve
inconsistencies in characteristic X-ray spectra between theory, experiment and
alternative experimental geometries. The spectrum was measured using a
rotating anode, monolithic Si channel-cut double-crystal monochromator and
backgammon detector. Three alternative approaches fitted five Voigt profiles to
the data: a residual analysis approach; a peak-by-peak fit; and a simultaneous
constrained method. The robustness of the fit is displayed across three spectra
obtained with different instrumental broadening. Spectra were not well fitted by
transfer of any of three prior characterizations from the literature. Integrated
intensities, line widths and centroids are compared with previous empirical fits.
The novel experimental setup provides insight into the portability of spectral
characterizations of X-ray spectra. From the parameterization, an estimated 3d
shake probability of 18% and a 2p shake probability of 0.5% are reported.

1. Introduction

The spectrum given by the characteristic radiation of atoms is
used in a number of fields of science including chemistry
(Kawai et al., 1994), astrophysics (Sulentic et al., 1998), plasma
physics (Hansen et al., 2005), nanopowders (Armelao et al.,
2008) and medicine (Uo et al., 2015). More specifically the K!
line is used as a calibration standard in many X-ray experi-
ments. For example, theoretical determination of features in
X-ray spectra requires calibration accurate down to the one
part per million (p.p.m.) level in high-accuracy tests of
quantum electrodynamics (Gillaspy et al., 2010; Chantler,
Kinnane et al., 2012; Smale et al., 2015). The characteristic
radiation and photoemission lines of copper provide a
benchmark for both experimental and theoretical X-ray
calibration in the transition metals. The K! line, caused by
the 2p! 1s transition, is a doublet due to the fine structure
splitting of the 2p subshell. The magnitude of the splitting is
determined by relativistic effects and therefore is dependent
on the atomic number, Z. The K" line is a result of the 3p! 1s
transition.

High-accuracy determination of the structure and energies
of X-ray emission profiles is required for energy calibration in
a wide range of scientific experiments. In particular, X-ray line
shapes and energies are important in high-accuracy char-
acterization of crystallographic measurements at synchrotron
and standard laboratories worldwide. The International Tables
for Crystallography Volume C (2019) provides detailed trea-
tises on the experimental and theoretical characterization of
X-ray standards, X-ray profiles and absorption edges. The
ability to tie the X-ray energy scale to the definition of the
metre, through the lattice parameter of standard reference
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High-accuracy MCDHF Cu Kα and Cu Kβ diagram spectra and major satellites are presented. Spectral 
eigenvalues reach a theoretical expansion convergence of 0.03 eV or 0.00025%, with gauge and amplitude 
convergence to 0.7% for Cu Kα diagram spectra. Dominant theoretical spectral eigenvalues are shown 
to be within 0.032 eV of experimental data. Ab initio shake-off contributions are presented in terms of 
total probability from each subshell and as separated single and double shake probabilities. Discrepancies 
between theory and experiment in copper X-ray spectra arise from profile asymmetries, relativistic 
terms and shake spectra not yet accounted for. These results and this improved agreement provide key 
fundamental parameters for processes towards XFEL evolution and resolving key discrepancies between 
theory and experiment.

 2021 Elsevier B.V. All rights reserved.

The Kα spectrum results from the 2p → 1s decay following 
photoionisation of the core 1s electron. For relatively heavy atoms, 
fine splitting between 2p states result in the two distinct peaks 
due to the transitions 2p3/2 → 1s (Kα1) and 2p1/2 → 1s (Kα2). 
The Kβ spectrum arises from 3p3/2 → 1s (Kβ1) and 3p1/2 → 1s
(Kβ3). The copper photoemission spectrum is the most commonly 
used radiation source in diffraction and scattering experiments. 
Hence, the Cu Kα and Kβ X-ray emission spectra are the most 
widely studied [1–12]. This recent collective effort is driven by the 
desire to understand and predict the asymmetric peaks that have 
been repeatedly observed experimentally. The asymmetry strongly 
suggests that there are other transitions beyond the simple bound-
bound diagram transitions, pointing to physical processes yet to be 
explained or fully understood, referred to as satellite lines.

Several ideas have been proposed to explain the additional 
structure [13–16] and for molecular and solid state systems and 
crystals the influences of band and molecular orbital theory can 
be dominant. The most widely accepted view is that the addi-
tional structure, satellite lines, are caused by shake processes [17]. 
With the ionisation of a 1s electron, the system is no longer in 
an eigenstate of the atomic Hamiltonian. As the wavefunction re-

* Corresponding author.
E-mail addresses: b.nguyen6@student.unimelb.edu.au (T.V.B. Nguyen), 
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laxes, there is a probability that additional electron(s) are excited 
to higher shells (shake-up) or ejected into the continuum (shake-
off), resulting in more excited state possibilities and hence addi-
tional transitions other than the diagram lines. Even within this 
picture, there are several explanations that have been proposed, 
depending on the incident photon or excitation energy [18–20]. In 
the high-energy limit, often referred to as the sudden approxima-
tion limit, the photoionisation occurs within a much shorter time 
frame than orbital relaxation, and thus the shake-off probability 
can be extracted from the wavefunction overlap between the ini-
tial and final state, which emphasise the need for highly accurate 
wavefunctions.

X-ray free electron laser (XFEL) sources involve similar pro-
cesses and cross-sections as obtained by X-rays at synchrotrons 
or laboratory sources, especially at onset, but in time-resolved 
mode. The processes of detection of copper emission spectra are 
also similar. Data on the 3d transition metals has been collected 
at XFELs [21]. Theoretical understanding at the atomic level, as 
presented in this paper, is very much needed and an ongoing 
challenge because of the multiple ionisation processes, the cas-
cade processes and hence of the satellite processes and spectra. 
XFELs provide a unique opportunity to investigate hollow atoms 
through K -shell double photoionisation [22]. Such investigations 
probe electron-electron correlation and require atomic theory cal-
culations, such as the ones performed here, for the identification 
of spectral features and the hypersatellite spectra [23]. Complex 
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Ab initio theoretical calculations for Auger electron kinetic energies are presented for twenty prominent
Auger peaks for the 3𝜔 transition metals (21 ∱ 𝜀 ∱ 30). These are the twenty Auger peaks listed for these
elemental solids in the National Institute of Standards and Technology (NIST) X-ray photoelectron spectroscopy
database. Adding to these values, over one hundred Auger electron kinetic eigenenergies are calculated for
titanium. Many of these transition lines are not established in current literature due to their relatively small
yields and overlapping widths. These data can be of importance for determination of previously unaccounted
Auger electron peaks with titanium and will be useful for X-ray fluorescence studies into the radiative Auger
effect. The consistency between our values and the empirical data is an improvement compared with previous
binding energy approaches and the methodology is convergent. The methods presented can be extended to
other elements for future investigations of Auger electron kinetic energies which is particularly useful where
current experimental values do not exist. Furthermore, these calculations provide evidence in the success of
multiconfigurational Dirac–Hartree–Fock approaches in complex quantum mechanics.

1. Introduction

Atomic decay processes resulting from an initial K-shell hole provide
valuable insight into many areas of modern physics. These decay pro-
cesses yield electronic and photonic spectra with energies characteristic
to the quantum system. Photon spectra from initial K-shell ionisations
give rise to characteristic X-ray spectra and are important for industry,
tests of complex atomic physics (Dean et al., 2019, 2020), relativistic
quantum mechanics (Nguyen et al., 2022; Dean et al., 2022), and
astrophysics (Chantler et al., 2013).

Here we focus on the Auger effect observed independently by Meit-
ner (1922) and Auger (1923, 1924) in 1922 and 1923, respectively, first
described and studied by Auger throughout the 1920s. Three electrons
are involved in the Auger process and the three shells involved are used
to designate the specific Auger electron. The naming convention for an
Auger electron uses IUPAC X-ray nomenclature, an XYZ Auger electron
is created from an initial X shell vacancy, where an electron in the Y
shell relaxes into it, and the Auger electron is ejected from the Z shell.

Auger electrons offer insight into complex atomic physics with its
main use in surface and materials science. Harris pioneered Auger
electron spectroscopy (AES) in the late 1960s with studies of sulphur in
nickel and various alloys of steel (Harris, 1968a,b). AES uses the sen-
sitivity of Auger electrons to the elemental composition to determine
surface properties of materials. The field has now expanded beyond
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focussing solely on surfaces. It is an important component of X-ray
photoelectron spectroscopy (XPS).

AES relies on accurate data for specific Auger electron kinetic
energies, often referred to as Auger transitions, peaks, or energies.
Much experimental work has characterised these to greater accuracies
and precisions for both elemental substances and compounds. Results
are used for industries such as metallurgy and microelectronics and
by materials scientists to characterise the surface of a wide range of
materials (Lu et al., 2021; Guseinov and Ilyin, 2021; Unger et al., 2020;
Kosugi et al., 2020; Horio et al., 2020).

There is a new interest in an increasing range of elements and
compounds shown by the industrial community for rare-earth-elements
in battery, semiconductor, and photovoltaic cell technologies. For AES
to be of use to studies involving elements and compounds, their re-
spective Auger peaks must be well-characterised. Despite this, even
common elements that have been studied many times are missing Auger
transition information and less-common elements have even less in-
formation. The most comprehensive database, the National Institute of
Standards and Technology (NIST) XPS database (Naumkin et al., 2012),
only has Auger kinetic energies for 58 of the 92 naturally occurring
elements. Hydrogen and helium have no Auger transitions in their
natural state, and elements with fewer electrons have fewer possible
transitions. For titanium, only three Auger transitions are listed out
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Cu Kα3,4 satellite spectrum with ab initio Auger-rate calculations
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This work investigates the capability of the multiconfiguration Dirac-Hartree-Fock (MCDHF) method in
predicting the Cu Kα3,4 spectrum. Ab initio energy eigenvalues, relative intensities, and radiative widths are
calculated for the Cu 2p and 2s satellite transitions. By fitting to the most accurate experimental Cu Kα3,4 spectra
available, we show that our 2p satellite energy eigenvalues agree with experiment to within 0.35 eV and that our
2p shake probability agrees with the 2p fitted intensity to within 0.05%. Our fits suggest a I (2s):I (2p) satellite
intensity ratio (as a percentage of the total Kα spectrum) of 0.03(1):0.76(1) Theoretical predictions of this ratio
can be examined using shake probabilities. We calculate the probability of shake-off due to the sudden creation of
a 1s hole in Cu, yielding an ab initio I (2s):I (2p) shake probability ratio of 0.194:0.742. Using MCDHF, the rates
at which hole states, created through the shake processes, depopulate via Auger transitions are determined. These
results explain the apparent discrepancy between experimental satellite intensities and shake probabilities, and
characterize the Cu Kα3,4 spectrum with a satellite intensity ratio of 0.04(1):0.76, consistent with the experiment.

DOI: 10.1103/PhysRevA.107.012809

I. INTRODUCTION

The natural sciences are a process aiming to model
physical reality with mathematical abstraction. Studies of
characteristic x-ray spectra fit this paradigm well and sub-
stantial work has recently been conducted in this field, both
empirically and theoretically, particularly within the 3d tran-
sition metals. In this work, we compare present theoretical
calculations of energy eigenvalues and ab initio shake proba-
bilities with previous theory and with the two highest accuracy
experimental spectra. The motivation for this is twofold. First,
comparison between theory and experiment is the only way
to test the accuracy of a mathematical model. Second, where
multiple theoretical frameworks are used, a comparison with
the experimental data is the only way to determine the pre-
ferred theoretical approach. Both motivations are important
for fundamental physics, relativistic quantum mechanics, and
atomic physics. Further areas that benefit from this work
include elemental analysis [1–3], space science [4–7], envi-
ronmental science [8–11], and cultural applications [12–16].

Experimental work within recent years on 3d transition
metals and others include Dean et al. on scandium [17,18];
Yilmaz on chromium, manganese, iron, and cobalt [19]; Mac-
Donald et al. on zinc [20]; Koteswararao et al. on germanium,
arsenic, selenium, and bromine [21]; and Webster et al. on
copper and vanadium [22]. Copper has always been the most
tested of the 3d metals and one of the key benchmarks for
calibration, with recent work by Melia et al. [23], Mendenhall
et al. [24], and Deutsch et al. [25,26]. Numerous recent studies
investigated copper Kα lineshapes, intensity ratios, satellite
spectra, Auger transitions, vacancy or spectator transitions,
and evolution [27–37]. Specifically, the copper Kα3,4 satellite
spectrum has been a long-standing active area of research
[38–40], located roughly 33-eV higher than the Kα1 peak.

Recent theoretical work predicting characteristic lineshapes
include Dean et al. on scandium [41]; Nguyen et al. on copper
[36,37]; Martins et al. on the widths of Zn [42]; and Ito et al.
on Se, Y, and Zr [43]. The multiconfiguration Dirac-Hartree-
Fock (MCDHF) method was used to describe other complex
systems such as Fe2+ ions [44].

In comparing these theoretical and empirical experimental
results, optical physics is able to test state-of-the-art relativis-
tic quantum mechanics and atomic physics. This is essential if
we are to extend these methods of calculations to other, more
challenging, systems. High-accuracy calculations enable us to
characterize spectra where the experimental data are absent.
This is particularly important as industry strives to explore
rare-earth metals.

There exist multiple methods to perform ab initio theoreti-
cal calculations for energy eigenvalues, transition amplitudes,
linewidths, and shake probabilities. This work uses the
MCDHF approach. Within the MCDHF framework itself
there are several approaches. We demonstrate a few of these as
separate hypotheses and the varying successes of these sheds
light on key questions in modern atomic x-ray physics. The
phenomena of interest in this work are anomalous asymme-
tries in characteristic x-ray radiation. The shake-off process
is well attested to cause these asymmetries. However, there
are still features unaccounted for. The Auger effect, and the
related radiative Auger emission (RAE), where both an elec-
tron and photon are released upon the decay of a higher
shell electron [45–47], may offer potential solutions for these
anomalies. We perform calculations for the copper nonradia-
tive Auger emission transition rates.

The copper atom with a vacancy in both the 1s and 2l
shell is the origin of the high-energy Kα3,4 spectrum [48].
Hence, Kα3,4 results from transitions [1s2p] → [2p2] and
[1s2s] → [2s2p] (square parentheses denote hole states). A

2469-9926/2023/107(1)/012809(15) 012809-1 ©2023 American Physical Society
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Copper	Kα	Experimental	Spectra

Mendenhall, Marcus H., et al. Journal of Physics B: Atomic, Molecular and Optical Physics 50.11 (2017): 115004. 
Deutsch, M., et al. Physical Review A 51.1 (1995) 283

Deutsch et al.Mendenhall et al.
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• New	experiment	can	see	complex	Auger	and	satellite	processes	
for	the	first	time		

• [J	W	Dean,	The	Auger	effect	and	its	applications.	H	A	Melia,	
Characteristic	Spectral	Profiles:	Copper	Kα	and	Kβ]		

• J	W	Dean	C	T	Chantler,	L	F	Smale,	H	A	Melia,	High	Accuracy	Characterisation	for	the	Absolute	Energy	of	Scandium	Kα,	J	Phys	B	52	
(2019)	165002	–	1	-12;	H	A	Melia,	C	T	Chantler,	L	F	Smale,	A	J	Illig,	The	Characteristic	Radiation	of	Copper	Kβ	including	radiative	
Auger	processes,	J	Phys	B	53	(19)	(2020)	195002-1-12;	J	W	Dean	C	T	Chantler,	L	F	Smale,	H	A	Melia,	An	Absolute	Energy	
Measurement	of	Scandium	Kβ	to	2	parts	per	million,	J	Phys	B53	(2020)	205004	–	1	-	10.		

• Mendenhall+:	Most	accurate	characteristic	spectrum	to	date;	
compared	with	Deutsch,	Fritsch+,	the	best	for	20	years	…	

• a)	Cu	Kα1,2:	red	line	Holzer+	1997,	blue	line	Mendenhall+	2017	b)	
Parametrisations	around	Kα2.	The	vertical	lines	indicate	the	
maximum	of	each	profile	characterisation	c)	Parametrisations	
around	Kα1.	d)	Parametrisations	of	Kα34	Mendenhall+	2017	(blue);	
Fritsch+	1998	(red)	e)	The	difference	between	the	two	
characterisations	(black	line)	is	structured	and	larger	than	the	s.e.	
(dark	blue)	indicating	locations	of	disagreement	between	the	
parametrisations

e)

d)
a)

b)

c)
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• New	experiment	can	see	complex	Auger	
and	satellite	processes	for	the	first	time		

• Cu	Kβd	The	origin	of	the	low	energy	
contribution	(Kβ’)	is	the	least	clear	
feature	in	the	spectrum.	The	right	panel	
shows	5	Lorentzians	including	RAS.	χ2r		
reduced	to	1.58	by	including	RAS,	
indicating	the	significance	for	obtaining	
transferable	parameterisations.	
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G. Holzer, M. Fritsch, M. Deutsch, J. Hartwig, and E. Forster, Kα1;2 and Kβ1;3 x-ray emission
lines of the 3d transition metals, Physical Review A56 4554-4568, 1997

• H	A	Melia,	C	T	Chantler,	L	F	Smale,	A	J	Illig,	The	Characteristic	Radiation	of	Copper	Kβ	
including	radiative	Auger	processes,	J	Phys	B	53	(19)	(2020)	195002-1-12
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High-accuracy MCDHF Cu Kα and Cu Kβ diagram spectra and major satellites are presented. Spectral 
eigenvalues reach a theoretical expansion convergence of 0.03 eV or 0.00025%, with gauge and amplitude 
convergence to 0.7% for Cu Kα diagram spectra. Dominant theoretical spectral eigenvalues are shown 
to be within 0.032 eV of experimental data. Ab initio shake-off contributions are presented in terms of 
total probability from each subshell and as separated single and double shake probabilities. Discrepancies 
between theory and experiment in copper X-ray spectra arise from profile asymmetries, relativistic 
terms and shake spectra not yet accounted for. These results and this improved agreement provide key 
fundamental parameters for processes towards XFEL evolution and resolving key discrepancies between 
theory and experiment.

 2021 Elsevier B.V. All rights reserved.

The Kα spectrum results from the 2p → 1s decay following 
photoionisation of the core 1s electron. For relatively heavy atoms, 
fine splitting between 2p states result in the two distinct peaks 
due to the transitions 2p3/2 → 1s (Kα1) and 2p1/2 → 1s (Kα2). 
The Kβ spectrum arises from 3p3/2 → 1s (Kβ1) and 3p1/2 → 1s
(Kβ3). The copper photoemission spectrum is the most commonly 
used radiation source in diffraction and scattering experiments. 
Hence, the Cu Kα and Kβ X-ray emission spectra are the most 
widely studied [1–12]. This recent collective effort is driven by the 
desire to understand and predict the asymmetric peaks that have 
been repeatedly observed experimentally. The asymmetry strongly 
suggests that there are other transitions beyond the simple bound-
bound diagram transitions, pointing to physical processes yet to be 
explained or fully understood, referred to as satellite lines.

Several ideas have been proposed to explain the additional 
structure [13–16] and for molecular and solid state systems and 
crystals the influences of band and molecular orbital theory can 
be dominant. The most widely accepted view is that the addi-
tional structure, satellite lines, are caused by shake processes [17]. 
With the ionisation of a 1s electron, the system is no longer in 
an eigenstate of the atomic Hamiltonian. As the wavefunction re-

* Corresponding author.
E-mail addresses: b.nguyen6@student.unimelb.edu.au (T.V.B. Nguyen), 

hmelia@student.unimelb.edu.au (H.A. Melia), fjanssens@student.unimelb.edu.au
(F.I. Janssens), chantler@unimelb.edu.au (C.T. Chantler).

laxes, there is a probability that additional electron(s) are excited 
to higher shells (shake-up) or ejected into the continuum (shake-
off), resulting in more excited state possibilities and hence addi-
tional transitions other than the diagram lines. Even within this 
picture, there are several explanations that have been proposed, 
depending on the incident photon or excitation energy [18–20]. In 
the high-energy limit, often referred to as the sudden approxima-
tion limit, the photoionisation occurs within a much shorter time 
frame than orbital relaxation, and thus the shake-off probability 
can be extracted from the wavefunction overlap between the ini-
tial and final state, which emphasise the need for highly accurate 
wavefunctions.

X-ray free electron laser (XFEL) sources involve similar pro-
cesses and cross-sections as obtained by X-rays at synchrotrons 
or laboratory sources, especially at onset, but in time-resolved 
mode. The processes of detection of copper emission spectra are 
also similar. Data on the 3d transition metals has been collected 
at XFELs [21]. Theoretical understanding at the atomic level, as 
presented in this paper, is very much needed and an ongoing 
challenge because of the multiple ionisation processes, the cas-
cade processes and hence of the satellite processes and spectra. 
XFELs provide a unique opportunity to investigate hollow atoms 
through K -shell double photoionisation [22]. Such investigations 
probe electron-electron correlation and require atomic theory cal-
culations, such as the ones performed here, for the identification 
of spectral features and the hypersatellite spectra [23]. Complex 
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Ab initio calculations of Auger electron kinetic energies: Breadth and depth
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A B S T R A C T

Ab initio theoretical calculations for Auger electron kinetic energies are presented for twenty prominent
Auger peaks for the 3𝜔 transition metals (21 ∱ 𝜀 ∱ 30). These are the twenty Auger peaks listed for these
elemental solids in the National Institute of Standards and Technology (NIST) X-ray photoelectron spectroscopy
database. Adding to these values, over one hundred Auger electron kinetic eigenenergies are calculated for
titanium. Many of these transition lines are not established in current literature due to their relatively small
yields and overlapping widths. These data can be of importance for determination of previously unaccounted
Auger electron peaks with titanium and will be useful for X-ray fluorescence studies into the radiative Auger
effect. The consistency between our values and the empirical data is an improvement compared with previous
binding energy approaches and the methodology is convergent. The methods presented can be extended to
other elements for future investigations of Auger electron kinetic energies which is particularly useful where
current experimental values do not exist. Furthermore, these calculations provide evidence in the success of
multiconfigurational Dirac–Hartree–Fock approaches in complex quantum mechanics.

1. Introduction

Atomic decay processes resulting from an initial K-shell hole provide
valuable insight into many areas of modern physics. These decay pro-
cesses yield electronic and photonic spectra with energies characteristic
to the quantum system. Photon spectra from initial K-shell ionisations
give rise to characteristic X-ray spectra and are important for industry,
tests of complex atomic physics (Dean et al., 2019, 2020), relativistic
quantum mechanics (Nguyen et al., 2022; Dean et al., 2022), and
astrophysics (Chantler et al., 2013).

Here we focus on the Auger effect observed independently by Meit-
ner (1922) and Auger (1923, 1924) in 1922 and 1923, respectively, first
described and studied by Auger throughout the 1920s. Three electrons
are involved in the Auger process and the three shells involved are used
to designate the specific Auger electron. The naming convention for an
Auger electron uses IUPAC X-ray nomenclature, an XYZ Auger electron
is created from an initial X shell vacancy, where an electron in the Y
shell relaxes into it, and the Auger electron is ejected from the Z shell.

Auger electrons offer insight into complex atomic physics with its
main use in surface and materials science. Harris pioneered Auger
electron spectroscopy (AES) in the late 1960s with studies of sulphur in
nickel and various alloys of steel (Harris, 1968a,b). AES uses the sen-
sitivity of Auger electrons to the elemental composition to determine
surface properties of materials. The field has now expanded beyond

ω Corresponding author.
E-mail addresses: jonathan.dean@unimelb.edu.au (J.W. Dean), chantler@unimelb.edu.au (C.T. Chantler), Brianna.Ganly@CSIRO.au (B. Ganly).

focussing solely on surfaces. It is an important component of X-ray
photoelectron spectroscopy (XPS).

AES relies on accurate data for specific Auger electron kinetic
energies, often referred to as Auger transitions, peaks, or energies.
Much experimental work has characterised these to greater accuracies
and precisions for both elemental substances and compounds. Results
are used for industries such as metallurgy and microelectronics and
by materials scientists to characterise the surface of a wide range of
materials (Lu et al., 2021; Guseinov and Ilyin, 2021; Unger et al., 2020;
Kosugi et al., 2020; Horio et al., 2020).

There is a new interest in an increasing range of elements and
compounds shown by the industrial community for rare-earth-elements
in battery, semiconductor, and photovoltaic cell technologies. For AES
to be of use to studies involving elements and compounds, their re-
spective Auger peaks must be well-characterised. Despite this, even
common elements that have been studied many times are missing Auger
transition information and less-common elements have even less in-
formation. The most comprehensive database, the National Institute of
Standards and Technology (NIST) XPS database (Naumkin et al., 2012),
only has Auger kinetic energies for 58 of the 92 naturally occurring
elements. Hydrogen and helium have no Auger transitions in their
natural state, and elements with fewer electrons have fewer possible
transitions. For titanium, only three Auger transitions are listed out

https://doi.org/10.1016/j.radphyschem.2022.110472
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Cu Kα3,4 satellite spectrum with ab initio Auger-rate calculations

H. A. Melia , J. W. Dean , T. V. B. Nguyen, and C. T. Chantler
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This work investigates the capability of the multiconfiguration Dirac-Hartree-Fock (MCDHF) method in
predicting the Cu Kα3,4 spectrum. Ab initio energy eigenvalues, relative intensities, and radiative widths are
calculated for the Cu 2p and 2s satellite transitions. By fitting to the most accurate experimental Cu Kα3,4 spectra
available, we show that our 2p satellite energy eigenvalues agree with experiment to within 0.35 eV and that our
2p shake probability agrees with the 2p fitted intensity to within 0.05%. Our fits suggest a I (2s):I (2p) satellite
intensity ratio (as a percentage of the total Kα spectrum) of 0.03(1):0.76(1) Theoretical predictions of this ratio
can be examined using shake probabilities. We calculate the probability of shake-off due to the sudden creation of
a 1s hole in Cu, yielding an ab initio I (2s):I (2p) shake probability ratio of 0.194:0.742. Using MCDHF, the rates
at which hole states, created through the shake processes, depopulate via Auger transitions are determined. These
results explain the apparent discrepancy between experimental satellite intensities and shake probabilities, and
characterize the Cu Kα3,4 spectrum with a satellite intensity ratio of 0.04(1):0.76, consistent with the experiment.

DOI: 10.1103/PhysRevA.107.012809

I. INTRODUCTION

The natural sciences are a process aiming to model
physical reality with mathematical abstraction. Studies of
characteristic x-ray spectra fit this paradigm well and sub-
stantial work has recently been conducted in this field, both
empirically and theoretically, particularly within the 3d tran-
sition metals. In this work, we compare present theoretical
calculations of energy eigenvalues and ab initio shake proba-
bilities with previous theory and with the two highest accuracy
experimental spectra. The motivation for this is twofold. First,
comparison between theory and experiment is the only way
to test the accuracy of a mathematical model. Second, where
multiple theoretical frameworks are used, a comparison with
the experimental data is the only way to determine the pre-
ferred theoretical approach. Both motivations are important
for fundamental physics, relativistic quantum mechanics, and
atomic physics. Further areas that benefit from this work
include elemental analysis [1–3], space science [4–7], envi-
ronmental science [8–11], and cultural applications [12–16].

Experimental work within recent years on 3d transition
metals and others include Dean et al. on scandium [17,18];
Yilmaz on chromium, manganese, iron, and cobalt [19]; Mac-
Donald et al. on zinc [20]; Koteswararao et al. on germanium,
arsenic, selenium, and bromine [21]; and Webster et al. on
copper and vanadium [22]. Copper has always been the most
tested of the 3d metals and one of the key benchmarks for
calibration, with recent work by Melia et al. [23], Mendenhall
et al. [24], and Deutsch et al. [25,26]. Numerous recent studies
investigated copper Kα lineshapes, intensity ratios, satellite
spectra, Auger transitions, vacancy or spectator transitions,
and evolution [27–37]. Specifically, the copper Kα3,4 satellite
spectrum has been a long-standing active area of research
[38–40], located roughly 33-eV higher than the Kα1 peak.

Recent theoretical work predicting characteristic lineshapes
include Dean et al. on scandium [41]; Nguyen et al. on copper
[36,37]; Martins et al. on the widths of Zn [42]; and Ito et al.
on Se, Y, and Zr [43]. The multiconfiguration Dirac-Hartree-
Fock (MCDHF) method was used to describe other complex
systems such as Fe2+ ions [44].

In comparing these theoretical and empirical experimental
results, optical physics is able to test state-of-the-art relativis-
tic quantum mechanics and atomic physics. This is essential if
we are to extend these methods of calculations to other, more
challenging, systems. High-accuracy calculations enable us to
characterize spectra where the experimental data are absent.
This is particularly important as industry strives to explore
rare-earth metals.

There exist multiple methods to perform ab initio theoreti-
cal calculations for energy eigenvalues, transition amplitudes,
linewidths, and shake probabilities. This work uses the
MCDHF approach. Within the MCDHF framework itself
there are several approaches. We demonstrate a few of these as
separate hypotheses and the varying successes of these sheds
light on key questions in modern atomic x-ray physics. The
phenomena of interest in this work are anomalous asymme-
tries in characteristic x-ray radiation. The shake-off process
is well attested to cause these asymmetries. However, there
are still features unaccounted for. The Auger effect, and the
related radiative Auger emission (RAE), where both an elec-
tron and photon are released upon the decay of a higher
shell electron [45–47], may offer potential solutions for these
anomalies. We perform calculations for the copper nonradia-
tive Auger emission transition rates.

The copper atom with a vacancy in both the 1s and 2l
shell is the origin of the high-energy Kα3,4 spectrum [48].
Hence, Kα3,4 results from transitions [1s2p] → [2p2] and
[1s2s] → [2s2p] (square parentheses denote hole states). A

2469-9926/2023/107(1)/012809(15) 012809-1 ©2023 American Physical Society
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Ab	Initio	Shake	Probability

T V B Nguyen et al. Phys. Rev. A 105 (2022) p022811

Satellite 4s 3d 3p

Shake Probability (%)  11.25 18.39 7.42

u The shake probability can be determined for each satellite spectra 

u Shake probability is used to scale the satellite intensity 

u The copper Kα satellite intensity, Nguyen et al. 
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Kα	Satellite	Spectra
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Auger	Corrected	Theoretical	Spectrum

u By including the Auger effect, the model is improved significantly 

u The 4s satellite (Orange) is significantly smaller and broader 

u This is the best fit for the experimental features

Mendenhall et al. Deutsch et al.



A Story of Copper

Jun	2025	CT	Chantler	CompAS	Lund

u The most complete theoretical model for the copper Kα1,2 
profile to date 

u Importance of the shake processes to modelling characteristic 
radiation, providing the first evidence of the 3p and 3s satellite 
spectra 

u First ab initio lifetime calculations for the upper states of the 
copper Kα1,2 transition 

u Development of new lifetime convergence metric 

u First Auger rate calculations for the copper Kα1,2 profile 

u Strong evidence for the necessity of the Auger Effect in 
modelling the copper Kα1,2 transition through corrections to the 
FWHM and satellite intensities
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Characteristic	radiation	and	Cu	Kɑ3,4		
		Diagram	transitions:	

2p	satellite:	

2s	satellite:	

The	probability	of	these	multi-hole	
initial	states	occurring	we	call	the	
shake	probability.		

Mendenhall,	M.	H.,	Henins,	A.,	Hudson,	L.	T.,	Szabo,	C.	I.,	Windover,	D.,	&	Cline,	J.	P.	(2017).	High-precision	
measurement	of	the	x-ray	Cu	Kα	spectrum.	JPhysB:	Atomic,	Molecular	and	Optical	Physics,	50(11),	115004.

Cu Kɑ3,4



A Story of Copper

Jun	2025	CT	Chantler	CompAS	Lund

Modelling	with	only	the	2p	satellite   

● We	have	converged	to	within	0.25	eV	of	
experimental	peak	energies	(0.003	%).	

● As	we	expand	the	active	set	our	results	improve.	
● Residuals	between	the	peak	point	to	new	physics

We	can	perform	3	Fits	using	the	results	of	our	3	active	sets.
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Modelling	including	non-radiative	decay	channels
● Non-radiative	rates	using	MCDHF	RATIP	(Fritzche	S.	et	al.	(2012)	

Comp.	Phys.	Comm.)	

● Considering	the	depopulation	of	the	2s	initial	states	through	non-
radiative	rates	AND	the	shake	probabilities	we	determine	a	new	ab	
initio	satellite	intensity	ratio:		I(2p)/I(2s)	=	26
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 A new process … not 1s - 2p in the characteristic spectrum

• New	theory	can	now	see	the	100-1000	spectral	components	of	
characteristic	X-ray	radiation	for	X-ray	spectroscopy	and	
fundamental	processes		

• Multiconfiguration	Dirac-Hartree-Fock	(MCDHF).	Diagram	spectra	
expanded	to	5s	with	simultaneous	convergence	of	28000	
configuration	state	functions	(CSFs),	Kα,	and	to	6g	with	
simultaneous	convergence	of	91000	CSFs,	Kβ,	eigenvalue	
convergence	to	±0.03	eV	or	0.00025%,	10x	improved	upon	past	
work.	

• Biorthogonalisation,	developments	of	the	active	space	approach,	
analysis	of	markers	for	theoretical	convergence	of	eigenvalues,	
and	the	question	of	self-consistency	for	Kα	and	Kβ.		

• Gauge	convergence,	eigenvalue	convergence,	A-coefficient	
convergence.	Without	the	satellite	spectra	it	is	not	possible	to	
make	use	of	the	increased	accuracy	of	the	diagram	computations.		

• Cu	Kα	3d8	double-shake	satellite	spectrum:	1506	unique	
eigenvalues	(transitions);	simultaneous	convergence	of	593	000	
CSFs
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